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FRAMEWORK

@ Heterogeneous materials

OmO) Usually regarded as composite materials or
Compositesthis class of materials is characterized
by a heterogeneous microstructure which two or
more constituents are combined in order to reach
Improved properties.

) @ A Natural and artificial composites
\

A Large amount of engineering applications

/ A Constituents with different shapes, dimensions, material
properties and many possible different arrangements

A Complex inner geometries
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FRAMEWORK

PROsnd Cons

>

Improved mechanical properties

>

Hot topic in scientific and industrial research

>

Increasing usage

TowarddVletamaterials

>

2

Increasing performances and safety requirements

p>X

Constituents characterizedmgnlinearbehaviour

®

Numerical Analysis

2

Structural response depending from the inelastic
phenomena arising at the microstructure

Microscopic structure have to be considered in order to understand how the nonlineari
occurring in the microstructure influence the overall behavior of the composite materia
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MOTIVATION

IVERSITA
| PAVIA

ObservatiorScales

Macroscale [m]

A Structural or Macroscopic scale having
characteristiadimensionL. Structuralelements
canbe consideredas a homogeneousaterial,
mechanicalproperties at this scale mimicthe
overallpropertiesof the compositenaterial

Microscale [mm]

A Microscopic scale or Microscalg having
characteristicsize I<<<L . The micrestructural
constituentand their complexarrangementan
be easilyidentified
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MOTIVATION

Modelingstrategies foNonlineartComposites

Macroscopianodeling heterogeneoustructure fictitioushomogeneousontinuum
A stressnd strainfields are consideredsaveragefields
A phenomenologicalpproach

A Easily implementedin the framework of FEA (coarse meshwith respect to
Inhomogeneitedimensions)
A Inexpensivealculations

@ A Impossibléo considethe different constituents
A Inaccurate

Microscopic modeling discontinuitiesbetween the different constituentsof the
heterogeneoushaterialare considered

A Captureghelocalphenomena
A Highaccuracy

A Very highcomputationaburden(highnumbeof historyvariables)

Ve

A memoryand computationaimeissues
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MOTIVATION

Modelingstrategies foNonlineartComposites e

Multiscale Analysis: a modeling approach consideringboth the microscaleand the
structurabr macroscalealsoknownastwo-scaletechnique

MACROSCOPIC SCALE MICROSCOPIC SCALE

Localization o (x),e(x)

X (X), E(X)

A Basedon the Principle

Q of ScalesSeparations
RVE

Nonlinearconstituents
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MOTIVATION

Modelingstrategies foNonlinearComposites e

Multiscale Analysis: a modeling approach consideringboth the microscaleand the
structurabr macroscalealsoknownastwo-scaletechnique

MACROSCOPIC SCALE MICROSCOPIC SCALE

Localization

X (X), E(X)

A Basedon the Principle
Q of ScalesSeparations

Nonlinearconstituents

Homogenizati(ﬁ/

A Analytical HomogenizationSchemedike the HashirShtrikmarfHS)variationalprinciple
introducina referencematerial very low numbeiof unknowngimitedaccuracy

A Computational Homogenization Schemeslike the well knownFE2 high accuracybut
prohibitivecomputationagffort
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MOTIVATION

UNIVERSITA

Reducedrder Models ROM$ DI PAVIA

C Numerical tool for reducing the computational burden in computational
homogenizationprocedures

MACROSCOPIC SCALE MICROSCOPIC SCALE

\

NO nonlinear FEA
required to solve the
microstructuralBVP on
the RVE

%

= (X),E(X) Localization

Homogenizatign/

A A well known ROM is the Transformation Field Analysis, based on the use of
eigenstrainan order to considerthe inelasticdeformationarising from the material

nonlinearity
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OBJECTIVES

Themaingoalsare

A Theintroductiorof ReducedOrder Modelsas an efficient numericatool for
loweringthe computationatostin ComputationaHomogenization

A Developinga novelHashirShtrikmarbased ReducedOrder Homogenization
SchemgPWUHSYor studyingthe micromechanicaksponseof composites
havingnonlineaconstituents

A Implementinghe proposed HomogenizatiorSchemein the framework of
MultiscaleAnalysisto provide a software whichis a reasonablecompromise
between efficiencyand numericahccuracy

A The application of the proposed ReducedOrder Homogenizatiorfor the
MultiscaléAnalysiof 3D-PrintedComposites
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OUTLINE

C ThePWUHSReducedrder Model e

A PWUHSHomogenizatioBcheme

A NumericaProcedure
A Numerica@pplications
A Remarks

¢C PWUHSomparisomo PWUTFA

A EquivalencbetweenPWUHSand PWUTFA
A Numericaapplications

A Convergencstudy

A Remarks

C MultiscaléAnalysitusingPWUHS

A ExperimentaValidation

A Auxeticcomposites

A Implementinthe MultiscaldProcedure

A Multiscalednalysiof AuxeticHoneycombs

¢ Concludingemarks
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PWUH3HomogenizatioBcheme

Macroscopi®roblem e
E=BU
B'S+b=0 in B : \
N =t on S i
,U =U on Sy Q
A ¥ notdirectlyobtainedfrom E — SolveMicroscopi8VP RVE

Microscopi®roblem
A AverageStrain [

— L / edA Scaletransitio%
A Jg

A Subsetslivision Q= U 0/ >

A Strainin eachsubset €’ = E +[éj StrainfluctuationJ

Nonlinear
material

A Stressn eachsubset[ﬂrj = C7 (&7 — w?)

J

A AverageStress = / odA
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PWUH3HomogenizatioBcheme

C Introductiof an elasticreferencematerial(HashirShtrikmarfiormulation)

Ve

A UniformelasticitymatrixCy of thereferencematerial

Ve

A Couplingvia an eigenstresthe polarization stress7/ (z) = o’ (z) — Cy e’ (x)

Ve

A Piecewis@&niformdistributiorof the polarizationstresgPWUHY

C Constanpolarizationstressriin eachsubse )/ with j =1....m

A Averagepolarizationstress 7/ = &/ — Cy (E + &)

) o _ _ T
A Polarizatiorstresses T = {7!,..., 7™}

A Periodicstrainfluctuation &’ (z) = IV ()T

A Averagestrainfluctuatior 2/ — r’T
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PWUH3HomogenizatioBcheme

UNIVERSITA
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C Introductiof an elasticreferencematerial(HashirShtrikmarfiormulation)
A UniformelasticitymatrixCy of the referencematerial
A Couplingvia an eigenstresshe polarization stress7/ () = o/ (x) — Cy e’ (x)

A PiecewiséJniformdistributiorof the polarizationstresfPWUHB

C Constanpolarizationstress+/ in eachsubse )’ with j =1....m

A Averagepolarizationstress7/ = &/ — Cy(E +¢&’)

) L _ T
A Polarizatiorstresses T = {7', .., 7™}

A Periodicstrainfluctuation &’ (z) = IV ()T

A Averagestrainfluctuatior 2’ :[I_‘j T [AverageLocalizatiom\/latrice%
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PWUH3HomogenizatioBcheme

Precomputatiorsn theelasticreferencematerial

C Constructioof m averageLocalizatioMatricesT”

A 3xm micromechanicalasticanalyse{FEAP)
A a unitvalueisassignedo only oneof the 3x /. polarizationstrescomponents T

C Choiceof thereferenceelasticitymatrix Cy = C

A elasticmatrixof the composit¢ C

A VoigtHomogenizatiotheory C, = C(Voigt)

A FEhomogenizatiorC, = C(FE)
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PWUH3HomogenizatioBcheme

Precomputatiorsn theelasticreferencematerial

C Constructioof m averageLocalizatioMatricesT”

A 3xm micromechanicalasticanalyse{FEAP)
A a unitvalueisassignedo only oneof the 3x /. polarizationstrescomponents T

C Choiceof thereferenceelasticitymatrix Cy = C

A elasticmatrixof the composit¢ C

A VoigtHomogenizatiotheory C, = C(Voigt)

\

-

A FEhomogenizatiorCy, = C(FE)

3 additional precomputationassigninga
unitvalueto E and averagingthe stresses

- J
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PWUH3HomogenizatioBcheme

Updated secanmoduluspproach

C Correctiorof the elasticitymatrix Co = po

L=
A Updatedsecanshearmodulus #F'=§W'

i
Ho
A Scalingfactor fo = o

Ve

A Correctiorof theaveragelocalizationrmatrix

1 —yp 'n 0
1—21p 1-—2uy
L 1 —
] 1] 0
1—21p 1| 21y
0 0 !
2 |

ft

A Correctiorof theaveragereferenceelasticmatrix Cj = foCo

1_
— _T.
fo
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PWUHShwmericaprocedure
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors r’ mastlc'ty W|th iSOtrOpiC\

e Online stage at the typical time step t: h .
. ’ ardenin
1: Assign E g
2. With the history variables I, and a, at t,,, a trial state is B _ F
evaluated in all the subsets (prediction ) A AverageStressn Q

no ot J o ) - : -~ ~ 1
3. if f2 <0for j=1,...,m then 5 = (J (L+£_?TJ)
4 exit (elastic step)

5 else A Activatiorfunction

6: Get residual R {correction) f=q—o0,—Ka.

T if |R| > tol then (Newton loop) h

8: Solve the linearized problem A Accumulated plastic

strain
0. Update the unknowns S i _ - L
go to line 6 for next iteration o = / ||ﬂ'| dt.
Lo else 0
11: store @7 and the history variable IT and « < .
. ' A Evolutiomf , 7 «

12: end if of
13: update Cp and TV via the secant modulus approach {optional ) T = ’“r— =y

do '
14: end if K /
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PWUHSwmericaprocedure

UNIVERSITA
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):

Perform 3 x m elastic analyses, get localization tensors TV

BackwardEulerimplicit
schemd&imeintegration

e Online stage at the typical time step t:
1: Assign E

2: With the history variables TT,, and «, at t,,, a trial state is

evaluated in all the subsets (prediction )
3 if f7 <0for j=1,..,m then
4: exit (elastic step)
5 else
G: Get residual R {correction)
T if |R| > tol then (Newton loop)
&: Solve the linearized problem
0: Update the unknowns S i

2o to line 6 for next iteration
10 else
11: store @7 and the history variable IT and «a
12: end if
13: update Cp and T via the secant modulus approach {optional )

14 end if
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PWUHSwmericaprocedure
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors I
e Online stage at the typical time step t:

1: Assign E

(2. With the history variables TI, and «a, at t,, a trial state is Y—p PredictorCorrector
evaluated in all the subsets (prediction ) approaCh
3 if f7 <0for j=1,....m then
4 exit (elastic step)
5 else
6: Get residual R {correction)
it if |R| > tol then (Newton loop)
8: Solve the linearized problem
0. Update the unknowns S i
go to line 6 for next iteration
L0 else
11: store &7 and the history variable IT and «
12: end if J
13: update Cp and TV via the secant modulus approach {optional )
14: end if
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PWUHSwmericaprocedure

UNIVERSITA
Algorithm 1 PWUHS Homogenization Scheme s

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors I
e Online stage at the typical time step t:

1: Assign E

2. With the history variables TI,, and . at t,, a trial state is

—p Trialstate

evaluated in all the subsets (prediction )
3 if f7<0for j=1,...m then II1=11,,, o= «,
-t 918:1:11; (elastic step) 7o &, (E n éj)
G: Get residual R (correction ) g =TT
T if |R| > tol then (Newton loop) 5 = 7 (E 1E_ ﬂ'j)
&: Solve the linearized problem , .

7= q—o,—Kd’
0: Update the unknowns S i
2o to line 6 for next iteration q =

10 else
11: store @7 and the history variable IT and «a
12: end if
13: update Cp and T via the secant modulus approach {optional )
14: end if
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PWUHSwmericaprocedure
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors I
e Online stage at the typical time step t:

1: Assign E

2: With the history variables TT,, and «, at t,,, a trial state is

evaluated in all the subsets (prediction )
3 if f7 <0for j=1,....m then — ElaSUCStep
4 exit (elastic step)
5 else
G: Get residual R {correction)
T if |R| > tol then (Newton loop)
&: Solve the linearized problem
0: Update the unknowns S X

2o to line 6 for next iteration
10 else
11: store @7 and the history variable IT and «a
12: end if
13: update Cp and T via the secant modulus approach {optional )

14 end if
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PWUHSwmericaprocedure

UNIVERSITA
DI PAVIA

Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors I
e Online stage at the typical time step t:

1: Assign E

2: With the history variables TT,, and «, at t,,, a trial state is

evaluated in all the subsets (prediction )
3 if f7 <0for j=1,..,m then
4: exit (elastic step)
5 else  Correction
6: Get residual R {correction) Systern)f 13xm nonlinear
it if |R| > tol then (Newton loop) equatiOnS solved via
8: Solve the linearized problem NewtonMethod
0. Update the unknowns S i

go to line 6 for next iteration

10 else

11: store @7 and the history variable IT and «a

12: end if

13: update Cp and T via the secant modulus approach {optional )

14 end if
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PWUHSwmericaprocedure
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors I
e Online stage at the typical time step t:

1: Assign E

2: With the history variables TT,, and «, at t,,, a trial state is

evaluated in all the subsets (prediction )
3 if f7 <0for j=1,..,m then
4: exit (elastic step)
5 else
G: Get residual R {correction)
T if |R| > tol then (Newton loop)
&: Solve the linearized problem
0: Update the unknowns S X

2o to line 6 for next iteration

10 else

11: store &7 and the history varizble IT and - Variables Storing at
12: end if convergence

13: update Cp and T via the secant modulus approach {optional )

14: end if
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PWUHSwmericaprocedure
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Algorithm 1 PWUHS Homogenization Scheme

e Offline stage (Precomputations):
Perform 3 x m elastic analyses, get localization tensors I
e Online stage at the typical time step t:

1: Assign E

2: With the history variables TT,, and «, at t,,, a trial state is

evaluated in all the subsets (prediction )
3 if f7 <0for j=1,..,m then
4: exit (elastic step)
5 else
G: Get residual R {correction)
T if |R| > tol then (Newton loop)
&: Solve the linearized problem
0: Update the unknowns S X

2o to line 6 for next iteration

10 else

11: store &7 and the history variable IT and e

12: end if

13: update Cp and T via the secant ¢ 1nlus approach (optional ) je=p Referenceand localization
11 end if matrixupdates
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PWUHShwmericahpplications

Ceramianclusiom a metalmatrix UNIVERSITA

El|GPa] | v | k [MPa] | 0y [MPa] || E? |GPa] | »2
210 0.3[| 100 300 300 0.25

C SingleinclusioC(UG1),10x10mm.c? = 0.54
C Numberof historyvariables FE= 420, PWUHS= 8

A Loadinghistoryintermsof E, (LG1) Loadinghistoryin termsof G, (LG2)
500 350
FE ) FE
PWUHS C, — C(Voigt) o
450 1 - — —pwuHS Cy = C(Voigt secant modulus) g%gg 80 _ g(\;;mgt}
7 - || ——— s = C(Voigt secant modulus)
PWUHS, C, = C(FE) _— 300 PWUHS, C; = C(FE
400 r|— — —PWUHS, C; = C(FE secant modulus) o + Co = C(FE)
0 = — — —PWUHS, C; = C(FE secant modulus)
350 - - 250
= 300 - e
o Ay 200
== I et R G AL gl p RS EE TR SRRl S A
.g. 250 P T R
W 200 - L 190
150 - 100
100 +
50
50 -
0 1 I 1 1 D 1 1 1 1 1
0 05 1 15 2 0 0.002 0.004 0.006 0.008 0.01
Ell % 10_3 ]112
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PWUHShwmericahpplications

Ceramianclusiom a metalmatrix

El|GPa] | v | k [MPa] | 0y [MPa] || E? |GPa] | »2
210 0.3[| 100 300 300 0.25

C Increasingiumbeiof subset$?, 5, 9) inUG1
C 8, 20, 36 historyvariables
A
45

LG1

— . —
—_—
- —
——
-—

FE

PWUIIS C, = (?[\Iuigt secant modulus), 2 subsets
1
1

50 = — =PWUHS C; = C(Voigt secant modulus), 5 subse
. PWUHS Cy = C(Voigt secant modulus), 9 subsets

1 1 1 |
0 0.5 1 1.5 2
Ell X1D_3
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PWUHSwmericaapplications

Ceramianclusiom a metalmatrix UNIVERSITA

DI PAVIA

EY|GPa] | v! | k[MPa] | oy [MPa| || E? |[GPa| | »?
210 0.3[] 100 300 300 0.25

C ComplexUC, ? =0.12 (UG2)
C Numberof historyvariables FE= 4856, PWUHS= 8

400 - 250
350 el f—
200 | R ]
300 - — -
250
- = 150
al Py
= =
= 200 =3
o 3
[] L
150 L 1 100
100 E ] I'E
PWUHS C; = C{Voigt) a0 PWUHS ©, = C(Voigt)
50 | — — —PWUHS C; = (EI:\-'}::.;.;L secant modulus) = = = PWUIIS C; = C(Voigt secant modulus)
PWUHS, C,; = C(FE) PWUHS, C, = C(FE)
— — —PWUHS, C) = C{VE secant modulus) — — —PWUIIS, Cy = C(FE secant modulus)
0 ] 1 1 | 0 1 1 1 1 1
0 0.5 1 1.5 2 0 0.002 0.004 0.006 0.008 0.01
Eyy x 102 ISP
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PWUHSwmericaapplications

Fiberreinforcedepoxy resin S
EY|GPa] | v! | k|MPa| | oy [MPa] || E2 |GPa] | 1?2
21 0.3 100 30 210 | 0.25

C UG2, 2 =0.12

C Numberof historyvariables FE= 4856, PWUHS= 8

60 50
I'E _
PWUHS Cy = C(Voigt) 45
— — —PWUHS O = ﬁ(\-’nig‘i. secant modnlus)
50 H PWUHS, Cy = C(FE) —— 40
— — —PWUHS, C) = C(FE secant modulus) L
xoutiE U S D S S g g 35
40 o ma
; R O R
= Ve = 30
:‘f. e // o,
=t —
Z 0} Al £ 25
— / - A
] o Ll 20
20 | /o
@ 15
/
“
& 10
10
5
.D 1 1 1 1 .D
0 05 1 15 2
Eyy %103

FE
B PWUHS Oy = C(Voigt)
- = = PWITHS ) = E[Vn’.gi secant modulns]
L PWUHS, C; = C(FE)
— — —PWUHS, C;, = C(FE secant modulus)
I : e ik __ —_—r= —
” i
i 1/
1 1 1 1 1
0 0.002 0.004 0.006 0.008 0.01
ISP
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PWUHSwmericaapplications

Fiberreinforcedepoxy resin

C HistoryVariables(elastoplasticityvithisotropichardening)
A FE= 4856

A PWUHS- 8
Load Case Co CPU time FE [s] | PWUHS speed-up

C (Voigt) 1182.76
C (FE) 582.84

LC-1 | 711.07
C (Voigt), secant 1341.64
C (FE), secant 470.90
C (Voigt) 1072.90
’ C (FE) N 562.70

LC-2 - 855131
C (Voigt), secant 125.52
C (FE), secant 409.23
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PWUHS

REMARKS

C PWUHS3san efficientnumericatool for the analysisof compositegesultsare
In agreemenwiththe nonlinealFEanalyses

C A remarkablereductionof the numberof historyvariablesand computational
effort, with respecto FEanalysisisachieved
C Derivingthe overallelasticitymatrixby FEhomogenizatiolCy = C(FE)
Increaseghe methodaccuracy

C Theupdatedsecantmodulusapproachincreaseshe methodaccuracyslightly
affectingthe computationagfficiency
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OUTLINE

C ThePWUH>XReducedrder Model DI PAVIA

A Homogenizatioaf NonlineatcComposites
A NumericaProcedure

A Numericahpplications
A Remarks

C PWUHSomparisomo PWUTFA

A EquivalencbetweenPWUHSand PWUTFA
A Numericahpplications

A Convergencstudy

A Remarks

C MultiscaléAnalysisusingPWUHS

A Auxeticcomposites

A Implementinthe MultiscaléeProcedure

A MultiscaleAnalysif AuxeticHoneycombs
A Experimentalalidation

C Concludingemarks
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Transformatiokield Analysis

C EigenstraibasedReducedrder Model

A Uniforminelasticstraindistribution(UTFA)
A Piecewis@®niforminelasticStraindistributiofPWUTFA
A Nonuniforninelasticstraindistribution NUTFA)

C Constaninelasticstrain 7/ in eachsubse (Y with j =1,...m

) . : : _ | _ ' - min QY
A Periodicstrainfluctuation &l(x) =él(z) + p () - E

A Macrostrainlocalization i (z) = L7 (2)E.

A Inelastistrain = {x!,..am}"

A Inelastistrainlocalization ;i ;) — L (a)IT

A Averagestrainfluctuation z; _— +@1‘I [AverageLocalizatiorwlatrices}
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PWUTFA&Reducedrder Model

UNIVERSITA

Precomputatioren thereal composite DI PAVIA

C Constructioaf  averagelocalizatioMatrices

A 3 micromechanicalasticanalyses
A unitvalueisassignedo oneof 1hethreemacrostrainEE components

NOTREQUIREHN PWUH3HOMOGENIZATION

C Constructioaf m averagelocalizatioMatrices

A 3xm micromechanicabnlineaanalyses
A a unitvalueisassignedo onlyoneof the 3x m
inelasticstraincomponents 11

ELASTIN PWUHSHOMOGENIZATION
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