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Abstract

A 4-node finite element for the analysis of laminated composite plates with monoclinic layers, as it occurs for example in piezoelectric
applications, is developed. The element is built through the linked interpolation scheme proposed by Taylor and Auricchio [Int J Numer
Meth Eng 1993;36:3057–66] and is a generalization of the element presented in [Auricchio F, Sacco E. A mixed-enhanced finite-element
for the analysis of laminated composite plates. Int J Numer Meth Eng 1999;44:1481–1504]. Starting from a first-order shear deformation
theory (FSDT), a mixed-enhanced variational formulation is considered. It includes as primary variables the resultant shear stresses as
well as enhanced incompatible modes, which are introduced to improve in-plane deformations. Bubble functions for rotation degrees of
freedom and functions linking transversal displacement to rotations are employed. The solvability of the variational formulation is
proved whereas effectiveness and convergence of the proposed finite element are confirmed through several numerical applications.
Finally, numerical results are compared with the corresponding analytical solutions as well as to other finite-element solutions.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The wide development of laminated composite plates
and their large use in a variety of complex structures, espe-
cially in space, automotive and civil applications, may be
clearly related to the improvement in performance-to-
weight ratios in comparison with the homogeneous case.

Owing to their anisotropic response the behaviour of
laminated plates generally involves extension-bending
coupling. Furthermore, they are usually characterized by
small values of shear moduli along the thickness direction
in comparison with the longitudinal in-plane ones. As a
consequence, non-negligible shear deformations in the
thickness are often induced.
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On the other hand, determining in an accurate way the
interlaminar transversal stresses (i.e. shear stresses at the
interface between two adjacent laminae) represents a very
important engineering task because they are responsible
for activation and development of delamination process.

Nowadays many commercial finite-element codes con-
tain laminated-plate and -shell elements. Nevertheless,
modelling and analysing laminated composite plates,
because of their complex behaviour, can be still considered
actual scientific issues.

Owing to geometrical considerations, concerning the
small dimensions of the thickness in comparison with the
in-plane ones, laminated plates are usually analysed
through two-dimensional models. These latter are generally
obtained from the 3D theories assuming a specific structural
behaviour, that is introducing opportune assumptions on
the strain field or on the stress one, or on both of them.
Accordingly, several laminate plate theories as well as many
refinements of classical models have been proposed in the
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recent specialistic literature (e.g. [1,4,22,24,26,34,39]). Two
different approaches may be distinguished and they lead
to distinct classes of laminate theories: equivalent single
layer theories (ESLTs) and layer wise theories (LWTs) [19].

ESLTs represent the direct extension of plate theories to
the case of laminated plates and their main features con-
cern the use of global assumptions on strain or stress fields
in the whole thickness of the laminate. Accordingly, the
laminate is reduced to a single-layer plate with an equiva-
lent anisotropic response.

On the contrary, LWTs are obtained introducing
hypotheses on the behaviour of each lamina (e.g. [13]).
As a consequence, while for ESLTs the number of displace-
ment variables does not depend on the number of layers,
for LWTs the same variables are independent in each layer.
Accordingly, models which arise from LWTs are generally
expensive from a computational point of view.

A simple equivalent single-layer theory is the classical
laminate plate theory (CLPT) (e.g. [34]). It represents an
extension of the Kirchhoff–Love plate theory and it does
not take into account shear deformations. As a conse-
quence, the approximation could be quite poor. Further-
more, in the framework of finite element procedures (cf.
[11,23]), CLPT models require C1-conforming schemes,
which are quite expensive from a computational point of
view.

Models arising from the Reissner–Mindlin plate theory
[29,35] (indicated in the following as first-order shear defor-
mation theory: FSDT) are often preferred. This approach,
which was originally developed by Yang et al. [41] and by
Whitney and Pagano [40], allows us to take into account
shear deformation effects in a simple way. Accordingly,
accurate solutions can be obtained even for moderately
thick laminates. Moreover, from a computational point
of view, C0-conforming methods can be employed. It is
worth observing that the correct use of the FSDT generally
requires the introduction of shear correction factors. They
are defined through the exact profiles of the shear stresses
and they have a great influence on the overall structural
response. Unfortunately, they are known a priori only for
homogeneous plates or for simple problems (e.g. [25])
whereas closed-form expressions are not available for gen-
eral cases. Therefore, this aspect represents a clear FSDT’s
limitation. In order to overcome this difficulty, several
approaches can be found in literature: refinement of the
model by using additive shear warping functions (e.g.
[32]); use of iterative procedures based on explicit analyti-
cal solutions (e.g. [30]) or on numerical solutions (e.g.
[5]); refinement of the model in order to avoid using shear
correction factors (e.g. [4,8]).

The literature confirms (e.g. [18,24]) that FSDT gives the
best compromise between prediction ability and computa-
tional costs for a wide class of laminate problems. Four-
node elements are often preferred with respect to the 8- or
9-node ones because they allow simpler discretization proce-
dures as well as easier extensions to the finite deformation
regime. On the other hand, 4-node displacement-based ele-
ments adopt simple interpolation functions which do not
produce a satisfactory recovery for the through-the-thick-
ness shear stresses. Accordingly, although themost common
FSDT variational formulations are based on displacement
approaches, hybrid and partially hybrid stress formulations
have been proposed in recent works (e.g. [4,21,33]).

Moreover, laminated-plate elements which are con-
tained in many commercial finite-element codes and which
are usually proposed in literature are formulated consi-
dering layers having at least an orthotropic constitutive
symmetry. On the other hand, in general cases, such as
piezoelectric applications, the laminate problem can be
properly described only if monoclinic layers are considered.

This work starts with a review of the 3D laminated-plate
problem together with a detailed discussion of the basic
hypotheses which are introduced to build the 2D model
within a FSDT approach. Techniques usually adopted for
the recovery of transversal shear stresses are also presented.
Hence, starting from theHu–Washizu functional specialized
to the case of a 3D laminate, a two-dimensional mixed-
enhanced variational formulation is deduced. The existence
and uniqueness of the continuous solution is discussed and,
generalizing the formulation proposed by Auricchio and
Sacco in [5], a 4-node finite element for laminated composite
plates formed by monoclinic layers is developed. The ele-
ment uses enhanced incompatible modes to improve the
in-plane deformations, bubble functions for the rotation
degrees of freedom and functions which link the transversal
displacement to the rotations. It is able to provide accurate
in-plane/out-of-plane deformations, as well as accurate
shear and normal stress profiles. Moreover, as theoretically
expected and as proved through several numerical tests, the
element exhibits a h convergence rate in H1 energy-type
norm and it does not suffer from zero energy modes.

2. Laminated-plate problem and FSDT model

The term laminated plate refers to a 3D flat body X,
defined as:

X ¼ ðx1; x2; zÞ 2 R3 : z 2 ð�t=2; t=2Þ; ðx1; x2Þ 2 P � R2
� �

.

ð1Þ
The laminate is assumed to be formed by ‘ layers perfectly
bonded and whose mechanical properties can be different.
The plate thickness t is assumed to be constant and the
plane z = 0 identifies the mid-plane P of the undeformed
plate. Top and bottom surfaces of X are indicated as
Pþ ¼ P� ft=2g andP� ¼ P� f�t=2g, respectively. More-
over, the kth layer (index k assumes values in {1,2, . . . , ‘})
occupies the region P��zk�1; zk½¼ XðkÞ, such that z0 = �t/2
and z‘ = t/2.

The boundary oP of P is subdivided into two comple-
mentary parts, osP and ofP. Such a subdivision subordi-
nates a partition of the lateral boundary of X(k) into
osP�� � t

2
; t
2
½¼ osX

ðkÞ and ofP�� � t
2
; t
2
½¼ ofX

ðkÞ, where
the displacement s

ðkÞ
0 and the surface traction p̂ðkÞ are

assigned, respectively. Moreover, the laminated plate is
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acted upon by volume forces b(k), whereas the surface trac-
tions p± are assigned on P�.

Each lamina is assumed to be formed by a linearly elas-
tic homogeneous material, having at least a monoclinic
symmetry, with symmetry plane parallel to P. In a three-
dimensional framework, the constitutive relation for the
kth layer can be written as:

rðkÞ ¼ CðkÞeðkÞ; eðkÞ ¼ SðkÞ
rðkÞ; ð2Þ

where rðkÞ ¼ rðkÞ
ij and eðkÞ ¼ eðkÞij are the second-order stress

and strain tensors, respectively; CðkÞ ¼ C
ðkÞ
ijmh and SðkÞ ¼

ðCðkÞÞ�1 ¼ S
ðkÞ
ijmh are the fourth-order elasticity and compli-

ance tensors and they satisfy the major and minor symme-
tries. Due to the monoclinic assumption C

ðkÞ
abc3 ¼ C

ðkÞ
33c3 ¼

S
ðkÞ
abc3 ¼ S

ðkÞ
33c3 ¼ 0 and the 13 independent elastic constants

of the tensor CðkÞ can be tabulated using Voigt’s notation as
follows:

C
ðkÞ
1111 C

ðkÞ
1122 C

ðkÞ
1133 0 0 C

ðkÞ
1112

C
ðkÞ
2222 C

ðkÞ
2233 0 0 C

ðkÞ
2212

C
ðkÞ
3333 0 0 C

ðkÞ
3312

C
ðkÞ
2323 C

ðkÞ
2313 0

C
ðkÞ
1313 0

C
ðkÞ
1212.

ð3Þ

Whenever necessary or useful, the standard indicial nota-
tion can be used in order to represent vectors or tensors.
Moreover, from here onwards, the following notation rules
are considered, unless explicitly stated: Greek indices as-
sume values in {1,2}, whereas Latin indices assume values
in {1,2,3} with the exception of index n, which assumes
values in {1,2,3,4}. Furthermore, partial derivative of f

with respect to the in-plane coordinate xa is denoted by
f,a, whereas partial derivative with respect to the thickness
coordinate z is indicated with an apex, i.e. f 0. Finally, re-
peated indices are understood to be summed within their
ranges, except for the index k, which is used to denote
any quantity relative to the kth layer.

The Hu–Washizu functional (cf. [31]), specialized for the
case of a laminate, can be written as:

HðsðkÞ; rðkÞ; eðkÞÞ

¼ 1

2

X‘

k¼1

Z
XðkÞ

eðkÞ : CðkÞeðkÞ dV

þ
X‘

k¼1

Z
XðkÞ

rðkÞ : ðrðsÞsðkÞ � eðkÞÞdV

�
X‘

k¼1

Z
XðkÞ

sðkÞ � bðkÞ dV �
X‘

k¼1

Z
ofX

ðkÞ
sðkÞ � p̂ðkÞ dldz

�
Z
P

sð1Þ
��
z0
� p� dA�

Z
P

sð‘Þ
��
z‘
� pþ dA

�
X‘

k¼1

Z
osXðkÞ

ðrðkÞnÞ � ðsðkÞ � s
ðkÞ
0 Þdldz

þ
X‘�1

k¼1

Z
P

ðrðkþ1Þe3Þ � ðsðkþ1Þ � sðkÞÞ
� ���

zk
dA; ð4Þ
where s is the displacement vector, ei represent the base
vectors for the Euclidean space, Æ and : indicate the scalar
vector product and the scalar (second-order) tensor one,
respectively; $ denotes the gradient operator and super-
script (s) denotes the symmetrical part of a tensor. Further-
more, �jzk is the value of (Æ) at z = zk, and dl, dz denote the
arc element along oP and the line element along z,
respectively.

Stationary conditions of the functionalH with respect to
s(k), r(k), e(k) yield the equilibrium, compatibility and consti-
tutive equations governing the elastic equilibrium problem
for the laminate X, regarded as a three-dimensional body.

The mechanical behaviour of moderately thick lami-
nated plates is herein described through a FSDT which
takes into account in-plane deformations, bending and
first-order shear deformation effects.

The FSDT laminate model is based on the following
assumptions on both stress and strain fields: out-of-plane
normal stress in the thickness of the plate is null, i.e.
r33 = 0; out-of-plane shear stresses ra3 are continuous
piece-wise quadratic functions of the coordinate z; straight
lines perpendicular to the mid-plane cannot be stretched
and they remain straight, i.e. e33 = 0 and e0a3 ¼ 0.

It is interesting to recall that, in a general 3D formula-
tion of the elastic problem, the first and the third assump-
tions are consistent and they can be rationally deduced
through the constrained-continua approach (cf. [14]).

In accordance with the assumptions on the strain fields,
the displacement field is represented as a linear function of
the thickness coordinate z:

s x; zð Þ ¼ siei ¼ uaðxÞ þ zuaðxÞ½ �ea þ wðxÞe3; ð5Þ
where x = xaea is the in-plane coordinate vector, w is the
deflection of the plate mid-plane, u(x) = uaea is the rota-
tion vector of fibres parallel to the unit direction e3 and
u(x) = uaea is the in-plane displacement vector (cf. Fig. 1).

Hence, the strain tensor e can be decomposed as follows:

e ¼ rðsÞs ¼
e 1

2
c

1
2
cT 0

" #
; ð6Þ

where the in-plane strain tensor e ¼ eabea � eb and the shear
strain vector c = 2ea3ea are defined as:

e ¼ rðsÞuþ zrðsÞu ¼ lþ zx; c ¼ uþrw ð7Þ

with r the in-plane gradient operator, i.e. performed with
respect to variables xa, l ¼ rðsÞu the membranal strain ten-
sor and x ¼ rðsÞu the curvature one.

Introducing the in-plane stress tensor r, taking into
account the stress assumption r33 = 0 and Eqs. (7), the
in-plane stress–strain relation for the kth layer becomes:

rðkÞ ¼ eCðkÞe ¼ eCðkÞðlþ zxÞ; ð8Þ

where eCðkÞ is the reduced in-plane elasticity tensor, such
that eCðkÞ

abcd ¼ C
ðkÞ
abcd � C

ðkÞ
ab33C

ðkÞ
cd33=C

ðkÞ
3333.



Fig. 1. FSDT laminate model: displacement components.
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Furthermore, the transversal shear stress vector
s = ra3ea can be obtained by the relation:

sðkÞ ¼ eQðkÞc; ð9Þ

where eQðkÞ is the second-order shear elastic tensor, defined
as (no sum on a and b is performed):

eQðkÞ
ab ¼ C

ðkÞ
a3b3vab. ð10Þ

The quantities vab are the shear correction factors and they
are assumed to be constant along the laminate thickness. It
can be emphasized that shear factors are not known a pri-
ori and values v11 = v22 = 5/6, v12(=v21) = 0 are strictly
correct only for homogeneous plates.

Introducing the resultant stresses as:

N ¼
X‘

k¼1

Z zk

zk�1

rðkÞ dz; M ¼
X‘

k¼1

Z zk

zk�1

zrðkÞ dz;

S ¼
X‘

k¼1

Z zk

zk�1

sðkÞ dz ð11Þ

the constitutive equations between N, M, S and kinematic
variables are obtained substituting the local constitutive
equations (8) and (9) into (11):

N ¼ Alþ Bx;

M ¼ BlþDx;

S ¼ Hc;

8><>: ð12Þ

where the following laminate stiffness tensors are
introduced:

A ¼
X‘

k¼1

ðzk � zk�1ÞeCðkÞ; B ¼ 1

2

X‘

k¼1

ðz2k � z2k�1ÞeCðkÞ; ð13Þ

D ¼ 1

3

X‘

k¼1

ðz3k � z3k�1ÞeCðkÞ; H ¼
X‘

k¼1

ðzk � zk�1Þ eQðkÞ. ð14Þ

Combining Eq. (9) with the third one of (12), the shear
stress vector s can be expressed as:

sðkÞ ¼ eQðkÞH�1S. ð15Þ

It is worth observing that A;B and D are respectively the
membrane, membrane-bending coupling and bending
fourth-order in-plane elasticity tensors, whereas H repre-
sents the resultant elastic shear (second-order) tensor.

Eqs. (12) highlight the great coupling between bending
and extension for typical laminated plates. It occurs
through the tensor B and it means that, even though the
plate is subjected to a transversal load, in-plane displace-
ments can appear. It is simple to show that if the plate is
assumed to be formed by orthotropic layers of equal thick-
ness t/‘ and considering cross-ply laminates then the cou-
pling tensor B may be represented as:

B1111 ¼ b ¼ �B2222;

Baabb ¼ 0 ða 6¼ bÞ;
Bab12 ¼ 0;

8><>: ð16Þ

where b is a material constant which is null for symmetrical
lamination sequences. On the other hand, if general lami-
nates are considered and if the layers are assumed with
monoclinic constitutive symmetry, the coupling is much
more strong. In this cases, the tensor structure of B is the
same of eCðkÞ.

As the specialistic literature confirms (e.g. [4,20]), a more
accurate evaluation of the shear stress vector s, in compar-
ison with that one derived by the constitutive relation (15),
can be obtained through the three-dimensional equilibrium
equations.

Accordingly, if no in-plane loads are considered for sim-
plicity (i.e. ba ¼ p̂a ¼ p�a ¼ 0), the shear stresses in the kth
layer are written as:

ŝðkÞðzÞ ¼ ŝ
ðkÞ
0 �

Z z

zk�1

r � rðkÞ df; ð17Þ

where ŝ
ðkÞ
0 represents the value of the shear stress vector at

z = zk�1, i.e. ŝ
ðkÞ
0 ¼ ŝðkÞðzk�1Þ, with ŝ

ð1Þ
0 ¼ 0. Now, substitut-

ing the in-plane constitutive equation (8) into the expres-
sion (17), the function ŝðkÞðzÞ for the kth layer can be
computed as:

ŝðkÞ ¼ ŝ
ðkÞ
0 �

Z z

zk�1

r � ½eCðkÞðlþ fxÞ�df ð18Þ

and in components

r̂ðkÞ
a3 ¼ r̂ðkÞ

ð0Þa3 �
Z z

zk�1

eCðkÞ
abcd

2
½uc;db þ ud;cb þ fðuc;db þ ud;cbÞ�df.

ð19Þ

It is worth observing that, in accordance with the kinemat-
ical assumptions, in-plain strains are linear functions of the
thickness coordinate z and their integrals are quadratic
functions layer per layer.
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3. A mixed-enhanced finite-element formulation

In this section a mixed-enhanced finite-element formula-
tion for moderately thick laminated plates formed by layers
with constitutive monoclinic behaviour is presented.

It is well-known that standard low-order finite elements,
i.e. bi-linear displacement-based ones, usually fail the
approximations when the plate thickness is numerically
small. Nowadays, the reason this lack of convergence
(called the shear locking phenomenon) occurs is well-
understood (e.g. [23]). As the thickness becomes smaller,
the shear energy term degenerates to impose, in the limit
t = 0, the Kirchhoff constraint (i.e. rw ¼ �u, e.g. [34]),
which is too severe for low-order elements. In order to
overcome this drawback several methods have been pro-
posed. Most of them are based on a suitable mixed formu-
lation of the problem, which is able to reduce the influence
of the shear energy at the discrete level (e.g. [17]). A differ-
ent approach consists of improving the approximated
deflection space by means of the rotation degrees of free-
dom. Accordingly, the discrete solution for the transversal
displacement is appropriately linked to the rotation one
(e.g. [3,37,42]).

In virtue of these considerations and in order to build up
a suitable laminate finite element, a partial-mixed formula-
tion is considered. The Kirchhoff condition is accomplished
by linking the transversal displacement to the nodal rota-
tions and, in order to avoid locking phenomena, the rota-
tion field is enriched with other modes associated with
internal bubble functions. This approach has been pro-
posed for the homogeneous plate by Auricchio and Taylor
in [3] and a corresponding error analysis has been pre-
sented by Lovadina in [27].

Considering the basic stress and strain FSDT’s assump-
tions and the condition (6), the 3D Hu–Washizu laminate
functional (4) can be written in the following form:

Hðs; rðkÞ; sðkÞ; e; cÞ

¼ 1

2

X‘

k¼1

Z
XðkÞ

e : eCðkÞ
edV þ 1

2

X‘

k¼1

Z
XðkÞ

sðkÞ � cdV

þ
X‘

k¼1

Z
XðkÞ

rðkÞ : rðsÞ
Psð Þ � e

h i
dV

þ
X‘

k¼1

Z
XðkÞ

sðkÞ � Ps0 þ r s � e3ð Þ � c
� �

dV �Pext; ð20Þ

where Pext accounts for boundary and loading conditions
and P is an in-plane projector defined as:

P ¼
1 0 0

0 1 0

� �
. ð21Þ

Substituting the conditions (5) and (7) in (20), performing
integration along the thickness coordinate z and taking
into account the positions (11)–(14), the functional H can
be finally reduced to the following in-plane one:
Hðu;u;w;N;M;S; l;xÞ

¼ 1

2

Z
P

l : Alþ Bxð Þ þ x : BlþDxð Þ½ �dA

þ
Z
P

N : rðsÞ
u� l

� 	
dAþM : rðsÞ

u� x
� 	h i

dA

þ
Z
P

S � uþrw� 1

2
H�1S

� �
dA�Pext. ð22Þ

In the framework of an enhanced-strain formulation (cf.
[15,28,36]) the in-plane strain field e is described as the
sum of a compatible contribution rðsÞu and of an incom-
patible one eenðxÞ, such that:

l ¼ rðsÞuþ een; x ¼ rðsÞu. ð23Þ
In other words, in-plain strains arising from the displace-
ment field are ‘‘enriched’’ by means of some additional
modes. The most widely adopted enhanced-strain formula-
tions also require the space of the incompatible part of the
strain to be orthogonal to the stress one (cf. [15,28]), that isZ
X
r : een dV ¼

X‘

k¼1

Z
XðkÞ

rðkÞ : een dV ¼
Z
P

N : een dA ¼ 0;

ð24Þ
where eenab ¼ eenab and eena3 ¼ 0.

Using the positions (23) with the in-plane Hu–Washizu
functional (22) and enforcing the condition (24), the fol-
lowing partial-mixed enhanced functional is obtained:

H
enðu;u;w;S; eenÞ

¼ 1

2

Z
P

rðsÞ
uþ een

� 	
: A rðsÞ

uþ een
� 	

dA

þ
Z
P

rðsÞ
uþ een

� 	
: BrðsÞ

udA

þ 1

2

Z
P

rðsÞ
u : DrðsÞ

udA� 1

2

Z
P

S �H�1SdA

þ
Z
P

S � uþrw

 �

dA�Pext. ð25Þ

It is worth observing that imposing the condition een ¼ 0 in
(25) results in:

H enjeen¼0 ¼ Pðu;u;w;SÞ
¼ PðmbÞðu;uÞ þPðsÞðu;w;SÞ �Pext; ð26Þ

where P(mb) contains the bending and extensional terms:

PðmbÞðu;uÞ ¼ 1

2

Z
P

rðsÞ
u : ArðsÞ

udAþ
Z
P

rðsÞ
u : BrðsÞ

udA

þ 1

2

Z
P

rðsÞ
u : DrðsÞ

udA ð27Þ

and P(s) contains the transversal shear terms:

PðsÞðu;w;SÞ ¼ � 1

2

Z
P

S �H�1SdAþ
Z
P

S � uþrw

 �

dA.

ð28Þ
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It is simple to prove (cf. [4]) that functional (26) can be ob-
tained for the above-discussed FSDT laminate model start-
ing from the Hellinger–Reissner mixed functional (e.g.
[31]), specialized to the laminate X, regarded as a three-
dimensional body.

Now, imposing the stationary conditions for the func-
tionals (26) and (25), the following variational problems
arise, respectively.

Problem 1. Find ðu;u;w;SÞ 2 U�H�W�S solution
of the following system:

0 ¼ dPðu;u;w;SÞ½du�

¼
Z
P

rðsÞ
du

� 	
: ArðsÞ

udAþ
Z
P

rðsÞ
du

� 	
: BrðsÞ

udA

8du 2 U ð29Þ
0 ¼ dPðu;u;w;SÞ½ðdu; dwÞ�

¼
Z
P

rðsÞ
du

� 	
: BrðsÞ

udAþ
Z
P

rðsÞ
du

� 	
: DrðsÞ

udA

þ
Z
P

S � duþrdw

 �

dA�
Z
P

qdwdA

8ðdu; dwÞ 2 H�W ð30Þ
0 ¼ dPðu;u;w;SÞ½dS�

¼
Z
P

dS � ðuþrwÞdA�
Z
P

dS �H�1SdA

8dS 2 S. ð31Þ

Problem 2. Find ðu;u;w;S; eenÞ 2 U�H�W�S� E
solution of the following system:

0 ¼ dH
enðu;u;w;S; eenÞ½du�

¼ dPðu;u;w;SÞ½du� þ
Z
P

rðsÞ
du

� 	
: Aeen dA

8du 2 U ð32Þ
0 ¼ dH

enðu;u;w;S; eenÞ½ðdu; dwÞ�

¼ dPðu;u;w;SÞ½ðdu; dwÞ� þ
Z
P

rðsÞ
du

� 	
: Been dA

8ðdu; dwÞ 2 H�W ð33Þ
0 ¼ dH

enðu;u;w;S; eenÞ½dS� ¼ dPðu;u;w;SÞ½dS�
8dS 2 S ð34Þ

0 ¼ dH
enðu;u;w;S; eenÞ½deen�

¼
Z
P

deen : A rðsÞ
uþ een

� 	
dAþ

Z
P

deen : BrðsÞ
udA

8deen 2 E. ð35Þ

As notation rules, du, for example, indicates a possible
variation of the field u and dP(u,u,w,S)[du] indicates the
variation of P evaluated at (u,u,w,S) in the direction du.
The previous problems have been formalized considering,
for simplicity, the case of a clamped laminated plate, sub-
jected to a transversal load q(x). Moreover, with reference
to a standard notation (cf. [16]), the following spaces have
been introduced: U ¼ H 1

0ðPÞ2, H ¼ H 1
0ðPÞ2, W ¼ H 1

0ðPÞ,
S ¼ L2ðPÞ, whereas E is the space of symmetric tensors
eab with components in L2ðPÞ (i.e. L2ðPÞ4s ) and which
respects the condition (24).

Auricchio et al. in [6] show that the Problem 1 admits a
unique solution ð~u; ~u; ~w; eSÞ 2 U�H�W�S. Moreover,
they show that as t tends to zero (~u; ~w) converges to
ðuo;woÞ 2 H 1

0ðPÞ2 � H 2
0ðPÞ, the solution of the Kirchhoff-

type laminated plate problem.
Now, considering the solution of the Problem 1 and

combining the conditions (29)–(31) with (32)–(35), Problem
2 reduces to:Z

P

ðrðsÞ duÞ : Aeen dA ¼ 0 8du 2 U;Z
P

ðrðsÞ duÞ : Been dA ¼ 0 8ðdu;wÞ 2 H�W;Z
P

deen : Aeen dA ¼ 0 8deen 2 E.

ð36Þ

Accordingly, ð~u; ~u; ~w; eS; 0Þ represents the unique solution
for the enhanced variational Problem 2, i.e. in solution
l ¼ rðsÞu (cf. Eq. (23)).

The functional (25) is considered as a starting point for
the development of the finite-element scheme and a partial-
mixed approach is adopted. The bi-linear shape functions
(cf. [43]) are used to map the parent domain with natural
coordinates (n,g) to the real domain with coordinates
(x1,x2). As a consequence, the quadrilateral region occu-
pied by each element may be expressed by:

x ¼ Wnx̂n ¼
1

4
ð1þ nnnÞð1þ ggnÞx̂n ¼ Wx̂; ð37Þ

where x = {x1,x2}
T denotes any point in the element,

x̂n ¼ fx̂n1; x̂n2gT are the coordinates at node n, x̂ is the nodal
coordinates vector,Wn are the bi-linear shape functions, with
(nn,gn) being the values of the natural coordinates at node n.

The in-plane displacements are taken bi-linear in the
nodal parameters û:

u ¼ Wû. ð38Þ
The interpolation for the rotation field is bi-linear in the
nodal parameters û, with added internal degrees of free-
dom ûðbÞ:

u ¼ WûþWðbÞûðbÞ; ð39Þ

where W(b) are bubble functions defined as (cf. [3]):

WðbÞ ¼ ð1� n2Þð1� g2Þ
j

J 0
22 �J 0

12 J 0
22g �J 0

12n

�J 0
21 J 0

11 �J 0
21g J 0

11n

" #
ð40Þ

being J0 the Jacobian of the isoparametric mapping evalu-
ated at n = g = 0:

J 0
i1 ¼

oxi
on

����
n¼g¼0

; J 0
i2 ¼

oxi
og

����
n¼g¼0

ð41Þ

and j = det[J] the Jacobian determinant.
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The transversal displacement interpolation is bi-linear in
the nodal parameters ŵ, enriched with linked quadratic
functions expressed in terms of nodal rotations û:

w ¼ Wnŵn þWðwuÞ
n Lnðûo

n � ûo
s Þ; ð42Þ

where ûo
n and ûo

s represents the rotations of the nodes n and
s in the directions normal to the n � s side, whose length is
Ln. Moreover, in order to have constant transversal shear
along each side of the element the shape functions WðwuÞ

n

are defined as (cf. [3]):

WðwuÞ ¼

WðwuÞ
1

WðwuÞ
2

WðwuÞ
3

WðwuÞ
4

8>>>>><>>>>>:

9>>>>>=>>>>>;
¼ 1

16

ð1� n2Þð1� gÞ
ð1þ nÞð1� g2Þ
ð1� n2Þð1þ gÞ
ð1� nÞð1� g2Þ

8>>>><>>>>:

9>>>>=>>>>;. ð43Þ

The shear interpolation is also bi-linear and defined locally
to each element as:

S ¼ WðSÞbS ¼ J 0
11 J 0

21 J 0
11g J 0

21n

J 0
12 J 0

22 J 0
12g J 0

22n

" # S1

S2

S3

S4

8>>><>>>:
9>>>=>>>; ð44Þ

with bS parameters local to each element.
Finally, the symmetrical enhanced strain field een, using

its equivalent vectorial field een, is expressed as:

een ¼ Cêen; ð45Þ
where êen is a set of internal degrees of freedom local to
each element and C is an interpolation matrix.

Following Ref. [36], C is constructed mapping an inter-
polation matrix Cp, defined on the parent element, into the
physical one using the formula:

C ¼ j0
j
F�T
0 Cp; ð46Þ

where j0 = jjn=g=0 and

F0 ¼
J 2
11 J 2

12 2J 11J 12

J 2
21 J 2

22 2J 21J 22

J 11J 21 J 12J 22 J 11J 22 þ J 12J 21

264
375

n¼g¼0

. ð47Þ

With regards the choice of the matrix C, it can be observed
that the enhanced strain een should improve the in-plane
compatible interpolation. This is usually done guaranteeing
that the polynomials in C are not already contained in the
compatible strains. Moreover, due to the presence of the
non-zero constitutive tensor B, the total in-plane deforma-
tion l ¼ rðsÞuþ een is coupled with the curvature field
x ¼ rðsÞu. As a consequence, the in-plane and the rotation
interpolations cannot be independent. In detail, as sug-
gested in [5], the interpolation matrix C should be able to
satisfy the discretized form of Eq. (12)1 for N = 0:

Aðeþ CêenÞ þ B# ¼ 0; ð48Þ
where A and B are the matrices associated with the tensors
A and B, whereas e and # are the vectors associated with
the discretized form of tensors rðsÞu and rðsÞu,
respectively.

It can be useful to recall that a symmetrical fourth-order
in-plane tensor F may be represented as the 3 · 3 matrix F,
whereas a symmetrical second-order in-plane tensor h may
be represented as the vector q, being F and q defined as:

F ab ¼ Faabb;

F a3 ¼ Faa12;

F 33 ¼ F1212;

8><>: qa ¼ haa;

q3 ¼ 2h12.

�
ð49Þ

Taking into account the above-introduced interpolation
schemes, results in:

2ðrðsÞuÞab ¼ Wn;aûnb þWn;bûna; ð50Þ

2ðrðsÞuÞab ¼ Wn;aûnb þWn;bûna þ ðWðbÞ
an;b þWðbÞ

bn;aÞûðbÞ
n . ð51Þ

Hence, introducing the operator

L ¼

o�
ox1

0

0 o�
ox2

o�
ox1

o�
ox2

2664
3775 ð52Þ

results in:

e ¼ Lu ¼ LWû; # ¼ Lu ¼ LWûþ LWðbÞûðbÞ. ð53Þ

After some calculation, the consistency condition (48) leads
to the following choice for Cp:

Cp ¼
n 0 0 0 ng g 0 0

0 g 0 0 �ng 0 g 0

0 0 n g n2 � g2 0 0 g

264
375; ð54Þ

where g = {ng2,gn2,ngg2,ngn2,n
2,g2,g2n2,n

2g2}, with n2 =
(1 � n2) and g2 = (1 � g2).

The interpolation matrix proposed in (54) refers to the
case of laminates formed by monoclinic layers and it gen-
eralizes that one discussed in [5], which is strictly valid only
in the case of orthotropic cross-ply laminates.

Introducing the above interpolation schemes and per-
forming the stationary conditions of the functional (25)
for a single element of area Ae, the following algebraic sys-
tem is obtained:

Kuu 0 Kuu Kub 0 KT
eu

0 0 0 0 KT
Sw 0

KT
uu 0 Kuu KT

bu KT
Su KT

eu

KT
ub 0 Kbu Kbb KbS KT

eb

0 KSw KSu KT
bS KSS 0

Keu 0 Keu Keb 0 KT
ee

26666666664

37777777775

û

ŵ

û

ûðbÞ

Ŝ

êen

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
¼

f̂u

f̂w

f̂u

0

0

0

8>>>>>>>>><>>>>>>>>>:

9>>>>>>>>>=>>>>>>>>>;
;

ð55Þ
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where the right side contains the terms due to loads and
boundary conditions. The submatrices in (55) are given by:

Kuu ¼
R
Ae
ðLWÞTAðLWÞdA; Kuu ¼

R
Ae
ðLWÞTBðLWÞdA;

Kuu ¼
R
Ae
ðLWÞTDðLWÞdA; Kbu ¼

R
Ae
ðLWðbÞÞTBðLWÞdA;

Kbu ¼
R
Ae
ðLWbÞTDðLWÞdA; Kbb ¼

R
Ae
ðLWbÞTDðLWbÞdA;

KbS ¼
R
Ae
ðWbÞTWSdA; KSw ¼

R
Ae
ðWSÞTðrWÞdA;

KSu ¼
R
Ae
ðWSÞTðWþrWðwuÞÞdA; Kbb ¼

R
Ae
ðLWðbÞÞTDðLWðbÞÞdA;

ð56Þ

where A, B and D are the matrices associated to the tensors
A, B and D, respectively.

Since the enhanced strain, the bubble rotation and the
resultant shear stress are local parameters to each element,
they can be eliminated by static condensation. Performing
the condensation in order with respect to êen, ûb, bS , the fol-
lowing system is obtained:

Kuu Kuw Kuu

KT
uw Kww Kwu

KT
uu Kwu Kuu

2664
3775

û

ŵ

û

8><>:
9>=>; ¼

f̂u

f̂w

f̂u

8>><>>:
9>>=>>;; ð57Þ

where the corresponding submatrices are obtained through
algebraic manipulations of (56):

Kuu ¼ eKuu � eKT
Su
eK�1

SS
eKSu; Kuw ¼ �eKT

Su
eK�1

SS
eKSw;

Kuu ¼ eKuu � eKT
Su
eK�1

SS
eKSu; Kww ¼ �eKT

wS
eK�1

SS
eKSw;

Kwu ¼ �eKT
wS
eK�1

SS
eKSu; Kuu ¼ eKuu � eKuS

eK�1
SS

eKSu;

ð58ÞeKuu ¼ Kuu � KT
buK

�1
bb Kbu; eKuu ¼ Kuu � KT

buK
�1
bb Kbu;eKuu ¼ Kuu � KT

buK
�1
bb Kbu; eKSu ¼ �KT

bSK
�1
bb Kbu;eKSw ¼ KSw; eKSu ¼ KSu � KT

bSK
�1
bb Kbu;eKSS ¼ KSS � KT

bSK
�1
bb KbS ;

ð59Þ
Kuu ¼ Kuu � KT

euK
�1
ee Keu; Kuu ¼ Kuu � KT

uuK
�1
ee Keu;

Kuu ¼ Kuu � KT
euK

�1
ee Keu; Kbu ¼ Kbu � KT

ebK
�1
ee Keu;

Kbu ¼ Kbu � KT
ebK

�1
ee Keu; Kbb ¼ Kbb � KT

ebK
�1
ee Keb

KbS ¼ KbS ; KSw ¼ KSw;

KSu ¼ KSu; KSS ¼ KSS .

ð60Þ

Accordingly, an element with five global degrees of free-
dom per node is obtained. This laminate element is named
MEML4 to remind that it is a Monoclinic Enhanced
Mixed Linked 4-node finite element.

It is worth observing that the invertibility of KSS is not
required during the algebraic manipulations. On the other
hand, it is necessary to compute the inverse of eKSS , which is
not singular even for zero shear compliance. This is
obtained by proper selection of the shape bubble functions.
Any problem converging to the thin plate case can be inves-
tigated, without the problem becoming ill-conditioned.
Similarly, the shear energy can be included or excluded
from the analysis as an optional element feature.

Due to the adopted mixed formulation, an accurate
evaluation of the resultant shear stress S is expected and,
as a consequence, this occurrence leads to the possibility
of shear stress profiles improving. Since in the finite-
element scheme the equilibrium equations are not locally
satisfied, the direct use of Eq. (18) does not allow a satisfac-
tory recovery of the shear stress profiles. Therefore, the
shear stress profiles can be evaluated solving the following
minimization problem:

min ŝðkÞ x3ð Þ � ŝ
ðkÞ
0 þ

Z x3

xðk�1Þ
3

r � ½eCðkÞðEþ fHÞ�df













( )

ð61Þ

subjected to the constraints:

ŝj�t=2 ¼ 0;

Z t=2

�t=2
ŝdx3 � S ¼ 0; ð62Þ

where kÆk represents a given norm.
In detail, the shear stresses are numerically computed

through the following formula:

sðkÞðzÞ ¼
b1 0

0 b2

� �
� 1

2
ðz2 � z2k�1ÞL

T eCðkÞ
Lu

�
� ðz� zk�1ÞLT eCðkÞ

ðLuþ eenÞ þ s
ðkÞ
0 þ a zþ t

2

� 	�
;

ð63Þ
where the vector a and the quantities b1 and b2 are evalu-
ated enforcing that the shear stress ŝðkÞ evaluated at the
top of the laminate is zero and its integral over the thick-
ness is equal to the resultant shear stress S, which is ob-
tained from the finite element analysis (cf. Eq. (62)).

As previously discussed, the proposed element is based
on a linked interpolation technique, with the consideration
of enhanced incompatible modes to improve the in-plane
deformations. When these are assumed to be null the
scheme under consideration has been rigorously proved to
be robust and first-order convergent both for homogeneous
plates (cf. [7]) and for anisotropic laminated ones (cf. [6]).

In the case of laminates formed by layers with orthotro-
pic behaviour, Auricchio et al. in Ref. [6] successfully com-
pare numerical results obtained through the adopted linked
interpolation scheme (without enhanced strains) with those
obtained through the well-known MITC4 plate element (cf.
[9,10,12]). Furthermore, still for orthotropic layers, Ref. [2]
proposes very satisfactory numerical comparisons between
the enhanced linked scheme and MITC 4- and -9 node
plate elements.

Accordingly, in the case of laminates formed by mono-
clinic layers and considering enhanced strains the proposed
element is still first-order convergent and locking-free, as
confirmed through the following numerical applications.
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4. Numerical examples

The proposed monoclinic laminate element has been
implemented in FEAP (finite element analysis program)
[38] and several numerical examples are investigated in
order to assess its performances. In detail, two model prob-
lems are considered, whose analytical solutions can be eval-
uated. In both cases, the plate mid-plane is assumed to be
square P ¼ ½0; a� � ½0; a� and subjected to a transversal
sinusoidal load: qðx1; x2Þ ¼ qo sinð/x1Þ sinð/x2Þ, with / =
p/a. Moreover, the numerical analyses are performed
assuming the shear correction factors to be constant and
equal to v11 = v22 = 5/6, v12 = 0.

The error of a discrete solution is measured through the
relative errors Eu, Ew and Eu, defined as:

E2
u ¼

P
Ni

ðuh1ðNiÞ � u1ðNiÞÞ2 þ ðuh2ðNiÞ � u2ðNiÞÞ2
h i

P
Ni

ðu1ðNiÞÞ2 þ ðu2ðNiÞÞ2
h i ; ð64Þ

E2
w ¼

P
Ni
ðwhðNiÞ � wðNiÞÞ2P

Ni
wðNiÞ2

; ð65Þ

E2
u ¼

P
Ni

ðuh1ðNiÞ � u1ðNiÞÞ2 þ ðuh2ðNiÞ � u2ðNiÞÞ2
h i

P
Ni

ðu1ðNiÞÞ2 þ ðu2ðNiÞÞ2
h i ;

ð66Þ
where the sums are performed on all the nodes Ni corre-
sponding to global interpolation parameters. Furthermore,
f(Ni) denotes the exact value of f at the coordinates of node
Ni, while fh(Ni) is the value which is obtained by numerical
computation and corresponding to a mesh parameter h.
The above error measures can be also seen as discrete
L2-type errors and a h2 convergence rate in L2 norm actu-
ally means a h convergence rate in H1 energy-type norm.

4.1. First validation case

In the first model problem the laminae are assumed to
be orthotropic with properties corresponding to a high
modulus graphite/epoxy composite, whose properties are
set as follows:

EL=ET ¼ 25; mTT ¼ 0:25;

GLT=ET ¼ 0:5; GTT=ET ¼ 0:2;
Fig. 2. 3 · 3, 6 · 6, 12 · 12 distorted mesh
where the indexes L and T indicate the longitudinal and the
transversal directions, E indicates a Young’s modulus, m a
Poisson ratio, G a shear modulus.

The symmetrical 0/90/90/0 and the unsymmetrical 0/90/
90 cross-ply lamination sequences are considered under the
assumption of simply supported boundary conditions:

u2 ¼ 0; w ¼ 0; u2 ¼ 0 at x1 ¼ 0 and x1 ¼ a;

u1 ¼ 0; w ¼ 0; u1 ¼ 0 at x2 ¼ 0 and x2 ¼ a.

Following Ref. [34], the exact solution for the case under
investigation has the form:

w ¼ w sinð/x1Þ sinð/x2Þ;
u1 ¼ u1 cosð/x1Þ sinð/x2Þ;
u2 ¼ u2 sinð/x1Þ cosð/x2Þ;
u1 ¼ u1 cosð/x1Þ sinð/x2Þ;
u2 ¼ u2 sinð/x1Þ cosð/x2Þ.

8>>>>>><>>>>>>:
ð67Þ

The amplitudes of the unknown fields can be computed
considering the functional (26). In detail, performing its
variation with respect to S and requiring a strong satisfac-
tion of the corresponding condition, it follows that the
solution ð~u; ~u; ~wÞ minimizes the potential energy functional
(cf. Eq. (27)):

eP ¼ PðmbÞðu;uÞ þ 1

2

Z
P

H�1 uþrw

 �

� uþrw

 �

dA

�
Z
P

qwdA. ð68Þ

Accordingly, using the positions (67) and requiring the po-
tential energy stationarity, an algebraic system of five equa-
tions is obtained and it may be solved in terms of the five
amplitudes u1, u2, w, u1 and u2.

Due to symmetry considerations, only one quarter of
the plate (i.e. x1 2 [0,a/2], x2 2 [0,a/2]) is analyzed and dif-
ferent values of the side-to-thickness ratio k = a/t are con-
sidered. Moreover, the analyses are performed using
regular meshes (RM) as well as distorted meshes (DM) as
shown in Fig. 2.

Fig. 3 shows the relative errors (64)–(66) versus the num-
ber of nodes per side for the considered lamination
sequences, with k = 10. The results have been obtained
considering regular meshes and, only in the case of Ew—
in order to have more compact representations—, MEML4
es adopted for laminate computations.



Fig. 3. Relative errors (Ew,Eu,Eu) versus the number of nodes per side for simply supported 0/90/90/0 and 0/90/90 graphite/epoxy square laminates
subjected to transversal sinusoidal load (k = 10).
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results are compared with those obtained by three different
4-node elements: Q4, Q4R and Shell99. The first two are
isoparametric displacement-based elements [43]. The ele-
ment Q4R is quite similar to Q4 except for the fact that
a reduced numerical integration for the shear terms are
adopted to avoid locking. The third one, the element
Shell99, is a linear layered structural shell and it is imple-
mented into the commercial code Ansys 7.1�. It is based
on a linear displacement formulation which takes into
account shear deformations through a FSDT approach.
For this element the material properties of each layer
may be at the most orthotropic in the plane of the element.

It is interesting observing that for both the lamination
sequences a quadratic convergence rate appears both for
MEML4 and for Q4R and Shell99 (in the figures the slope
corresponding to the theoretical L2 convergence rate is rep-
resented). Also the element Q4 seems to exhibit a quadratic
convergence rate but, as a result of locking phenomena,
this happens only when the discretization is very refined.

Fig. 4 shows the relative errors versus k for the two lam-
ination sequences, respectively. The results refer to regular
meshes of 12 · 12 elements. It turns out that the element
Fig. 4. Relative errors (Ew,Eu,Eu) versus k for simply supported 0/90/90/0
sinusoidal load (12 · 12 square MEML4 elements).
Q4 exhibits locking. On the other hand, the elements
MEML4, Q4R and Shell99 are practically insensitive to
the variations of k, so that they appear to be locking free.

Thus, it can be stated that MEML4 exhibits a better
accuracy and appears to be fully robust and reliable.

Table 1 reports the dimensionless displacement w* =
wET/(qoa) at the plate center and the rotation u* = u1ET/qo
at x1 = 0, x2 = a/2 for symmetrical 0/90/90/0 cross-ply
laminates, with k = 10.

Table 2 reports w* and u*, previously defined, and the
dimensionless horizontal displacement u* = u1ET/(qoa) at
x1 = 0, x2 = a/2 for unsymmetrical 0/90/90 laminates, with
k = 10.

The accuracy and the convergence of the numerical
solutions of the element MEML4 are once more evident.
Moreover, it can be emphasized that both in-plane and
out-of-plane displacements are in good agreement with
the analytical solutions (AS), even with coarse or distorted
meshes.

Furthermore, the ability of the element MEML4 to
compute satisfactory interlaminar stresses has been inves-
tigated. Figs. 5–8 show the dimensionless shear stress
and 0/90/90 graphite/epoxy square laminates subjected to transversal



Table 1
Transversal displacement w* and rotation u* for simply supported 0/90/90/0 graphite/epoxy square laminates subjected to transversal sinusoidal load:
comparison between analytical and finite-element solutions

Mesh 3 · 3 6 · 6 12 · 12

(RM) (DM) (RM) (DM) (RM) (DM)

MEML4 w* 6.6381 6.5231 6.6302 6.6168 6.6279 6.6258
u* �12.4306 �12.3053 �12.4745 �12.4655 �12.4853 �12.4831

Shell99 w* 6.3292 6.0134 6.5521 6.4923 6.6082 6.6025
u* �11.9281 �11.2177 �12.3480 �12.2916 �12.4540 �12.4412

Q4R w* 6.5853 6.4532 6.6172 6.5972 6.6233 6.6215
u* �12.2867 �11.4177 �12.4303 �12.4016 �12.4791 �12.4782

(AS) w* = 6.6271 u* = �12.4898

Table 2
Transversal displacement w*, rotation u* and horizontal displacement u* for simply supported 0/90/90 graphite/epoxy square laminates subjected to
transversal sinusoidal load: comparison between analytical and finite-element solutions

Mesh 3 · 3 6 · 6 12 · 12

(RM) (DM) (RM) (DM) (RM) (DM)

MEML4 w* 10.7109 10.2324 10.7067 10.6998 10.755 10.7048
u* �29.3389 �29.1365 �29.3754 �29.3648 �29.3868 �29.3862
u* �0.8799 �0.9192 �0.8654 �0.8686 �0.8619 �0.8621

Shell99 w* 10.2231 9.4592 10.5832 10.5114 10.6752 10.6663
u* �28.0671 �25.0231 �29.0543 �28.8269 �29.3052 �29.2981
u* �0.8220 �0.7333 �0.8509 �0.8459 �0.8583 �0.8568

Q4R w* 10.6446 10.0458 10.6948 10.6732 10.7035 10.7023
u* �29.5324 �28.8956 �29.4147 �29.4365 �29.3841 �29.3821
u* �0.8991 �0.9625 �0.8683 �0.8728 �0.8627 �0.8631

(AS) w* = 10.7052 u* = �29.3889 u* = �0.8607

Fig. 5. Shear stress profiles t1 = r13/qo and t2 = r23/qo at x1 = x2 = a/4 for simply supported 0/90/90/0 graphite/epoxy square laminates subjected to
transversal sinusoidal load. Comparison between numerical and analytical solutions.
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profiles ta = sa/qo = ra3/qo and the normal stress ones
saa = raa/qo evaluated at x1 = x2 = a/4 for 0/90/90/0 and
0/90/90 laminates, with k = 10. The results refer to regular
meshes of 5 · 5 MEML4 elements and they are compared
with the analytical solutions. For the shear stress profiles,
results obtained with and without the enhanced strains
are presented. It is worth observing that, in the case of
symmetrical lamination sequences, no differences exist
between the enhanced and non-enhanced solutions,
because the transversal loading does not induce horizontal
deformations. As a consequence, the enhanced modes are
not active for this problem. On the other hand, in the case
of unsymmetrical laminates there is a significant improve-
ment between the enhanced and non-enhanced solutions.
In fact, the transversal loading induce horizontal deforma-
tions in 0/90/90 unsymmetrical laminates. Accordingly, the
enhanced modes are now active and they produce an evi-
dent improvement of the numerical solutions.



Fig. 6. Normal stress profiles s11 = r11/qo and s22 = r22/qo at x1 = x2 = a/4 for simply supported 0/90/90/0 graphite/epoxy square laminates subjected to
transversal sinusoidal load. Comparison between numerical and analytical solutions.

Fig. 7. Shear stress profiles t1 = r13/qo and t2 = r23/qo at x1 = x2 = a/4 for simply supported 0/90/90 graphite/epoxy square laminates subjected to
transversal sinusoidal load. Comparison between numerical and analytical solutions.

Fig. 8. Normal stress profiles s11 = r11/qo and s22 = r22/qo at x1 = x2 = a/4 for simply supported 0/90/90 graphite/epoxy square laminates subjected to
transversal sinusoidal load. Comparison between numerical and analytical solutions.
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4.2. Second validation case

Here, the laminated plates are assumed to be formed by
layers with monoclinic material symmetry. In detail, two
different types of laminae are considered. The first one is
constituted by potassium tartrate (DKT), whereas the sec-
ond by ethylene diamine tartrate (EDT). These materials
are generally employed for realizing laminae used in piezo-
electric applications. Table 3 reports apiece the 13 indepen-
dent elastic constants evaluated at constant electric field.



Table 3
Elastic moduli for piezoelectric materials evaluated at constant electric field (GPa)

C1111 C1122 C1133 C1112 C2222 C2233 C2212

DKT 27.72 10.14 14.98 2.35 51.32 12.38 6.95
EDT 64.18 26.84 13.10 �13.16 22.57 10.30 �7.38

C3333 C3312 C2323 C2313 C1313 C1212

DKT 37.93 �0.16 8.85 0.48 8.18 11.57
EDT 33.58 0.06 5.22 0.10 5.23 11.64
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The symmetrical DKT/EDT/DKT and the unsymmetri-
cal EDT/DKT laminates are analyzed. In the case of the
previously defined transversal sinusoidal load, the analyti-
cal FSDT closed-form solution can be expressed as:

w ¼ w sinð/x1Þ sinð/x2Þ þ ew cosð/x1Þ cosð/x2Þ;
u1 ¼ u1 cosð/x1Þ sinð/x2Þ þ eu1 sinð/x1Þ cosð/x2Þ;
u2 ¼ u2 sinð/x1Þ cosð/x2Þ þ eu2 cosð/x1Þ sinð/x2Þ;
u1 ¼ u1 cosð/x1Þ sinð/x2Þ þ eu1 sinð/x1Þ cosð/x2Þ;
u2 ¼ u2 sinð/x1Þ cosð/x2Þ þ eu2 cosð/x1Þ sinð/x2Þ;

8>>>>>><>>>>>>:
ð69Þ

where the amplitudes ð�Þ and ðe�Þ of the unknown fields are
computed by solving the algebraic system obtained using
Fig. 9. Relative errors (Ew,Eu,Eu) versus: the number of nodes per side (k
DKT/EDT/DKT and EDT/DKT square laminates subjected to transversal si

Table 4
Dimensionless displacements w*, u* and u* for DKT/EDT/DKT and EDT/D
between analytical and finite-element solutions

Mesh 3 · 3

(RM) (DM)

DKT/EDT/DKT w* 1.0918 0.9667
u* �3.4837 �4.3175

(AS) w* = 1.1200

EDT/DKT w* 1.1583 1.0112
u* �3.4706 �3.9758
u* �0.0539 �0.0491

(AS) w* = 1.1661
positions (69) and requiring the stationarity for the func-
tional (68). It is worth observing that, as a consequence
of the positions (69), the solution is referred to non-homo-
geneous boundary conditions on the plate’s edges. More-
over, since under these conditions numerical solutions are
not expected to be symmetric in the plane of the plate,
the laminates are entirely discretized using meshes based
on MEML4 elements. Regular meshes as well as distorted
meshes are employed.

For the two considered lamination sequences and with
reference to regular meshes, Fig. 9 shows the relative errors
versus the number of nodes per side (with k = 10) and ver-
sus the side-to-thickness ratio (24 · 24 MEML4 elements).
Again, the element appears to be locking free and it exhib-
its a quadratic convergence rate.
= 10); the side-to-thickness ratio k (24 · 24 square MEML4 elements).
nusoidal load.

KT square laminates subjected to transversal sinusoidal load: comparison

6 · 6 12 · 12

(RM) (DM) (RM) (DM)

1.1145 1.1095 1.1189 1.1184
�3.3517 �3.3903 �3.3106 �3.2823

u* = �3.2980

1.1642 1.1605 1.1657 1.1654
�3.3750 �3.3911 �3.3478 �3.3457
�0.0551 �0.0549 �0.0555 �0.0555

u* = �3.3524 u* = �0.0556
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Table 4 reports the numerical solutions for the dimen-
sionless transversal displacement w* = w/a at the plate cen-
ter, the rotation u* = u1 and the dimensionless horizontal
displacement u* = u1/a at x1 = 0, x2 = a/2 for DKT/
Fig. 10. Dimensionless shear stress profiles t1 = r13/qo and t2 = r23/qo at x1 =
sinusoidal load. Comparison between numerical and analytical solutions.

Fig. 11. Dimensionless normal stress profiles s11 = r11/qo and s22 = r22/qo at x1
sinusoidal load. Comparison between numerical and analytical solutions.

Fig. 12. Dimensionless shear stress profiles t1 = r13/qo and t2 = r23/qo at x1 = x

load. Comparison between numerical and analytical solutions.
EDT/DKT (u* = 0) and EDT/DKT laminates, in the case
of k = 10 and qo = 1 GPa.

Finally, Figs. 10–13 show the dimensionless shear stress
profiles ta and the normal stress ones saa evaluated at
x2 = a/4 for DKT/EDT/DKT square laminates subjected to transversal

= x2 = a/4 for DKT/EDT/DKT square laminates subjected to transversal

2 = a/4 for EDT/DKT square laminates subjected to transversal sinusoidal



Fig. 13. Dimensionless normal stress profiles s11 = r11/qo and s22 = r22/qo at x1 = x2 = a/4 for EDT/DKT square laminates subjected to transversal
sinusoidal load. Comparison between numerical and analytical solutions.
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x1 = x2 = a/4 and in the case of numerical analyses based
on regular meshes of 10 · 10 MEML4 elements. The
numerical results are compared with the corresponding
analytical solutions (AS).

As in the previously discussed validation case, the
improvement between the enhanced and non-enhanced
shear stress profiles can be appreciated in the case of
unsymmetrical laminates. Accordingly, the interlaminar
stresses computed by MEML4 are in good agreement with
respect to the analytical solutions.

5. Concluding remarks

A partial mixed-enhanced finite-element formulation for
the analysis of composite laminated plates formed by layers
with monoclinic constitutive behaviour is presented. Start-
ing from first-order shear deformation theory, the formula-
tion includes as primary variables the resultant shear
stresses and, in order to improve the in-plane defor-
mations, enhanced incompatible modes. Accordingly, a
4-node finite element is developed and is a generalization
of the element proposed in [5] to the case of monoclinic lay-
ers. The element is obtained through a linked interpolation
scheme (cf. [3]), involving bubble functions for the rotation
degrees of freedom and linking functions between rotations
and transversal displacements. The solvability of the varia-
tional formulation has been proved whereas effectiveness
and convergence of the proposed finite element have been
confirmed through several numerical applications using
cross-ply laminated plates as well as laminates formed by
layers with monoclinic constitutive symmetry, such as
those used in piezoelectric applications. The comparisons
with both available numerical and analytical solutions
highlight that the element shows a h2 convergence rate in
L2 and it does not suffer from shear locking phenomena.
The proposed numerical examples show that the element
provides very accurate in-plane and out-of-plane displace-
ments. Furthermore, a technique for the recovery of
transversal shear stress profiles, which is based on three-
dimensional equilibrium equations, is adopted. As the spe-
cialistic literature confirms (e.g. [2,4,20]), this approach
leads to shear stress profiles in good agreement with the
3D ones. Therefore, it can be emphasized that even coarse
or distorted meshes produce accurate results, not only in
terms of in-plane/out-of-plane displacements but also in
terms of interlaminar shear and normal stresses, for both
symmetrical and unsymmetrical laminated plates formed
by layers having at least a monoclinic symmetry. Accord-
ingly, the proposed finite element opens the possibility of
interesting works related to the modelling and analysis of
the activation and development of delamination mecha-
nisms in monoclinic laminates.
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