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FRAMEWORK

Heterogeneous materials

Usually regarded as composite materials or 

Composites, this class of materials is characterized 

by a heterogeneous microstructure in which two or 

more constituents are combined in order to reach 

improved properties. 

Á Natural and artificial composites

Á Large amount of engineering applications

Á Constituents with different shapes, dimensions, material 

properties and many possible different arrangements

Á Complex inner geometries 

https://icons8.com
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FRAMEWORK

Á Improved mechanical properties

Á Hot topic in scientific and industrial research

Á Increasing usage

Á Towards Metamaterials

Á Increasing performances and safety requirements

Á Constituents characterized by nonlinear behaviour

Á Structural response depending from the inelastic 

phenomena arising at the microstructure

PROsand Cons

Numerical Analysis

Microscopic structure have to be considered in order to understand how the nonlinearities 

occurring in the microstructure influence the overall behavior of the composite material.

July 2021



Alfredo Castrogiovanni 3Reduced Order Homogenization for Multiscale Analysis of Nonlinear Composites

MOTIVATION

Á Structural or Macroscopic scale having

characteristicdimensionL. Structuralelements

canbe consideredas a homogeneousmaterial,

mechanicalproperties at this scale mimicthe

overallpropertiesof thecompositematerial.

Á Microscopic scale or Microscale, having

characteristicsize l<<< L . The micro-structural

constituentsand their complexarrangementcan

be easilyidentified.

ObservationScales

Macroscale [m]

Microscale [mm]

Nanoscale [̈ m]
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MOTIVATION

Macroscopicmodeling: heterogeneousstructurea fictitioushomogeneouscontinuum.

Á stressand strainfieldsare consideredasaveragefields

Á phenomenologicalapproach

Á Easily implementedin the framework of FEA (coarse meshwith respect to

inhomogeneitesdimensions)

Á Inexpensivecalculations

Á Impossibleto considerthedifferent constituents

Á Inaccurate

Microscopic modeling: discontinuitiesbetween the different constituentsof the

heterogeneousmaterialare considered.

Á Capturesthelocalphenomena

Á Highaccuracy

Á Very highcomputationalburden(highnumberof historyvariables)

Á memoryand computationaltimeissues

Modelingstrategies for NonlinearComposites
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MOTIVATION

Multiscale Analysis: a modeling approach consideringboth the microscaleand the

structuralor macroscale,alsoknownas two-scaletechnique.

Á Basedon the Principle

of ScalesSeparations

Nonlinearconstituents

July 2021
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MOTIVATION

Multiscale Analysis: a modeling approach consideringboth the microscaleand the

structuralor macroscale,alsoknownas two-scaletechnique.

Á Basedon the Principle

of ScalesSeparations

Á Analytical HomogenizationSchemeslike theHashin-Shtrikman(HS)variationalprinciple

introducinga referencematerial: very low numberof unknowns,limitedaccuracy

Á Computational HomogenizationSchemeslike the well knownFE²: high accuracybut

prohibitivecomputationaleffort

Nonlinearconstituents

July 2021
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MOTIVATION

Ç Numerical tool for reducing the computational burden in computational

homogenizationprocedures

ReducedOrder Models (ROMs)

Á A well known ROM is the Transformation Field Analysis, based on the use of

eigenstrainsin order to considerthe inelasticdeformationarising from the material

nonlinearity

Á NO nonlinear FEA

required to solve the

microstructuralBVP on

theRVE
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OBJECTIVES

Themaingoalsare

Á Theintroductionof ReducedOrder Modelsas an efficient numericaltool for

loweringthecomputationalcostin ComputationalHomogenization

Á Developinga novelHashin-Shtrikmanbased ReducedOrder Homogenization

Scheme(PWUHS)for studyingthe micromechanicalresponseof composites

havingnonlinearconstituents

Á Implementingthe proposed HomogenizationSchemein the framework of

MultiscaleAnalysisto provide a softwarewhichis a reasonablecompromise

between efficiencyand numericalaccuracy

Á The application of the proposed ReducedOrder Homogenizationfor the

MultiscaleAnalysisof 3D-PrintedComposites
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OUTLINE

Ç ThePWUHSReducedOrder Model

Á PWUHSHomogenizationScheme

Á NumericalProcedure

Á Numericalapplications

Á Remarks

Ç PWUHScomparisonto PWUTFA

Á EquivalencebetweenPWUHSand PWUTFA

Á Numericalapplications

Á Convergencestudy

Á Remarks

Ç MultiscaleAnalysisusingPWUHS

Á Experimentalvalidation

Á Auxeticcomposites

Á ImplementingtheMultiscaleProcedure

Á MultiscaleAnalysisof AuxeticHoneycombs

Ç Concludingremarks
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PWUHS HomogenizationScheme

MacroscopicProblem

MicroscopicProblem

Á notdirectlyobtainedfrom SolveMicroscopicBVP

Á AverageStrain

Á Subsetsdivision

Á Strainin eachsubset

Á Stressin eachsubset

Á AverageStress

Strainfluctuation

Scaletransition

Nonlinear

material
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PWUHS HomogenizationScheme

Ç Introductionof an elasticreferencematerial(Hashin-Shtrikmanformulation)

Á Uniformelasticitymatrix of thereferencematerial

Á Couplingvia an eigenstress, thepolarizationstress

Á PiecewiseUniformdistributionof thepolarizationstress(PWUHS)

ÇConstantpolarizationstress in eachsubset

Á Averagepolarizationstress

Á Polarizationstresses

Á Periodicstrainfluctuation

Á Averagestrainfluctuation

July 2021



Alfredo Castrogiovanni 10Reduced Order Homogenization for Multiscale Analysis of Nonlinear Composites

PWUHS HomogenizationScheme

Ç Introductionof an elasticreferencematerial(Hashin-Shtrikmanformulation)

Á Uniformelasticitymatrix of thereferencematerial

Á Couplingvia an eigenstress, thepolarizationstress

Á PiecewiseUniformdistributionof thepolarizationstress(PWUHS)

ÇConstantpolarizationstress in eachsubset

Á Averagepolarizationstress

Á Polarizationstresses

Á Periodicstrainfluctuation

Á Averagestrainfluctuation AverageLocalizationMatrices
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Ç Constructionof averageLocalizationMatrices

Á 3x micromechanicalelasticanalyses(FEAP)

Á a unitvalueisassignedto onlyoneof the3x polarizationstresscomponentsin

Ç Choiceof thereferenceelasticitymatrix

Á elasticmatrixof thecomposite

Á VoigtHomogenizationtheory

Á FEhomogenization
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PWUHS HomogenizationScheme

Precomputationson the elasticreferencematerial
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Ç Constructionof averageLocalizationMatrices

Á 3x micromechanicalelasticanalyses(FEAP)

Á a unitvalueisassignedto onlyoneof the3x polarizationstresscomponentsin

Ç Choiceof thereferenceelasticitymatrix

Á elasticmatrixof thecomposite

Á VoigtHomogenizationtheory

Á FEhomogenization
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PWUHS HomogenizationScheme

Precomputationson the elasticreferencematerial

3 additional precomputationsassigninga

unitvalueto and averagingthestresses
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Ç Correctionof theelasticitymatrix

Á Updatedsecantshearmodulus

Á Scalingfactor

Á Correctionof theaveragereferenceelasticmatrix

Á Correctionof theaveragelocalizationmatrix
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PWUHS HomogenizationScheme

Updatedsecantmodulusapproach
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00

Á Averagestressin

Á Activationfunction

Á Accumulated plastic

strain

Á Evolutionof ,
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PWUHS numericalprocedure 

Plasticity with isotropic 

hardening
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PWUHS numericalprocedure 

BackwardEulerimplicit

schemetimeintegration
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PWUHS numericalprocedure 

00

Predictor-Corrector

approach
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PWUHS numericalprocedure 

Trialstate00
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PWUHS numericalprocedure 

ElasticStep
00
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PWUHS numericalprocedure 

00

Correction

Systemof 13xm nonlinear

equations solved via

NewtonMethod
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PWUHS numericalprocedure 

00 Variables storing at

convergence

14July 2021



Alfredo Castrogiovanni Reduced Order Homogenization for Multiscale Analysis of Nonlinear Composites

PWUHS numericalprocedure 

00 Referenceand localization

matrixupdates
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PWUHS numericalapplications

Ceramicinclusionin a metal matrix

Ç SingleinclusionUC(UC-1), 10x10mm,

Ç Numberof historyvariables: FE= 420, PWUHS= 8

Á Loadinghistoryin termsof E11 (LC-1) Á Loadinghistoryin termsof G12 (LC-2)
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PWUHS numericalapplications

Ç Increasingnumberof subsets(2, 5, 9) in UC-1

Ç 8, 20, 36 historyvariables

Á LC-1

Ceramicinclusionin a metal matrix
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PWUHS numericalapplications

Ç ComplexUC, (UC-2)

Ç Numberof historyvariables: FE= 4856, PWUHS= 8

Á LC-1 Á LC-2

Ceramicinclusionin a metal matrix
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PWUHS numericalapplications

Ç UC-2,

Ç Numberof historyvariables: FE= 4856, PWUHS= 8

Á LC-1 Á LC-2

Fiberreinforcedepoxy resin
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PWUHS numericalapplications

Ç HistoryVariables(elastoplasticitywithisotropichardening)

Á FE= 4856

Á PWUHS= 8

Fiberreinforcedepoxy resin
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PWUHS

Ç PWUHSisan efficientnumericaltool for theanalysisof composites,resultsare

in agreementwiththenonlinearFEanalyses

Ç A remarkablereductionof the numberof historyvariablesand computational

effort, with respectto FEanalysis,isachieved

Ç Derivingtheoverallelasticitymatrixby FEhomogenization

increasesthemethodaccuracy

Ç Theupdatedsecantmodulusapproachincreasesthemethodaccuracyslightly

affectingthecomputationalefficiency

REMARKS
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OUTLINE

Ç ThePWUHSReducedOrder Model

Á Homogenizationof NonlinearComposites

Á NumericalProcedure

Á Numericalapplications

Á Remarks

Ç PWUHScomparisonto PWUTFA

Á EquivalencebetweenPWUHSand PWUTFA

Á Numericalapplications

Á Convergencestudy

Á Remarks

Ç MultiscaleAnalysisusingPWUHS

Á Auxeticcomposites

Á ImplementingtheMultiscaleProcedure

Á MultiscaleAnalysisof AuxeticHoneycombs

Á Experimentalvalidation

Ç Concludingremarks
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TransformationField Analysis

Ç EigenstrainbasedReducedOrder Model

Á Uniforminelasticstraindistribution(UTFA)

Á PiecewiseUniformInelasticStraindistribution(PWUTFA)

Á Nonuniforminelasticstraindistribution(NUTFA)

ÇConstantinelasticstrain in eachsubset

Á Periodicstrainfluctuation

Á Macrostrainlocalization

Á Inelasticstrain

Á Inelasticstrainlocalization

Á Averagestrainfluctuation AverageLocalizationMatrices
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PWUTFA ReducedOrder Model

Ç Constructionof averageLocalizationMatrices

Á 3 micromechanicalelasticanalyses

Á unitvalueisassignedto oneof thethreemacrostrain components

Precomputationson the real composite

Ç Constructionof averageLocalizationMatrices

Á 3x micromechanicalnonlinearanalyses

Á a unitvalueisassignedto onlyoneof the3x

inelasticstraincomponentsin

00

NOTREQUIREDIN PWUHSHOMOGENIZATION

00

ELASTICIN PWUHSHOMOGENIZATION
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