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Motivation

Development of user friendly elements
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e robustness \

e simple treatment of
- incompressible materials
- complex geometries
- geometrical and material nonl
- coarse and non-uniform mes
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o efficiency
e simple implementation
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Numerical simulation of incompressible materials is still
challenging within the context of large deformations

Challenges:

e Locking in incompressibility
e Large deformations
 Non-convex element shapes
 Robustness
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Deformation Measures

F(X)= Gradp(X)
(F',cof F',detF)

de = F dX, nda=coflF

| Fyo I3 — FaoFhag
F3oF13 — FioF33
| Fiolbog — Faolig

cof [F|

C=F'F

|N dA and dv=det|F]dV

F31Fo3 — Fo1 Fyg  Fy Fzy — F1 Foo |
Fy1F33 — F31F13  F31F10 — Fi1F39
Fo1Fy3 — Fi1Fo3  Fi1Foy — Fo1Fhg
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Polyconvex Material

[Definition of Polyconvexity] F' + W(F) is polyconvex if and only if there exists a
function P : R**® x R*® x R — R (in general non-unique) such that

W(F) = P(F,cofF ,[detF) (10)

and (F,cof F,detF) € RY — P(F,cof F,detF) € R is convex for all points X € R®. O

Potential

(z) = / W(F(z))dV + 11°(x)
B
Hu-Washizu Functional

[(z, H,0,p, B) = / P(F, H,0)dV + / p(J —0)dV + f B(cofF — H®)dV
B B B
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Hu-Washizu Functional

H(a:,H",H,p,B)=/’P(C,HC,())dV-i-/p(J—9)dV+/B-(cofC—H‘)dV
B B
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Hu-Washizu Functional

H(a:,H“',H,p,B)=/’P(C,HC,B)dV+/p(J—9)dV+/B-(cofC—Hc)dV

Variation
ocll = / -0C - 2 (OcP + 2—JcofC + B accofC) dV

S
dll = /59(007) - P= P,
oI = /Jp(J 0 — J=40
ogll = /JH"-(BH'P—B)dV — B =0yP.

Spll / 5B - (cofC — H¢)dV —  H° = cofC
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Hu-Washizu Functional

Choice of Strain Energy Function

P(C,H®,0) ="P(C)+ P2(H") + Ps(0)
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Hu-Washizu Functional

Choice of Strain Energy Function

P(C,H®,0) ="P(C)+ P2(H") + Ps(0)

Linearization, Definitions
C,=0cP, Cy=0gey:P, C3=0pP
P := JgcofC = (cofC @ cofC' — cofC K cofC) /det C,

(AKX B):a«b= Aa Bb

C=Lpe P =
C—QJ]P 4‘]:scofC'@)cofC' +B:=

== 3(270 COfC
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Linearization of Hu-Washizu Functional

ATl = /%A(SC-SdV+/%JC-[4(CI+E):%AC]dV

J
B B

B
- /%JC-(lcofCAp)dV+/%éC-2(]P°:AB)dV

Adpll = /60 Cs AOdV —/50ApdV,
B B

AGIT = / Sp %cofC-%ACdV— / 5p AGdV
B B

Adyll = / SHE - (Cy: AH)dV — / SH®-ABdV
B B

Adpll =

/JB-(QIPC:%AC)dV—f&B-AHCdV
B B
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Finite Element Approximation

e a quadratic interpolation for x, u=Nd,
e a linear interpolation for H and B H =N.d. B = N,d,
e a constant interpolation for @ and p. 0 =Ngdy p=N,d,

Adcll = odl | k9 + / BT4(C, +C)BdV | Ad,

B

J

+ odl / BT cofC N, dV Ad, + / BT2IP°N, dV Ad,,}
B B

= de{kuu Adu + kup Adp + kub Adb} ’
30C =Bdd, and ;AC =BAd,
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Finite Element Approximation

Adgll

A6, 11

Adyll

Aopll

adg'/NZ C3 NgdV Ady — 6dY /N,,TN,,dv Ad,

odt / N] }cofCBdV Ad, —od,) / N} NgdV Ady

B

0" Ky, Ad, + 5d kg Ady

odr / NTCy N dV Ad, — od" / NTN,dV Ad,

0d! ke Ad, + 0d! kg Ad |

5«1},’/N3‘2P€de Ad, — 5d},’/N3‘ N.dV Ad,

od] ky, Ad, + d] ky. Ad,



AdcIl
AdIT
AG,IT
Ayl

Al

od,
ddy
d,
od.,.

od,,
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Ad,
Ady
Ad,
Ad.

Ad,
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Newton Solution Procedure

kuuAdu == kupAdp == kub Adb = —Tu

kooAdy + keyAd, = 7y
kpAd, + kAd, = —r,
keeDd.  +  kaAdy = -7
kpAd, + kyAd, =7

[km, Rk K + k,,,,ic’wk,,,,] Ad, = — [r,, + kg, Ty + k,,,,k;,}';"c]

kee = k' kek;! and 7= —r.+ koky ey,



[ ] Institute of
Continuum Mechanics

Mixed finite element formulation

Displacement field

nel
w=Y N;d,=Nd,

I=1

- NPONg
N = 0 0

00

do=[d, &, .. d

ur

nel = 10

Finite Elements for Large Strains

u
nel

0
0

3x3xnel
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Mixed finite element formulation

Displacement field

nel
w=Y N;d,=Nd,

I=1
- NE ON¥ . N2l 00
N = o 0 .. 0 ¢ Ng
0 0 .. 0
d"=[dtltx d2ux d::;lldtl;y d?xy
nel = 10
Pressure Terms
pe=p and 0,=10 constant

Finite Elements for Large Strains

0o
NeLloo
0 | Ny Ny nel

3x3xnel
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Mixed finite element formulation

Approximation of co factor

H¢= N._.d.
CHG O [ Ne o N |0 0 |0 0 T dhy T
H3, 0 0 [ NY nele 0 0 2y,
s |0 0 0 0 0 0 d,,
He,, | | 0 0 | o0 0 0 0
23 0 .. 0 [0 .. 0 |..l0 ... 0 dnete=")
CHi | L0 .. 0 |0 o 0 || Nf o NE | | dde
nelec = 4.

Approximation of Lagrange Multiplier
B = N,d,



Mixed finite element formulation

Ty

Tg

z ] Institute of
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/BTSdV=0,

B.
[@P-pav=o,
B,

/(J—é)dV=o,

B,

f N (oyP - B)dV =0,
Be

/ N, (cofC — HE)dV =0
B.

Finite Elements for Large Strains
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re = /NCT(BH'P —~B)dV =0,
Be

ry, = /N,,T(cofC—H")dV=O
Be

1 . Ve
p—ve/BgPdV and o—ve'/JdV—‘/;
B, B,
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Mixed finite element formulation

od} ( / NTcofCdV — / NIN.dv dc) =0
B. Be

d.= (AC)—lfc

£, = / NicofCdV and A.:= / NIN,dv
Be

B.
Block structure of H®= N.d.

Mc 0 ... ... ( dy fenn
O Me oo e e o0 dC22 fc22

- M dc13 fes
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Mixed finite element formulations

Three-dimensional tetraeder

2 1 1 1 4 -1 -1 -1

. Vol1 211 oy A -1 4 -1 -1
Mi=s511 101 | = MIT=¢1_0 1 4 4
1112 -1 -1 -1 4
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Local Algorithm at element level

1) Update of basic variables: d,, < d,, + Ad,

Ist Pre-Gauss-loop:

2.1) Compute and store at each Gauss point:
Fij =04+ X0 Npjdyir, cofC, detF

2) 2.2) Calculate volume in the reference and actual configuration:
V, = ch dV and v, = fSe dv

2.3) Compute local right hand side regarding H®:
fo = [z NjcofCdV

3) Compute coefficient matrix, dofs regarding H . and volume dilatation:
M* following Equation (59)
deij = (M°)"'f;
0 = we/Ve
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Local algorithm at element level

2nd Pre-Gauss-loop:

4.1) Compute and store at each Gausspoint: H = N .d,

4) 4.2) Compute local right hand side regarding B:

fo = Js, Nc(0aP)dV

5) Compute pressure p = Py
6) Compute dy; = (M)~ fp.;
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Local algorithm at element level

7)

8)
9)

Final Gauss-loop:

7.1) Compute Lagrange multiplier B = N d,

7.2) Compute stress S = 2(9cP + 1 p/J cofC + B : dccofC)
7.3) Compute right hand side r, = fBe B'S dV

7.4) Compute individual stiffness matrices:

kuua kop’ koa’ kbc, kCCa kbua kpu

-~

Calculate static condensation matrices l::pp, k..

Return overall residual vector » := r,

and stiffness matrix k := ky, + kup(gw)‘lkw + kukecky,
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Examples: isotropic strain energy function

V*(C, cofC, detC) = % (trC)2+§ (tr[cofC])? —7In (Vdet C)+ € (detC? +detC 2 —2)
Mixed form

p
>

Pi(C, H",0) = = (trC)? +

5 (trH®)? — 4In (0) + €, (0% + 6722 — 2)
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Examples: isotropic strain energy function

V*(C, cofC, detC) = % (uC)%% (tr[cofC])? —~In (Vdet C)+€;(detC? +detC 2 ~2)
Mixed form

Pise(C, HC, ) = % (trC)? + g (trH)? — yIn (0) + (6% + 072 — 2)

Stress free inital configuration

y=6a+ 123
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Examples: isotropic strain energy function

VH(C, cofC, detC) = % (trC)2+§ (tr[cofC])? —~In (Vdet C) + ¢, (detC +detC 2 —2)

Mixed form

P(C.H".0) = 5

Stress free inital configuration

“ (trC)? + g (trH®)? — 4In (0) + €, (0% + 6722 — 2)

y=6a+ 123

IcP™ = a(trC)1, P = (trH)1, GP™ = —%+zeleg(o2€2-l-o-2€2-')

eP=al®1, eyP=° =511,

630’P"° = % + 26169 [262(9262_2 — 0_262_2) — §%2-2 ¢ 0_262_2]
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a=420kPa, 3=840kPa, & =100kPa and £ =10



Mesh distortion sensitivity: Cantilever beam
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Figure 4: Vertical displacement at the loading point versus a) number of elements n, (for
a = 0) and b) distortion a (for n.. = 12288).
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Mesh distortion sensitivity: Cantilever beam

0,12 011 009 008 007 006 004 003 002 001 001 002 003 004 006 007 008 009 011 012

Figure 5: Distribution of normal Cauchy stress in r-direction oy for the a) cofem-element,
b) fbar-element and ¢) t2-element at different distortion values.
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b) c)
Figure 6: Illustration of the a) boundary value problem and the resulting distribution
of normal stresses b) 0z~ and ¢) oy,. The considered mesh consists of 32928 tetrahedral
elements using the proposed formulation.
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Uy Uy U,
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Figure 7: Displacements a) u, and b) u, and c) u, at point C versus number of elements
using the isotropic strain energy function P*°.
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209 TZ
[7
200 fbar =——
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a,) Nele b) Nele

Figure 8: Stress values of 0, at a) point A and b) point B using the isotropic strain energy
function P**° and three different FE-formulations.
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Cook‘s membran problem

a) | b) | c)
Figure 9: Distribution of #/detF' in the deformed configuration for the a) cofem-, b) fbar-
and c) t2 formulation; the number of elements is ng. = 32928.
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Anisotropic strain energy function

1

oo ueM )t
C

VY (C, cofC,detC) = go[

+

1
' gH+1 L
o1 (tr[cof[C| M]) + m (detC) ]

M =a®a Schroder et al. 2009
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Anisotropic strain energy function

VJ“(C, cofC, detC) = (o [ 1 (tr :CM])gc-i-l

(tr[cof[C]M])?"*! + L (detC)—g"]
9o

M =a®a Schroder et al. 2009
Mixed form

»pti(C, Hc’ 0) = go [ 1
gc +

(tr[CMl)‘”“’+ ” (tr[H‘-‘M])("’”“)+ (9)*290]
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Anisotropic strain energy function

¢“(C, COfC, detC) = Qo [ 1 (tl‘ 'CM])gc+l
go+1 "

+

1
' gH+1 ~98
o (tr[cof[C]M]) + 7 (detC) ]

M =a®a Schroder et al. 2009
Mixed form

»pti(C, Hc’ 0) = go [ 1
go +

- (tr[CM) T + —— - — (e[ HM)) ) — (o)-m]

I Pt = go (tr|CM|)? M, 9yP" = go (tr|H M))*" M

By Pl = —2 gy §(~290-1)
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Anisotropic strain energy function

¢“(C, COfC, detC) = Qo [ 1 (tl‘ 'CM])gc+l
go+1 "

+ (tr[cof[C) M])*"+! + L (detC)'g"]
9o

gy +1

M =a®a Schroder et al. 2009
Mixed form

»pti(C, Hc’ 0) = go [ 1
go +

- (tr[CM) T + —— - — (e[ HM)) ) — (o)-m]

I Pt = go (tr|CM|)? M, 9yP" = go (tr|H M))*" M

By Pl = —2 gy §(~290-1)

go = 3000.0kPa, gc =40, gy=8 and gy=1



Finite Elements for Large Strains

Cook‘s membran problem

U, U,
a74 —— 20
a76 b foar ——— _
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Figure 11: Displacements a) u, and b) u, and u. at point C versus number of elements
using the transversely isotropic strain energy function.
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Cook‘s membran problem

0 v
1.0010 1.0010
1.0008 1.0008
1.0007 1.0007
—1 1.0005 —1 1.0005
—1 1.0003 —1 1.0003
= 1.0002 = 1.0002
= 1.0000 = 1.0000
= 0.9998 = 0.9998
=1 0.9%97 =1 0.9997
= 0.9995 == 0.9995

0.9993 0.9993
I 0.9992 I 0.9992

0.9990 0.99%0

a) b) c)
Figure 13: Distribution of #/det F' in the deformed configuration for the a) cofem-, b) fbar-
and c¢) t2 formulation using the transversely isotropic strain energy function P := P"? 4 PY;
the number of elements is n.. = 32928.
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Adventitia
Media
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=
-
<
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-
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1\
y

Extracellular
lipid

b)

Figure 15: Illustration of the a) individual healthy and deceased tissue components and b)
the boundary value problem:; the considered mesh consists of 20860 tetrahedral elements.
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o“

Simulation of arterial walls

Isotropic material model for calcification and extracellular lipid

is0 c o trC 2¢0 1
P (C,H,O)—cl((detc)l/a—B) (0 + o —2)

Transversly isotropic material model for media and adventitia

P(a)(C He°. 9) = <tl [ (1 — M(a) ] — 2)02

Complete strain energy function for media and adventitia

— ’PISO + Z (a)

Isotropic materlal model for plaque

PME(C,H®,0) = B, trC + ny tr(H®) + 6, 6> — 85 1n(6?)
Schroder & Neff 2004, Balzani 2006, Brands et al. 2008
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Simulation of arterial walls

Table 1: Material parameters for the individual tissues taken from Brands
et al. (2008).

Layer Model Set ] &1 £2 ) a3 % m 4 I5] f
[kPa] [kPa] []  [kPa] [] [kPa] [kPa] [kPa]  [°]
, oo L 175 1000 500 50E05 70 - - ~ 4339
Media 2 175 4998 24 300019 51 @ - - - 4339
J— pho 175 1000 200 15E10 200 - - ~ 490
ntitia 2 66 239 100 15030 63 - - - 49.0
Calcification  P™° 12 68000 500 10.0 . . . . . .
Lipid Pise 12 700.0 5250.0 10.0 . . - - . -

Plaque PMR 19 - - - - ~  80.0 250.0 20000 -
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OuM OuM
3000 . 3000
2850 285.0
2700 2700
2550 2550
2400 2400
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1950 1950
180.0 180.0
1650 1650
1500 1500
1350 1350
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900 900
750 750
60.0 60.0
450 450
300 300
150 150

00 00

Figure 17: Distribution of the von Mises stresses o,)s in the deformed configuration for
the a) cofem- and b) fbar-formulation using parameter set 2.
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Development of the EI9 element

* Motivation
* Split of the strain energy function
- Different Treatment for homogenous and
inhomogenous part
 Variational formulation
* Ansatz and Implementation
 Numerical Tests
- non-uniformly meshed beam
- incompressible block
- surface buckling
* Conclusion and outlook
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Split of the Strain Energy Function

Additive split into a homogeneous and an
inhomogeneous part (Nadler & Rubin, 2003)

W (F) Whom (F) + ‘/th(i:‘)

Split of the deformation gradient:

homogeneous part

-— ~

F=F-F

=_/Fm



Finite Elements for Large Strains

Homogeneous Part

Compressible Neo-Hooke Material

Wiow (F) = & (172 1x(C) - 3) + %(J'-ﬁ — 14 BIn(])

Q <
[
7, &

5
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Inhomogeneous Part (1)

Linear Elastic Material:

W/'inh(li")zé(i*"—l) : C (i*"—l)
P = (K- 2p) ((F)=3) 1+ (F+ F" —21)
with

Cikim = (K — 21) 8itOtm + 1t (8i10km + GimOt)

(Nadler & Rubin, 2003)
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Inhomogeneous Part (2)

Multiplicative Split of the inhomogeneous part of
the displacement gradient

F=F+H  with F=F ' .F(x
leading to

F=F-(F_1-F(m)+ﬂ)=F(m)+F~ﬁI

Ansatz for inhomogeneous part of H leading
to H

Mi=(1-€) My=(1-7) My=(1-¢)

(Wilson, Taylor, Doherty & Ghaboussi, 1973)



.“ Institute of Finite Elements for Large Strains
Continuum Mechanics

Potential and Variation
Hu-Washizu

I (a: H. P) - f [Whom(F) Win(F) - P F. H] a0 — P,
Q
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Potential and Variation
Hu-Washizu

I (m H. P) - / [Whom(F) + Win(F)— P F. H] dQ — P,

Q
/ s DWhom dQ + / sip: Winh 46 / P:6F-HAAQ ~6P.,, = 0
oF OF
Q2 Y
/6H:a“/;f"th—/P:F-6HdQ = 0
J OF
— 0

/6P:F~FIdQ
Q
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Potential and Variation
Hu-Washizu

I (:c H. P) - / [Whom(F) + Win(F)— P F. H] dQ — P,
Q

/ oF - a‘g;?'“ dQ + / sip: Winh 46 / P:6F.-HAJAQ 6P, =

J J OF
/aHza”’;!""dQ-/P:F-aHdQ =
J OF

| /JP:F‘-EIdQ =

with 2

SF = —-F ' 6F-F ' F(z)+F ' 6F ()
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Ansatz and Implementation

z

N
zh = ZN[Q)I = ZN](X[ +uy)
I=1 I=1
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F* Nix 0 0
( F2§ \ ( 0 Niy 0 \
F 0 0 Niz
Flhz 8 N],Y 0 0
F'=| Fjy | =Y By . Bi=| 0 Nix 0
F2h3 I=1 0 NI,Z 0
F&, 0 0 Niy
Fl Niz 0O 0
\ F3 ) \ 0 0 Nix )

F"=Ql/thQ=ZQi/B,de,=ZB,m,
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Th
( 11}‘1 \ ( Mx 0 0 \ ( Mix My Mz \
’:’?‘2 0 Mpy 0 Myx My Mz
{{33 0 0 .‘“IL,Z 4"4.X .'“14.)/ ."‘]4‘2
B H, a Mpy 0 0 0 0 0
) 2 — iy, | =Y Ga, . G = |0 Mpx 0 G, = 0 0 0
Hg‘? L=1 0 Myrz 0 0 0 0
Hh, 0 0 My 0 0 0
\ 71l \ 0 0 Mp.x ) \o 00 )
with
My=(1-¢) M=Q1-7") My=(1-¢%) M=
weak form
U Za IB;P"0, +Z§u,/ B, P'do| Pk, = 0
e=]
Q.

|
=

4 -~
> daj / Gl P"d0
K=1 Qe
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Residual and tangent stiffness matrix
R} = B;P'o, + / B, P"dq - Py

> &
R} = /G P" o ./ /

T
ue B,DBJQ,,+/B,CB;dQ+K‘,‘}‘-"“° X, ol € ________
wo - X: 2l % :

wa / B CG A0 s

?‘l.‘l /Gh CBJ (IQ .
dup - K797 Auy = /Aaf" :C: (F - 1) A
Ky / G} CG A

Equation system on element level

K*"Au + K"*Aa = -R"
K%Au + K°°Aa = —R® (Simo, Armero & Taylor, 1993)
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Numerical Example: Objectivity Test

g

y
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Numerical Example: Beam (1)

System

Deformed

System

w)

Geometry Material

[ = 10 mm A = 600 NMPa
h = 2mmn pt = 600 MPa
w = 1 mm

a = 3mm

Load

F=6N
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Numerical Example: Beam (2)

1.04 S ——— O —
1.035 1
1-03 \ 1
:-E- m—
£ 1025 F g
[~8
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“ Geometry

r.-lOZSmm
/ LAWY Load
AW WA Y w = 10 mm
WA
1A Material
VA K = 175000 MPa
p = 80769.23 MPa
1 8- -2
Degrees of freedom | QI/EI9 | Q1 | Q2 | QM1/E12
3 | 1615 5767.66 | 9319.42 5529.04
9471 5479.85 | 6508.51 | 5485.56 | 5379.84
C/ . 62335 5377.19 | 5646.24 | 5350.54 | 5348.75
@ Ta 445695 5347.95 | 5416.33 | 5338.94 | 5340.71

Figure 13, Spherical shell: System, load and material data




Deformed
System

Geometry Material

h = 50 mm A = 499.92568 MPa
w = 100 mm = 1.61148 MPa

! = 100 mm

a = 25mm

b = 25mm

Load

q = 3MPa
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Surface Buckl

Numerical Example

(b)

Geometry

0.01 mm
1 mmn
h = 10 mm
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r

Material

A

04938 MPa
29 MPa

216

92

p=9295
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Conclusion and Outlook
Advantages of Q1/EI9
* robust, no hourglassing

* no adjustment of any parameters

works for coarse and unaligned meshes

handles incompressible material

has good bending properties

Outlook

* Inplementation of inelastic constitutive models
(more complex than for standard elements)

* Solution by TSCG12 element
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TSCG12 Element for plasticity

TSCG12

Misses:

Max.
0.9577
Min.
0.443%e-1

AceFEM

using 12 enhanced modes and an expansion of shape function
derivatives using Taylor series Korelc, Wriggers, Soric (2010)



