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FRAMEWORK

UNIVERSITA
DI PAVIA

@ Heterogeneous materials

@O— Usually regarded as composite materials or
Composites, this class of materials is characterized
by a heterogeneous microstructure in which two or
more constituents are combined in order to reach
improved properties.

@ " Natural and artificial composites
\ = Large amount of engineering applications
=  Constituents with different shapes, dimensions, material

properties and many possible different arrangements

@E = Complex inner geometries

N
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FRAMEWORK

PROs and Cons bk

Improved mechanical properties
" Hot topic in scientific and industrial research
® Increasing usage

= Towards Metamaterials

" |ncreasing performances and safety requirements
=  Constituents characterized by nonlinear behaviour

= Structural response depending from the inelastic
phenomena arising at the microstructure

Numerical Analysis

Microscopic structure have to be considered in order to understand how the nonlinearities
occurring in the microstructure influence the overall behavior of the composite material.
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MOTIVATION

UNIVERSITA
DI PAVIA

Observation Scales

Macroscale [m]

= Structural or  Macroscopic  scale  having
characteristic dimension L. Structural elements

can be considered as a homogeneous material,
mechanical properties at this scale mimic the
overall properties of the composite material.

Microscale [mm]

= Microscopic scale or Microscale, having
characteristic size I<<<L . The micro-structural
constituents and their complex arrangement can
be easily identified.
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MOTIVATION

IVERSITA

Modeling strategies for Nonlinear Composites | PAVIA

Macroscopic modeling: heterogeneous structure a fictitious homogeneous continuum.
= stress and strain fields are considered as average fields
= phenomenological approach

= Easily implemented in the framework of FEA (coarse mesh with respect to
inhomogeneites dimensions)
= |nexpensive calculations

@ = Impossible to consider the different constituents
" |naccurate

Microscopic modeling: discontinuities between the different constituents of the
heterogeneous material are considered.

= Captures the local phenomena
= High accuracy

@ = Very high computational burden (high number of history variables)
= memory and computational time issues
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MOTIVATION

UNIVERSITA

Modeling strategies for Nonlinear Composites DI PAVIA

Multiscale Analysis: a modeling approach considering both the microscale and the
structural or macroscale, also known as two-scale technique.

MACROSCOPIC SCALE MICROSCOPIC SCALE

Localization o (x),e(x)

X (X), E(X)

= Based on the Principle
Q of Scales Separations

Nonlinear constituents

Homogenizatiy

Alfredo Castrogiovanni Reduced Order Homogenization for Multiscale Analysis of Nonlinear Composites July 2021 5



MOTIVATION

Modeling strategies for Nonlinear Composites

Multiscale Analysis: a modeling approach considering both the microscale and the
structural or macroscale, also known as two-scale technique.

MACROSCOPIC SCALE MICROSCOPIC SCALE

= (X),E(X) Localization

= Based on the Principle
of Scales Separations

Nonlinear constituents

Homogenization

=  Analytical Homogenization Schemes like the Hashin-Shtrikman (HS) variational principle
introducing a reference material: very low number of unknowns, limited accuracy

= Computational Homogenization Schemes like the well known FE?: high accuracy but
prohibitive computational effort
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MOTIVATION

UNIVERSITA

Reduced Order Models (ROM:s) DI PAVIA

(J Numerical tool for reducing the computational burden in computational
homogenization procedures

MACROSCOPIC SCALE MICROSCOPIC SCALE

\

= NO nonlinear FEA
required to solve the

= (X),E(X) Localization

microstructural BVP on

the RVE
/

Homogenizatign/

= A well known ROM is the Transformation Field Analysis, based on the use of
eigenstrains in order to consider the inelastic deformation arising from the material

nonlinearity
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OBJECTIVES

UNIVERSITA
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The main goals are

" The introduction of Reduced Order Models as an efficient numerical tool for
lowering the computational cost in Computational Homogenization

= Developing a novel Hashin-Shtrikman based Reduced Order Homogenization
Scheme (PWUHS) for studying the micromechanical response of composites
having nonlinear constituents

" Implementing the proposed Homogenization Scheme in the framework of
Multiscale Analysis to provide a software which is a reasonable compromise
between efficiency and numerical accuracy

= The application of the proposed Reduced Order Homogenization for the
Multiscale Analysis of 3D-Printed Composites
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OUTLINE

J The PWUHS Reduced Order Model

= PWUHS Homogenization Scheme

"  Numerical Procedure
= Numerical applications
" Remarks

J PWUHS comparison to PWUTFA

= Equivalence between PWUHS and PWUTFA
= Numerical applications

= Convergence study

= Remarks

J Multiscale Analysis using PWUHS

= Experimental validation

= Auxetic composites

= |mplementing the Multiscale Procedure

=  Multiscale Analysis of Auxetic Honeycombs

J Concluding remarks
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PWUHS Homogenization Scheme

UNIVERSITA

Macroscopic Problem DI PAVIA
E=BU I
B'X+b=0 in B e =
NX=t on S =
U=U on Sy Q
= 3 not directly obtained from EE =—» Solve Microscopic BVP RVE

Microscopic Problem
= Average Strain [

— i/ edA Scale ’rrqnsi’rion]
A Jg

m
Subsets division Q= U ) >

Strain in each subset el = E +[é-] Strain fluctuation

Nonlinear

material

Stress in each subset [UJ =’ EJ - 7"']_)

Average Stress =~ / o dA
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PWUHS Homogenization Scheme

UNIVERSITA
DI PAVIA

[ Introduction of an elastic reference material (Hashin-Shtrikman formulation)
= Uniform elasticity matrix Cg of the reference material
= Coupling via an eigenstress, the polarization stress 7/ (x) = o/ () — Cy e’ (x)

= Piecewise Uniform distribution of the polarization stress (PWUHS)

[ Constant polarization stress 7 in each subset ()7 with j =1,...m

Average polarization stress 7/

Polarization stresses T = {7_'1,...

Periodic strain fluctuation &7 (x)

Average strain fluctuation Ej —1r’T
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PWUHS Homogenization Scheme

UNIVERSITA
DI PAVIA

O Introduction of an elastic reference material (Hashin-Shtrikman formulation)
= Uniform elasticity matrix Cg of the reference material
= Coupling via an eigenstress, the polarization stress T () = o’ () — Cy €j(w)

= Piecewise Uniform distribution of the polarization stress (PWUHS)

[ Constant polarization stress 7/ in each subset €7 with j =1, ..,m

= Average polarization stress 7/ =

= Polarization stresses T = {7_'1,...

= Periodic strain fluctuation &’ (x) =

= Average strain fluctuation &l :[ij [Average Localization Mq’rrices]
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PWUHS Homogenization Scheme

. . . UNIVERSITA
Precomputations on the elastic reference material DI PAVIA

[ Construction of m average Localization Matrices TV

= 3xm micromechanical elastic analyses (FEAP)
" a unit value is assigned to only one of the 3x i polarization stress components in T

[ Choice of the reference elasticity matrix Cy = C

= elastic matrix of the composite C

= Voigt Homogenization theory C; = C(Voigt)

= FE homogenization Cy = C(FE)
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PWUHS Homogenization Scheme

. . . UNIVERSITA
Precomputations on the elastic reference material DI PAVIA

[ Construction of m average Localization Matrices TV

= 3xm micromechanical elastic analyses (FEAP)
" a unit value is assigned to only one of the 3x i polarization stress components in T

[ Choice of the reference elasticity matrix Cy = C

= elastic matrix of the composite C

= Voigt Homogenization theory C; = C(Voigt)

- : D

= FE homogenization Cy = C(FE)

3 additional precomputations assigning a

unit value to EE and averaging the stresses

- )
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PWUHS Homogenization Scheme

UNIVERSITA

Updated secant modulus approach DI PAVIA
[ 1—wp g 1
0
1—21p 1-—-2uy
. . . . _ 0y 1 —uy
[ Correction of the elasticity matrix Co =po 0
1—21p 1| 21y
0 0 !
i 2
pg|

Updated secant shear modulus  #o = 2E

i

r Ho

. 0= —.
Scaling factor 1o

. . . t
Correction of the average reference elastic matrix Cy = foCo

1

_t —
— _T.
fo

Correction of the average localization matrix r
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PWUHS numerical procedure
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors r’ @Sﬁdf)’ with iSOTI‘OpiC \

e Online stage at the typical time step t: .
| hardening
1: Assign E
2. With the history variables I, and a, at t,,, a trial state is F
evaluated in all the subsets (prediction ) - Averqge stress In Q
TS ST _ . - .
3. if f2 <0for j=1,...,m then 5 = (J (L+£_7TJ)
4 exit (elastic step)
5 else =  Activation function
6: Get residual R {correction) f=q—o0,—Ka.
T if |R| > tol then (Newton loop) [
8; Solve the linearized problem = Accumulated plqsﬁc
strain
0. Update the unknowns S i _ - L
go to line 6 for next iteration o = / ||ﬂ'| dt.
10): else 0
11: store &7 and the history variable IT and o .
: = Evolutionof , 7T «
12: end if of
13: update Cp and TV via the secant modulus approach {optional ) T =9— Q=

Oo’ '
14: end if K /
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PWUHS numerical procedure
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):

Perform 3 x m elastic analyses, get localization tensors TV . .
Backward Euler implicit

e Online stage at the typical time step t:

I Assion E scheme time integration

2: With the history variables TT,, and «, at t,,, a trial state is

evaluated in all the subsets (prediction )
3 if f7 <0for j=1,..,m then
4: exit (elastic step)
5 else
G: Get residual R {correction)
T if |R| > tol then (Newton loop)
&: Solve the linearized problem
0: Update the unknowns S i

2o to line 6 for next iteration
10 else
11: store @7 and the history variable IT and «a
12: end if
13: update Cp and T via the secant modulus approach {optional )

14 end if
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PWUHS numerical procedure
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors I
e Online stage at the typical time step t:

1: Assign E

J

Predictor-Corrector

2. With the history variables I, and a, at t,,, a trial state is -
evaluated in all the subsets (prediction ) dpproach
3 if f7 <0for j=1,....m then
4 exit (elastic step)
5 else
6: Get residual R {correction)
it if |R| > tol then (Newton loop)
8: Solve the linearized problem
0. Update the unknowns S i
go to line 6 for next iteration
L0 else
11: store &7 and the history variable IT and «
12: end if J
13: update Cp and TV via the secant modulus approach {optional )
14: end if
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PWUHS numerical procedure

UNIVERSITA
Algorithm 1 PWUHS Homogenization Scheme s

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors I
e Online stage at the typical time step t:

1: Assign E

2. With the history variables I, and ., at t,, a trial state is .
—p Trial state

evaluated in all the subsets (prediction )
3 if f7<0for j=1,...m then II1=11,,, o= «,
-t 918:1:11; (elastic step) 7o &, (E n éj)
G: Get residual R (correction ) g =TT
T if |R| > tol then (Newton loop) 5 = 7 (E 1E_ ﬂ'j)
&: Solve the linearized problem , .

7= q—o,—Kd’
0: Update the unknowns S i
2o to line 6 for next iteration q =

10 else
11: store @7 and the history variable IT and «a
12: end if
13: update Cp and T via the secant modulus approach {optional )
14: end if
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PWUHS numerical procedure
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors I
e Online stage at the typical time step t:

1: Assign E

2: With the history variables TT,, and «, at t,,, a trial state is

evaluated in all the subsets (prediction )
3 if f <0forj=1,...,mthen —p Elastic S’rep
4 exit (elastic step)
5 else
G: Get residual R {correction)
T if |R| > tol then (Newton loop)
&: Solve the linearized problem
0: Update the unknowns S X

2o to line 6 for next iteration

10 else
11: store @7 and the history variable IT and «a
12: end if
13: update Cp and T via the secant modulus approach {optional )
14: end if
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PWUHS numerical procedure
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors I
e Online stage at the typical time step t:

1: Assign E

2: With the history variables TT,, and «, at t,,, a trial state is

evaluated in all the subsets (prediction )
3 if f7 <0for j=1,..,m then
4: exit (elastic step)
5 else —» Correction
6: Get residual R {correction) System of 13xm nonlinear
it if |R| > tol then (Newton loop) equations solved via
8: Solve the linearized problem Newton Method
0. Update the unknowns S i

go to line 6 for next iteration

10 else

11: store @7 and the history variable IT and «a

12: end if

13: update Cp and T via the secant modulus approach {optional )

14 end if
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PWUHS numerical procedure
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors I
e Online stage at the typical time step t:

1: Assign E

2: With the history variables TT,, and «, at t,,, a trial state is

evaluated in all the subsets (prediction )
3 if f7 <0for j=1,..,m then
4: exit (elastic step)
5 else
G: Get residual R {correction)
T if |R| > tol then (Newton loop)
&: Solve the linearized problem
0: Update the unknowns S X

2o to line 6 for next iteration

10 else

11: store @7 and the history varietle IT and o —p Variables storing at
12: end if convergence

13: update Cp and T via the secant modulus approach {optional )

14 end if
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PWUHS numerical procedure
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors I
e Online stage at the typical time step t:

1: Assign E

2: With the history variables TT,, and «, at t,,, a trial state is

evaluated in all the subsets (prediction )
3 if f7 <0for j=1,..,m then
4: exit (elastic step)
5 else
G: Get residual R {correction)
T if |R| > tol then (Newton loop)
&: Solve the linearized problem
0: Update the unknowns S X

2o to line 6 for next iteration

10 else

11: store &7 and the history variable IT and e

12: end if

13: update Cp and I via the secant mw odulus approach (optional ) je=p Reference and localization
14 end if matrix updates
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PWUHS numerical applications

Ceramic inclusion in a metal matrix S

El|GPa] | v | k [MPa] | 0y [MPa] || E? |GPa] | »2
210 0.3[| 100 300 300 0.25

3 Single inclusion UC (UC-1), 10x10mm, ¢ = 0.54

d Number of history variables: FE = 420, PWUHS = 8

" Loading history in terms of E,, (LC-1) * Loading history in terms of I',, (LC-2)
900 - FE ) 350 | =
PWUHS C, = C(Voigt) PWUHS . — &(Vor
450 - — —pwuHs Cy = C(Voigt secant modulus) o _PWUHS C: - CEVE;g}secam modulus)
PWUHS, C, = C(FE) - 300 | -C
. - PWUHS, C, = C(FE}

400 r|— — —PWUHS, C;, = C(FE secant modulus) - — _ _PWUHS, C; — C(FE secant modulus)

350 - - 250 |
= 300 - 5
o A, 200 |

S e i e e e e e m e e ———
2250 | = ===
5 2

W o200 - Ly 150

150 100

100

50 |
50 |
0 1 1 1 1 D | | 1 | |
0 05 1 15 2 0 0.002 0.004 0.006 0.008 0.01
Eyy %1073 I'yo
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PWUHS numerical applications

Ceramic inclusion in a metal matrix

El|GPa] | v | k [MPa] | 0y [MPa] || E? |GPa] | »2

210 0.3] 100 300 300 0.25

O Increasing number of subsets (2, 5, 9) in UC-1
O 8, 20, 36 history variables

" LG

— i —
— -
——
-—

= 200
150
100
FE _
PWUHS C; = C(Voigt secant modulus), 2 subsets
50 = = =PWUIHS C, = C(Voigt secant modulus), 5 subsets
PWUHS Cy = C(Voigt secant modulus), 9 subsets
0 I I I I
0 0.5 1 1.5 2
El 1 =10 3

’
UNIVERSITA

DI PAVIA
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PWUHS numerical applications

Ceramic inclusion in a metal matrix

El |GPal] | v' | k [MPal

UNIVERSITA
DI PAVIA

oy [MPal

E? |GPa] | 2

210

0.3

100

300

300

0.25

O Complex UC, ¢? =0.12 (UC-2)
(J Number of history variables: FE = 4856, PWUHS = 8

= LC-1 = |C-2

400 - 250

350 e -

200 | =T

300 +

250 -
= — 150 |
B Ay
= —
2 200 | =3

o 3

[N L

150 L 1 100

100 | FE i FE

PWUHS C; = C{Voigt) a0 PWUHS ©, = C(Voigt)
50 | — — —1'1.\-'[5115' Cy = (EI:\-'}::.;.;L secant modulus) - = = PWUIS C; = fif"\f'uig‘t secant modulus)
PWUHS, C; = (_J{FE] PWUHS, C, = C(FE]
— — —PWUHS, C) = C{VE secant modulus) — — —PWUIIS, Cy = C(FE secant modulus)
0 ] 1 1 | 0 1 1 | 1 1
0 0.5 1 15 2 0 0.002 0.004 0.006 0.008 0.01
Eyy x 102 ISP
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PWUHS numerical applications

Fiber reinforced epoxy resin

EY|GPa] | v! | k|MPa| | oy [MPaj

E? |GPal

1

21 0.3 100 30

210

0.25

d UC-2, 2 =0.12

[ Number of history variables: FE = 4856, PWUHS = 8

= 1C-1
60 50
I'E _
PWUHS Cy = C(Voigt) 45
— — —PWUHS O = ﬁ(\-’nig‘i. secant modnlus)
50 H PWUHS, Cy = C(FE) —— 40
— — —PWUHS, C) = C(FE secant modulus) e —
xoutiE U S D S S g g 35
40 o ma
; R O R
= s = 30
< £ &
£30 - 7 .25
— / - A
] s Ll 20
20 | /o
@ 15
/
“
& 10
10
5
.D 1 1 1 1 .D
0 05 1 15 2
Eyy %103

0 0.002

= LC-2

FE

B PWUHS Oy = C(Voigt)

- = = PWITHS ) = E[Vn’.gi secant modulns]
L PWITHS, €, = C(FE)

— — —PWUHS, C; = C(FE secant modulus)

e - e | (o [

UNIVERSITA
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0.004 0.008
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PWUHS numerical applications

Fiber reinforced epoxy resin

[ History Variables (elastoplasticity with isotropic hardening)

= FE = 4856
= PWUHS =8
Load Case Co CPU time FE [s] | PWUHS speed-up
C (Voigt) 1182.76
C (FE) 582.84
LC-1 | 711.07
C (Voigt), secant 1341.64
C (FE), secant 470.90
C (Voigt) 1072.90
, C (FE) N 562.70
LC-2 - 855131
C (Voigt), secant 125.52
C (FE), secant 409.23
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PWUHS

REMARKS

(d PWUHS is an efficient numerical tool for the analysis of composites, results are
in agreement with the nonlinear FE analyses

J A remarkable reduction of the number of history variables and computational
effort, with respect to FE analysis, is achieved

[ Deriving the overall elasticity matrix by FE homogenization Cy; = C(FE)
increases the method accuracy

J The updated secant modulus approach increases the method accuracy slightly
affecting the computational efficiency
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OUTLINE

W=
UNIVERSITA

J The PWUHS Reduced Order Model DI PAVIA

" Homogenization of Nonlinear Composites

" Numerical Procedure
=  Numerical applications
" Remarks

J PWUHS comparison to PWUTFA

= Equivalence between PWUHS and PWUTFA
= Numerical applications

= Convergence study

= Remarks

d Multiscale Analysis using PWUHS

= Auxetic composites

" |mplementing the Multiscale Procedure

=  Multiscale Analysis of Auxetic Honeycombs
= Experimental validation

1 Concluding remarks
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Transformation Field Analysis

[ Eigenstrain based Reduced Order Model s

=  Uniform inelastic strain distribution (UTFA)
=  Piecewise Uniform Inelastic Strain distribution (PWUTFA)
=  Nonuniform inelastic strain distribution (NUTFA)

 Constant inelastic strain 7/ in each subset ¥ with j =1, ...m.

. 1 : . v . . ' m in QY
Periodic strain fluctuation &(x) =éel(x) + p’(x) )

=  Macro strain localization ej(:r)= -ﬁ(m)E

" |nelastic strain 1= {r', ...,‘n""}T

= |nelastic strain localization p’(:r) — L7 (a)TT
. (@

" Average strain fluctuation ZzJ _ +@H {Averoge Localization Ma’rrices]
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PWUTFA Reduced Order Model

UNIVERSITA

Precomputations on the real composite DI PAVIA

O Construction of m average Localization Matrices L7,

= 3 micromechanical elastic analyses
= unit value is assigned to one of 1he three macrostrain i components

NOT REQUIRED IN PWUHS HOMOGENIZATION

L Construction of m average Localization Matrices E{J

=  3x1m micromechanical nonlinear analyses
= a unit value is assigned to only one of the 3x m
inelastic strain components in 11

ELASTIC IN PWUHS HOMOGENIZATION
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PWUTFA numerical procedure
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Backward Euler implicit scheme time integration / \
Plasticity with isotropic

[ Predictor-corrector approach
hardening

= History variables

I=ITL o=« = Average stress in each subset

- ™ - T
g = C'(E+&—nY)

= Trial state =  Activation function

& = ij E+ EjH K f=q— Ty — Ko, /

& = Cj E—i—s—'rrj)

/fj = \/7||ﬂ"j||—fry Ko’ )

IF fj < 0.in all the subsets ) ——  Elastic Step

else > Correction via Newton-
\ Raphson method /
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PWUHS comparison to PWUTFA

Equivalence between PWUHS and PWUTFA

J Composite made by two materials is divided in two subsets 2! and Q2
[ Assuming that:

= Material 1 in subset ! is e|¢:|stic,“3r‘T1 =0

= Material 2 in subset €27 is elastoplastic, 72 # 0.

= Same elastic properties Fl=EF2 vl=12— cCl=C?2=cC
PWUHS

PWUTFA

cl=Cc?’=Cc=C,
1 =0 .

2 |— T = {077,
7°=—Cm
él — FIT E‘l = E}TH
2 =TT 22 — 1211
gl —C (E + flT) , &' =C(E+ E}TH)
o? =C (B + T - %) 5> =C (E + L0 — =?)
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PWUHS comparison to PWUTFA

Equivalence between PWUHS and PWUTFA

[ Composite made by two materials is divided in two subsets Oland Q2

[ Assuming that:

= Material 1 in subset ! is elastic, 7' = 0.
. . 2., .
= Material 2 in subset {2 is elastoplastic, 7> # 0.

1 _ 2 —
= Same elastic properties E'=F? V=12 =—=>C =C>=C

PWUHS PWUTFA

cl=Cc*=Cc=¢
(1'_'1 — D )

| T = {0, 72\7

72 = — Cn? { }

. sl=T'T=-T'cn = Llm

_ _ - 2 _ 9 _ "
|22 =T°T | =I"T=-ICII 22 = L211.

&' =C(E+ E,}TH)

o? =C (B + T - %) 52 =C (E + L2 — 7?)
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PWUHS comparison to PWUTFA

Equivalence between PWUHS and PWUTFA

UNIVERSITA
DI PAVIA

[ Composite made by two materials is divided in two subsets Oland Q2
[ Assuming that:

= Material 1 in subset ' is e|¢:|stic,‘ir'f1 =0

= Material 2 in subset €27 is elastoplastic, 72 # 0.

= Same elastic properties Fl=EF2 vl=12— cCl=C?2=cC
PWUHS

PWUTFA

cl=Cc?’=Cc=¢,

=1

7 =0,

| T = {0,72}",

=2 2

7T°=—Cnm

sl=r'T l=T'T=-T'CII Ll =-T'C 2l =Ll

_ - =9 2 2 - 2 . —?T

22 = T°T e=I"T=-IClI L:=-T°C 22 — 1211

gl —C (E+f1T), &' =C (E+E71TH)

o? =C (B + T - %) 52 =C (E + L2 — 7?)
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PWUHS comparison to PWUTFA

Equivalence between PWUHS and PWUTFA

UNIVERSITA
DI PAVIA

[ Composite made by two materials is divided in two subsets Oland Q2

[ Assuming that:
= Material 1 in subset Q! is elastic, 71 = 0
= Material 2 in subset €27 is elastoplastic, 72 # 0

1 _ 2 —
= Same elastic properties E'=F? V=12 =—=>C =C>=C

PWUHS PWUTFA
cl=cCc?’=Cc=¢y
_1_
T = U, T — {O,TQ}T,
72— — Cn?
=1 =1 =1 plpy . 1l 1 _ il =1 1
=0T e'=I'T=-T CII Ll=-T°C 2l Lln
— 2 _ 9 — f - i
22 = 1°7 e =I"T=-Icna L:=-T°C 22 — L21L
o' =C(E~+T'T), < > &' =c(E+L,m)

52 =C (E+1_“2T _ ﬂQ) <

» &°=C(E+L2II - =?)

\

J

Alfredo Castrogiovanni Reduced Order Homogenization for Multiscale Analysis of Nonlinear Composites July 2021 25



PWUHS comparison to PWUTFA

L Numerical applications:

= Homogeneous composite material

DI PAVIA

Bl |GPa| | v! | k|GPa] | oy [MPa| || E? [GPa] | ©/?
210 0.3 100 300 210 0.3
450 300
FE FE
400 | (m= = = PWUTFA = = =PWUTFA
— PWUHS = 250 | PWUHS
350 | 12— —PWUHS (secant modulus) — — —PWUHS (secant modulus)
300 200 -
. = ~T e T T T T T T
£ 250 &
=3 2. 150 |
= 200 -
A
150 100 -
100
a0 -
50
[] 1 | D 1 1 1
15 2 0 2 4 10
En <1072 ' x1072
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PWUHS comparison to PWUTFA

U Convergence study:

= PWUTFA: 1 subset in the inclusion, subsets
refinement in the matrix (up to 45);
PWUHS: 1 or 60 subsets in the inclusion
and  subsets refinement in the matrix

considering fixed Cg
420

snesmss PWUTFA (inclusion 1 subset)
—#—PWUHS (inclusion 1 subset)
— # —PWUHS (inclusion 60 subsets)
FE

410

400

390

380

b 11 [I\’IP«:L

370

360

350

340 1 1 1 1 1 1 1 1 1
5 10 15 20 25 30 35 40 45

number of subsets in the matrix

45 elements

60 elements
PWUHS: 1 or 60 subsets in the inclusion,

subsets refinement in the matrix (up to 45)

using the secant modulus approach

420 ~

—#— PWUHS (inclusion 1 subset)
— # — PWUHS (inclusion 60 subsets)
FE

410

400

- %

340 1 1 1 1 1 1 1 1 1
5 10 15 20 25 30 35 40 45

number of subsets in the matrix
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PWUHS comparison to PWUTFA

U Convergence study:

= PWUTFA: 1 subset in the inclusion, subsets 45 elements

60 elements

refinement in the matrix (up to 45);

PWUHS: 1 or 60 subsets in the inclusion = PWUHS: 1 or 60 subsets in the inclusion,

and  subsets refinement in the matrix subsets refinement in the matrix (up to 45)

considering fixed Cjy using the secant modulus approach

420 420
snesmss PWUTFA (inclusion 1 subset) —#— PWUHS (inclusion 1 subset)
410 | —#—PWUHS (inclusion 1 subset) 410 | — % —PWUHS (inclusion 60 subsets)
— # —PWUHS (inclusion 60 subsets) FE
FE
400 + 400
390 | 390
- -
= &
=, 380 £ 380
Al A)
370 + 370
360 360
o o o o 5ol oo 5o o ows o ll e o oo lloaaa lla na ol s s oo llaooas *-
350 _.:_.L_.'__...'_.L_.'..L.__.:..J._L_J._.__'__'._.'__'._.__'._.'_.'._.'_._._'__.'._'._'.__._'.__:._'.__:_.._.L_'._.L.L_._..'..L_.'._L.. LO(KING ? 350 . *
340 1 1 1 1 1 1 1 1 | 340 1 1 1 1 1 1 1 1 |
5 10 15 20 25 30 35 40 45 5 10 15 20 25 30 35 40 45
number of subsets in the matrix number of subsets in the matrix
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PWUHS comparison to PWUTFA

[ Convergence study: DI PAVIA

= 1 subset in the inclusion, subsets refinement in the 45 elements

60 elements

matrix (up to 45)

120
smenmms PWUTFA (inclusion 1 subset) . . .
110 —#— PWUHS (inclusion 1 subset) Cy = C(FE) U Fiber reinforced epoxy resin
— # = PWUHS (inclusion 1 subset) Cy = C(FE secant modulus)
100 e
EY|GPa| | v | k[MPa| | o, [MPa| || E? [GPa] | v?
90 21 0.3 100 30 210 0.25
& 80
= 710
il
60
50 S
40 'tral:q-b.'.' Cerw
‘_ AN I T T RN ‘
30 1 1 1 1 1 1 1 1 |
5 10 15 20 25 30 35 40 45

number of subsets in the matrix
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PWUHS comparison to PWUTFA

U Numerical application: = LC-3 UNIVERSITA
DI PAVIA
= Heterogeneous composite material tls|] | Eu | B2
" Increasing number of subsets 2 0.802 8
2 0.002 | 0.01
EY|GPa] | v! | k|MPa| | oy [MPa] || E2 |GPa] | 1?2 3 1-0.002 | 0.01
21 0.3 100 30 210 .25 1 1-0.002 0

= Updated secant modulus approach

FE
100 — — —PWUHS, C; = i;'{F"E secant modulns), 2 subsets
— — —PWUHS, C; = C(FE secant modulus), 5 subsets
— — —PWUHS, Cy = C(FE secant modulus), 9 subsels
50 F -
Tt
& / p
Ay / Ny
—_ eyl
= 0f e —
i . e
a3 = Thee
— 9 [
FE i e |
S0 _ —PWUHS, ¢ — C(FE), 2 suhsets _ S0 |
— — —PWUHS, ) = C(FE), 5 subsets ‘_ !
— — —PWUHS, ) = C(FE), 9 subsets i /
PWIUTFA, 2 subsets " P o B
100 PWUTFA, § subsets YA -100 |
PWUTFA, 0 subsets oL
1 1 1 1 1 1 1 1 I 1 1 1 1 I 1 1
0 05 1 15 2 25 3 35 4 ] 0.5 1 15 2 25 3 35 4
t[s] t[s]
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PWUHS comparison to PWUTFA

[ Relative error in numerical applications vy _ yFE IVERSITA
|| t || | PAVIA

REDTY

s lmots , } 1 ] } i , } 4 l } i

PWLIHS, Cy =C 2200 | Gonody | 0008 | TIRLER | Gal i) P55 | LA | G201 | VD | 47001 | 12.502 | D005

PWTTHS, Cq = C, secant Dl | U LG | 0y . TiH) 220 (02000 | U8 | Q) | oty | O 00 2000 | U.0E0
PWTTFA L1094 | Da | U | M200 | TOG.0dMy | S2084 ) LO0y | ovad | daa2d

222

I ADE | 80D | O

sihsels ! } ! 2 } 1} 2 } 1 2 } 1

FPWTUHS, Cy=C (A8G | U1 | VG | 134847 | 210460 | DGO | Ged0fd | 0271 | U 11 | 316208 | 114000 | 92263

PWTUHS. Cp = C, secant || 0188 [ 020G | (0213 | 24104 ] DO DL [ O0ULRT | UL | IG3.RGT | 67007 | 42520

PWILUTEA (OO0E2 [ UET | OoDsD | 241057 | 4490935 | 42.72 G | a2 ooy | 447873 | SUL.ARL | ThAT

212

anhaets

| =
b |
=
|
b |
=
|
b |
=
|
b |
=

PWTUHS. Cy=C - — - a2 | doass [ vy | 10 s | 20245 R 0 | ulds | D
PWTTHS. Cy = C. secand - - - 0074 | 2 | 0018 £ 044 0717 | 0278 | 0048 | (o ::.::_J:I]

PWUTFA — — — 134 | B2 | G | ULETE | Dh.dds | o4 ) 0000 | DUOTE | D2y
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PWUHS comparison to PWUTFA

REMARKS

(J Numerical evidence of the equivalence between the two reduced order
models, PWUTFA and PWUHS, for composites with the same elastic
properties, is given

(J Convergence study proves that both ROMs results tend toward to FE solution
increasing the number of subsets

(d PWUHS using the updated secant modulus approach gives an accurate
prediction of the macroscopic stresses >. also for complex loading-unloading
history, even if a discretization in a low number of subsets in considered

J The updated secant modulus approach gives a faster convergence to the FE
solution in comparison to PWUTFA and PWUHS with fixed Cp = C

Publications:
A. Castrogiovanni, S. Marfia, F. Auricchio, E. Sacco, “TFA and HS based homogenization techniques for
nonlinear composites”, International Journal of Solids and Structures, Volume 225, 2021
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OUTLINE

UNIVERSITA

H DI PAVIA

J Multiscale Analysis using PWUHS

= Experimental investigation

= Auxetic composites

= Implementing the Multiscale Procedure

= Multiscale Analysis of Auxetic Honeycombs

J Concluding remarks
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Multiscale analysis using PWUHS

UNIVERSITA
. . DI PAVIA
Auxetic materials

®= Negative Poisson ratio
= Enhance the mechanical properties of crash absorbers

= Auxetic foams, auxetic laminates , auxetic honeycombs

= RE-ENTRANT TYPE = CHIRAL TYPE =  ROTATING POLYGONS

N LN LN

TTT

L=
SN
T
SN
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Multiscale analysis using PWUHS

=,
UNIVERSITA
DI PAVIA

Auxetic materials

®= Negative Poisson ratio
= Enhance the mechanical properties of crash absorbers

= Auxetic foams, auxetic laminates , auxetic honeycombs

= RE-ENTRANT TYPE = CHIRAL TYPE =  ROTATING POLYGONS
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Multiscale analysis using PWUHS

UNIVERSITA
DI PAVIA

3D Printed Foam-Filled Auxetic Honeycomb

(] 3D Printed polymeric (Polyamide, PA12) auxetic frame
= Re-entrant auxetic honeycomb geometry
= “3D High Reusability PA 12” produced by HP is referred for the material properties

= The Elastic-perfectly plastic material model is considered

E [MPa] | v | gy [MPa]
1700 (.41 I8

(] Rigid Polyurethane foam filler

,‘
= Polyol + Isocyanate + Water = Polyurethane (PU) F‘

®=  Mechanical properties not known a priori
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Multiscale analysis using PWUHS

PU foam material characterization

 PU foams provided by BCl Polyurethane Europe S.R.L.
= [socyanate Isotem® P200
= Polyols: Promol® DP 25/10B1 (low density), Promol® VA 50/6A3 (high density)
1 Experimental setup
= “Standard Test Method for Compressive Properties of Rigid Cellular Plastics”, ASTM
= MTS Insight Testing System equipped with a TOKN

load cell and two steel compression plates

= Specimens dimensions: @ = 60 mm, h = 40 mm
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Multiscale analysis using PWUHS

UNIVERSITA
Ij:;:_em@) P200 + Promol® VA 50/6A3 DP 25/ 10BI - Isotermn P200 DI PAVIA
_‘_-'-'-F'-F_-'—F‘-'-
4500 F T -
: e Diameter ¢ |m
ool e imeter ¢ |mm]
Measurement n 1 2 3 Average
as00 f
Specimen 1 5048 GOOT R S|
3000
=3 Specimen 2 U050 S 29,04 29,71
l. zﬁm I v . - - - - - -
= Specimen 3 5054 TH ! 59,44 TR
2000 |
Specimen 4 29.59 249,71 S0.Ts UG
1500 |
1000 | —— Specimen 1 :
Specimen 2 Height h [mm)|
500 Epeclln'.m.'l
Specimen 4 Measurement n 1 2 3 Average
’ 12 14 8 Specimen 1 .09 .09 0. 22 .13
Us o) Specimen 2 30.88 | 39.99 1010 39.99
Isotem® P200 + Promol® DP 25/10B1 becmen - i :
w00t Specimen 3 10.11 10.30 10.56 10.32
as0f st B Specimen 4 11.05 10,94 10.76 10.9:3
i et .
400
250 Base Area A [mm?| | Elastic Modulus E [MPal
200 Specimen 1 280987 3.3
Z e Specimen 2 279985 3.12
= el Specimen 3 2786.12 3.00
Specimen 4 2TH5.60 3.2
150 F
100k Specimen 1
. T e E|MPa| | v | gy [MPa] | k [MPa] | Elastoplasticity with
Specimen 4 o oy oy : o o o
. : , , ; ; , : | 3.22 0.27 0.13 0.1 isotropic hardening
0 2 4 8 8 10 12 14 18

Iy [mm)|
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Multiscale analysis using PWUHS

. . . . UNIVERSITA
Experlmen’rql Investigation DI PAVIA

(J Polymeric PA12 frame 3D printed using “HP Multi Jet Fusion” (MJF) technology
 DP 25/10B1 PU foam filler

Solid undeformable bar

————— Specimen upper limit

il o P

iy o o
[~ Lo e
T
]
~|~'|~'|~F|~'| '-
N\

A &

- VeV VN _
5
e ol

— Specimen lower limit

[/
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Multiscale analysis using PWUHS

. . . . UNIVERSITA
Experimental investigation DI PAVIA

O Test in compression Up = —10 mm

L Arising of buckling phenomena

[ Comparison with the numerical counterpart (small strain regime) is not possible

Alfredo Castrogiovanni Reduced Order Homogenization for Multiscale Analysis of Nonlinear Composites July 2021 38



Multiscale analysis using PWUHS

. . . . UNIVERSITA
Experimental investigation DI PAVIA

1 Test in tension Uy = 10 mm

U Failure of the foam-filled composite at Up = 4.6 mm due to decohesion

[ Considered for comparison with the numerical counterpart
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Multiscale analysis using PWUHS

1 UNIV
Numerical procedure DI PAVIA

J Precomputations on UC
(] Solution of the structural problem (Online stage)

 Multiscale analysis and PWUHS implemented in a finite element code (FEAP)

MACROSCOPIC SCALE
Ne  Macroscopic elements :H
GP
/ £
/
Global equilibrium at the /
macroscopic scale
KU=F B (%)
NE PWUHS
F=— / BI'Y dA
e=1 Q
© MICROSCOPIC SCALE
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Multiscale analysis using PWUHS

. . UNIVERSITA
Analysis of Auxetic honeycomb structure DI PAVIA

-

Us
13.52mm ,
T |
::Qi- [ \ (' i =§ V:"f: / | :) ¢ .f:::;‘ F -
/ A N 7 Joh e -
- — - - - .
% :‘ ! 4 Q / | f 75 %
:E"l i ,.W': / s '\ E :
¢ 7 — ¢+— |E -
Lt":. 3 . / A ‘:'x 4 A i/ Vo]
. :'I' v ‘;. Y 3 i ) ’\ Lq
\ 7 ‘:3'\\: / “i:.\ ‘éf:-‘ [ / Q
Yool £ LY ) / |
/b /f A 4 N Y E
' /o \ N Y/ E
— 1 0
AR R\ Py
\ O\ /AR / Y [ /| ]
— ————— ¢ : -
;5’ | \ \ ‘.},‘:‘ ‘::_‘ .::,3 .“':. ; %
0y g 7 Ly / Y /
1 € 7k K C SEsEs
h f A 4 \ i kY A 4
W A Y i L f h I
/oo 71 8 7 K 4
/ i} i f Y Vi 4 4 4
0y T 0 ";f' '\ [:‘;- \ {;‘,‘ :\::_ 5 7 I . ) d I
Y 1 e ¢ 5 Nonlinear FE comparison model)
f o f AL L K-V A k! ,
135,24 mm

. - J

Equivalent homogeneous macroscopic model Nonlinear FE
= 100 elements (4GP) = 320286 quad elements
= 11200 history variables = 5124576 history variables
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Multiscale analysis using PWUHS

Analysis of Auxetic honeycomb structure

L Multiscale analysis in plane strain condition

L Tension loading history [/; = 10 mm

200 ¢

FEM (640572 dof)
180 F | ———MS (36400 dof)

160 r

140 r

120

F [N]

40

20 +

0 1 | | 1 |
0 2 4 6 8 10

Up [mm]
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Multiscale analysis using PWUHS

F [N]

Comparison with Experimental investigations

(d numerical and experimental results in terms of

failure at Uy = 4.6 mm

120
— — —FEM (2D plane stress)
— — —MS (2D plane stress)
100 F Experimental
80 | P i
T
.
- -
-
-
60 AT
-~ = -~
H -
5 -7
40 | el
-
P Fd
o ot
L
20 + S 2700
L
Pis
&
ﬂ 1 1 1 1 1 1 1 1 1
0 05 1 15 2 25 3 35 4 45
Uy [mm)]

120

100

80

60

F [N]

40

20

UNIVERSITA
DI PAVIA

the resultant force F before

FEM (2D plane strain)
M5 (2D plane strain) f/
i Experimental /_,x’
e
05 1 15 2 25 3 35 4 45

[y [mm]
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Concluding remarks

UNIVERSITA
DI PAVIA

 PWUHS is introduced for the homogenization of nonlinear composites.

A novel approach for the calculation of the elastic reference matrix using the FE
homogenization of the composite is proposed.

A comparative study between PWUTFA and PWUHS shows the similarities and
differences between the two ROM:s.

L PWUHS ROM is an efficient numerical tool for reducing the computational cost in
Multiscale Analysis of nonlinear composites.

L Multiscale Analysis predicts the behaviour of 3D-Printed Auxetic Composites structures
with a drastically reduced number of history variables in comparison to the FE solution.

(d Results of the Multiscale scheme are in line with experimental tests on foam-filled
auxetic honeycomb.
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Concluding remarks

What's next?

J Introduction of a clustering technique during the precomputations for the division
of the RVE in optimized subsets.

[ Investigation of the influence of UC's dimensions in Multiscale Analysis, with
respect to the structural size, on the model capability to naturally account for
size effects.

(] Extension of the FE code with implemented PWUHS homogenization to parallel
computing

Alfredo Castrogiovanni Reduced Order Homogenization for Multiscale Analysis of Nonlinear Composites July 2021 47



UNIVERSITA
DI PAVIA

THANK YOU ALL!
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Multiscale analysis using PWUHS

UNIVERS

ITA
UC homogenization . DI PAVIA
PWUHS, C, = C(FE)
FE
[ UC identification by mean of periodicity directions (UC-A) _| -
= 7 subsets
= 15 -
[l
= 4 x 7 =28 history variables (7160 in FE) <
AR
05 r
1790 | | | | |
elements DD 0.02 0.04 0.06 0.08 0.1
sz . Eo
-— | PWUHS, C, = C(FE)
FE
i 02~
X 04 |
L
T | 3
=~ 06
o A
0.8
N lL J ! i
hi ! R !
12 ' ' ' ' '
0 0.02 0.04 0.06 0.08 0.1
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