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1825-1837: technical engineer period

1837: Ecole des Ponts et Chausees, supply teacher of Coriolis
1838-1844: hydraulique period

... the use of the mathematics will stop attracting reproaches if one places them in
their real limits. The pure calculus is simply a tool... Mechanics add some
physical principles, experimentally well-founded, but leave the validation task for
the results to particular experiences . Results of mathematics and calculus are not
unfailing “oracles”... but they are simply indications, precious, but only
indications which reduce the field of the “instinctive evaluation”...

G. Vairo —Pavia, 7/ 11/ 2008 1/1



Adhémar Jean Claude Barreé de Saint Venant (1797-1886)

De Saint-Venant, A. Barre, Mémoire sur latorsion des prismes. Mémoires des Savants
éntrangers Acad. Sci. Paris 14 (1855), 223-560.

De Saint-Venant, A. Barre, Mémoire sur laflexion des prismes. J. Math. Liouville 1
(1856), 89-189.

He resolved in a not-properly general way a problem addressed by Lame (1846-
1858): the problem of the elastic equilibrium for right prisms acted upon only by
tractions on their end-sections

That solution, although not general, gives a fundamental
contribution to engineering technical problems
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Problem statement

Beam | &=Q X [0,L]

/ Qr=Q x{L}

: /
¢ > = aQX[O, L] mantle

'\ cross-section €2

planar domain of 2£ simply
connected and regular
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Problem statement

v & isfree (not constrained)

v’ itisnot acted upon by volume forces and tractionson
it is acted upon only by tractions on Q*- (denoted by p*")
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Problem statement

4 & isfree (not constrained)

v’ itisnot acted upon by volume forces and tractionson
v itisacted upon only by tractions on Q*- (denoted by p*)

v Bisinequilibium | [ p*+p-da=0
Q

| . TXP a’a+j_r><p da=0
dve=0 In?&
c-n, =0 SuU X

G'Il+/_ :p+/— Y Q+/_
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Problem statement

v/ The beam is assumed to be homogeneous and comprising isotropic
linearly-elastic material

6=2Ge+Atr(e)l
e=1/(2G)o—-Vv/Etr(e) 1

G E = VE
2(1+v) (1+v)(1—2v)

v Compatibility

Rot Rote=0)
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Existence Uniqueness

4 4
Fichera, ... Kirchhoff

Fichera G., Existence Theorem in Elasticity. In: S Flugge (ed.): Hebuch der Physik, Be Via/2.
Springer-Verlag, Berlin 1972.

G. Vairo — Pavia, 7/ 11/ 2008 1/6



The problem with weak boundary conditions

¢-n; =0 su X generalized internal forces
+/- — +/- =
N(z)=|o.da
N+/— — +/—d Q.
i” - T.(z)=[.da
nd +/ [ 4/ "
L :
T, — | P da Ty(z)z.’cyzda
Q Q
r yH_ = pida M (z) =fy62da
0 Q
M. = [ yp"da ) :_imzda
Q
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The problem with weak boundary conditions

IQp+ +p da=0

J rxprda+ [ rxp da=0 N(iz)=N"=N =cost, T.(z2)=T." =T. =cod,
T (z)=T, =T, =cost, M, (z)=M," =M, =cost
M (z)=M_+zT,, M/ (z)=M, —zT,
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The problem with weak boundary conditions

IQp+ +p da=0

Jor rX07da+ [ expTda=0|  noy N o N 2 cost, T (z)=T" =T  =cos,
T (z)=T, =T, =cost, M,(z)=M," =M, =cost
M (z)=M_+zT,, M/ (z)=M, —zT,

There exist infinite traction distributions p*- with the same resultants, therefore the
problem with weak boundary conditions have not a unique solution

A solution for the problem with weak boundary conditionsis the unique solution for the
primary problem if and only if internal stress distributions satisfy local limit equilibrium
on Q*-: in general thisis not verified.

Nevertheless, a solution of the problem with weak boundary conditions can be seen as
an approximate solution for the primary problem, because of the de Saint-Venant's
principle.
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de Saint-Venant’s principle

Let the right cylinder & be loaded only on the end-section Q7 (that is p~ = 0) with a self-
equilibrated distribution (that is N"=T"=M"=0). Let p* be sufficiently regular (e.g.,
square summable on ). Let G and € the solution of the primary de Saint-Venant’s
problem (local limit equilibrium satisfied on the end-sections). Let be &, = Q X [0, z]

and let U(z) be the strain energy related to B,:

1
U(z):j—o-edv
222

Then, for every constant O <[ < L there exixts a constant C > Q
(generally depending on L, Q, E, V) such that

U(z) <U(L)exp(—(L -1 —2z) 1 C), 0<z<L-I

In other words: the strain energy for aright cylinder |loaded
only on one end-sections with a self-equilibrated traction
distribution exponentially decays along the beam axis, when
the distance from the acted end-section increases.

o =

Toupin R.A.: Saint Venant’s principio. Arch. Rat. Mech. Anal. 18 (1965), 83-96.
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de Saint-Venant’s principle

<« F

d v | 4

for compact cross-sections, an effective decay distance from
the loaded end-section has the same of order of magnitude of
an equivalent radius for Q
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Semi-inverse approach

>

lo]=

stress vector on every plane parallel to the beam exis

Isitself parallel to the beam axis

(0‘-n)><lA{=0, Vn:n-k=0

T
T

N

N

Clebsch A., Theorie der Eladticitat faster Korper. BG Teubner, Leipzig 1862.
Baldacci R.F., Sull’integrazione diretta del problemadi Saint-Venant in termini di tensioni.

Atti Accad. Scienze Torino 90 (1995-56), 604-610.
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Semi-inverse approach

T:sz’i\+szj:T(x’y)
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N &

=0

N

dve=0 in?& »
dvt+oc, . =0
6-n; =0 su X > Tn=Tn+7 n,=0 s 90
ROt ROt & = 0 Gz/xx — Gz/yy — Gz/zz Gz/xy
£=1/(2G)6—Vv/Etr(c)l | (T Tan)n =V
(sz/x o Zx/y)/y VGz/xz
v=v/1+V)
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Semi-inverse approach

6.=a+ax+a,y—z(bx+b,y) =

Tn=1.n +1,n, =0

(Rot 1) k = v(b,y—b,x)+c

su 0Q

N M, —zT, M, +zT, N M, (z) M_(2)
= X+ y=—= X+
A I, 4, I,
dvt=bx+b,y
su
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Semi-inverse approach

dvt=bx+b,y

tn=1n +t,n, =0

(Rot 1) -k = V(b,y—b,x)+c

su Q 0 -
» |T=T +7
su o0Q
_ 1 2 = 2
T, —E[bl(x -vy©)—oy]
T, =2l =)+
divt®=0

on A su €
(Rott”)- k=0

' n=0 su 9Q

Baldacci R.F., Sull’integrazione diretta del problemadi Saint-Venant in termini di tensioni.

Atti Accad. Scienze Torino 90 (1995-56), 604-610.
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Semi-inverse approach

V¥ n=—7tn su 0Q

well-posed Neumann-Dini problem
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Semi-inverse approach

{
0 su €

T ¢ |(Rott’) k=0
©°“n=0 su IQ

3 o(x,y) : 7, =0,,, 7, =-0,

V
V,6=0 su Q

O = —%bljs(xz —Vyz)dy+%b2j:(y2 —sz)dx+% (x2 +y2) su oQ

well-posed Dirichlet problem

LP/x:q)/y’ \P/y:_q)/x
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An example: pure torsion

displacement field

s.=—0"zy

/
S, =0'zx

s. =0y, (x,y)

% warping function
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5 =0 dIVT=OA sy O
2 (Rot1) - k=c

sz — Ge,(WG/x _y): LII/x _Cylz
T, =GOy, +x)=V,, +oxl?2

0=0(z)
0'=0, =cost } unit twisting angle
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Limitations and extension to real cases

In real cases:

e constraints

* volume forces
» forces on the mantle and not only on the end-sections (also concentrated)

* the beam cross-section can be not constant along the beam axis
* the beam axis may be curve

K | decay regions
] I — ~ 2
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Limitations and extension to real cases

et

o=0" +g®") = gl

Nevertheless, If we consider thin-walled beams (expecially
with open sections), the decay distance may be of the order of L.
That Is, the solution of de Saint-Venant is not applicable
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Limitations and extension to real cases

twin-walled open-section beams

N\

QN

z

G. Vairo —Pavia, 7/ 11/ 2008 1/20



Limitations and extension to real cases

twin-walled open-section beams

N\
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Limitations and extension to real cases

In general, thin-walled beams needs
treatments different from those
adopted for classical rods
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The rational deduction and justification of these theories from

three-dimensional elasticity and their consistent generalization
for anisotropic materials as well as for non-conventional cases
(such as laminated beams or unilateral material behaviour) can
be truly considered as an open task yet.

The deduction of thin-walled beam models in a consistent way
1s not only a speculative 1ssue, but leads to a safer and more
complete technical use of these theories.
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Rational deduction of structural theories

3D elastostatic problem
/ 2D model

D /
1D model

v Asymptotic method

4 Costrained approach
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Asymptotic philosophy

Main idea: the three-dimensional solution of the elasticity equations can be
approximated through successive terms of a power series.

For beams, the slenderness ratio (between diameter of the cross-section and beam
length) 1s taken as a small parameter.

Accordingly, under suitable hypotheses which ensure series convergence,
different structural theories can be rationally deduced as approximate solutions
of an exactly-stated problem, varying series truncation order.

[19] Trabucho L, Viano JM. Mathematical modelling of rods. In: Ciarlet PG and Lions JL (eds), Handbook of
Numerical Analysis, vol. IV. Elsevier, The Netherlands, pp.487-974, 1996.

[20] Rodriguez JM, Viano JM. Asymptotic derivation of a general linear model for thin-walled elastic rods.
Computer Methods in Applied Mechanics and Engineering 147:287-321, 1997.

[21] Volovoi VV, Hodges DH, Berdichevsky VL, Sutyrin VG. Asymptotic theory for static behavior of elastic
anisotropic I-beams. International Journal of Solids and Structures 36:1017-43, 1999.

[22] Hamdouni A, Millet O. An asymptotic non-linear model for thin-walled rods with strongly curved open
cross-section. International Journal of Non-Linear Mechanics 41:396-416, 2006.
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Constrained philosophy

Main idea: an exact solution for a simplified constrained
problem, 1.e. based on approximate representations of the
unknown functions, is looked for.
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Constrained elasticity

3D elastostatic problem
/ / 2D model
assumptions on strain / 1D model

and/or stress fields

-

Internal constraints added to the 3D model
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Constrained elasticity

3D elastostatic problem
/ / 2D model

assumptions on strain 1D model
and/or stress fields

-

Internal constraints added to the 3D model

Lagrangian multipliers can be employed to formulate the 3D constrained problem:

they give reactive constraints belonging to dual spaces
of those where constrained variables live
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Constrained elasticity

P Podio-Guidugli. An exact derivation of thin plates equations. J Elasticity,
22:121-33, 1989.

M Lembo, P Podio-Guidugli. Internal constraints, reactive stresses, and the
Timoshenko beam theory. J Elasticity, 65(1-3):131-48, 2001.

Antman et al. ...
Internal constraints on strain field and on material behaviour
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Constrained elasticity

P Podio-Guidugli. An exact derivation of thin plates equations. J Elasticity,
22:121-33, 1989.

M Lembo, P Podio-Guidugli. Internal constraints, reactive stresses, and the
Timoshenko beam theory. J Elasticity, 65(1-3):131-48, 2001.

Antman et al. ...
Internal constraints on strain field and on material behaviour

P Bisegna, E Sacco. A rational deduction of plate theories from the three-
dimensional linear elasticity. Z Angew Math Mech, 77:349-66, 1997.

F Maceri, P Bisegna. Modellazione strutturale. In: E Giangreco — Ingegneria delle
Strutture, II, Utet: 1-90, 2002.

F Maceri, G Vairo. Anisotropic thin-walled beam models: a rational deduction
from three-dimensional elasticity. J of Mech Mater Struct, to appear, 2008.

Dual constraints on both stress and strain fields, leaving
unchanged the material constitutive law
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Dual constraints approach

Hu-Washizu 3D functional

%(u,0,¢) :%jcs-edv—jc-(ﬁu—a) dv
Q Q

—jb-udv— jp-uda— jcna -(u—u,_)da
Q

9,0 9,0
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Dual constraints approach

Hu-Washizu 3D functional

%(u,0,¢) :%jc:a-edv—jo-(@u—a) dv
Q Q

—jb-udv— jp-uda— jcna -(u—u,_)da
Q

9,0 9,0

v Lagrangian functional

2(1,0,€,97,0) = %(u,c,s)—jx-Gadv—jco-Hodv—jG*x-H*codv
Q Q Q

G, H constraint operators (G*,H* adjoint operators)

®, % Lagrangian multipliers (reactive part)
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Dual constraints approach

Hu-Washizu 3D functional

%(u,0,¢) :%jcs-edv—jo-(@u—a) dv
Q Q

—jb-udv— jp-uda— _[Gna -(u—u,_)da
Q

9,0 9,0

v Lagrangian functional

2(1,0,€,97,0) = W(u,c,s)—jx-Gadv—jm-Hodv—jG*x-H*codv
Q Q Q

G, H constraint operators (G*,H* adjoint operators)
dual constraints

total straine Ker(G)

total stress (strain) = elastic stress € Ker(H)
elastic part + reactive part
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Dual constraints approach

stationarity of £(u,0,£,0,%)

2Z(1,0,8,97,0) = W(u,c,a)—jx-Gst—Jco-HGdV—jG*x-H*de
Q Q Q

u) leG"‘b:O in Q
on, =p ond £
€) 6+Gy=Ce¢ inQ
e+Ho=Vu in Q
G)
u=u, onad,
X, ®) G(e+H ®)=0

G. Vairo — Pavia, 7/ 11 /2008
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constitutive law

compatibility

constraints
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Dual constraints approach stationarity of ,g(u,c,g,a),x)

2Z(1,0,8,97,0) = W(u,c,s)—jx-Gst—jco-HGdV—jG*x-H*de
Q Q Q

u) equilibrium
£) constitutive law
C) compatibility
X, O) G(e+ H*(o) =0 H(o + G*X) = constraints
total stress * elastic strain
@e O
elastic stress total strain
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Dual constraints approach

stationary conditions of the Lagrangian functional £(u,c,e,m,)) with respect

to elastic strain € and total stress ¢ allow to eliminate € and ¢ themselves
and to obtain the energy-type functional

5(u,x,m):%IC(ﬁu—H*m)-(@u—H*m)dv—jx-Gﬁudv—jb-udv— jp-uda
Q Q

Q e

defined on the manifold u=u, on 9,6Q

£ =Vu 6 =C(Vu-H 0)-Gy,
g’ = (@u -H o) ¢’ = C(@u ~-H' o)
greact — H*(!) Greacl‘ — _G*X
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Dual constraints approach
Maceri F, Bisegna P. Modellazione strutturale (in Italian). In: Elio Giangreco - Ingegneria
delle Strutture, vol. II. Utet, Torino, pp. 1-90, 2002.

Rational deduction of classical
plates and planar beam theories

GA=HA V AeSym
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Dual constraints approach

Maceri F, Bisegna P. Modellazione strutturale (in Italian). In: Elio Giangreco - Ingegneria
delle Strutture, vol. II. Utet, Torino, pp. 1-90, 2002.

Rational deduction of classical
plates and planar beam theories

-

GA=HA V AeSym

% and @ belong to dual vector subspaces with same dimensions

b

Once, kinematical constraints are chosen,
consistent stress assumptions directly arise
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Thin-walled beam model

centerline p

thickness 20

-

cross-section 2 = px]—9,9|
mantle X =092x]-L,L[
beam Q=2x]-L,L[
ends 2|, =Px{xL}

o
...............

x(s,M,z) =X(s)+nn(s)+zk

t(S):i/s’ n(S):_y/si_i_%/sj

t/S - K(S ) n n/s — _K(S ) t

K(s): curvature (with sign) of p
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Thin-walled beam model

)
[(yda=[]0)jCs,m)dnds j(sm) =[1=nx(s)]
7 -0

p

average over the thickness domain

0
F(s,2) = 218 j £(5.1,2) j(s.m) diy

Vf:f/.St+f/nn+f'k f’=ai
J

0z

G. Vairo — Pavia, 7/ 11 /2008 11/14



Thin-walled beam model :
material symmetry

The beam is assumed to be homogeneous and comprising a linearly
elastic material, having at least a monoclinic symmetry, with
symmetry plane orthogonal to the beam axis.

This symmetry includes the case of fiber-reinforced
' composite profiles commonly used in civil
® engineering and produced by pultrusion technology

CocBy3 =Cy333 =0

index rules

- Greek indices imply values in {1,2} and
denote components in the plane of 2 referred
to the local tangent frame;

- index ‘3’ denotes components along z-axis
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strain and stress dual constraints

No-shear beam model

Vlasov / Euler-Bernoulli
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strain and stress dual constraints

Total strains

no-shear beam model

1. in-plane (dilatation and shear) total strain components vanish everywhere on 2;

2. shear total strain between z-axis and direction n(s) vanishes everywhere on 2,

3. flux through the thickness of the in-plane shear total strain vector
Y=2¢,t+2e,,n=2¢e;i+2¢e,;j isequal to zero;

G. Vairo — Pavia, 7/ 11 /2008
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strain and stress dual constraints no-shear beam model

Total strains
1. in-plane (dilatation and shear) total strain components vanish everywhere on 2;

2. shear total strain between z-axis and direction n(s) vanishes everywhere on 2,

3. flux through the thickness of the in-plane shear total strain vector
Y=2¢;t+2e,,n=2¢,i+2€e,;j isequal to zero;

_ — T
GS_{SIIQ 8229 8129 8139 823}

A 4

— T
He ={0,,, 0,,, C),, O3, (523}

Elastic stresses

1. elastic stress vector on every plane parallel to the z-axis is parallel to K;

2. shear elastic stress between z-axis and direction n(s) vanishes everywhere on 2;

3. flux through the thickness of the in-plane shear ¢lastic stress vector
T=T;3t+T,;n=7T,3i+17,] isequaltozero;

° —tot —el _ _ _
Remark: 813 = O, (5163 =0 = (1)13 — (013 (Saz)a X13 _X13 (Saz)

/17
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energy functional no-shear beam model

1 / /
5(u, XL (0) = EJ {COCBYS (AocB B moc[_’) )(Ay8 B (DyéS) + 2C0c[333 (AocB B (Doc[_’) )Z/t3 + C3333 (u3 )2 +
Q

+ 4Ca3[33 (Ags — O3 )(ABS — Wg; )i dv— j (XocBAaB + 2 3N o3 v =11,
Q

where
A =Vu
~ A + +
I, = jQ (botto +byus) dv+ _[2 (Dot + P3tt3) da+ J‘%L (Dot o TP iL) da
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displacement field no-shear beam model

stationarity of E(u,m,)) with respect to % gives the equations

A1 = [uyg — Kugl/j =0
Agg = ug/p =0
2012 = [ug/y + Kkua]/j + uyp =0

40613 = fi;(u?)/l + juj)dn =0
2A93 = *u,"g + ug/g = 0

where u1 =u-t, u9 =u-n and ug = u- k.
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displacement field no-shear beam model

stationarity of E(u,m,)) with respect to % gives the equations

A = [uy) — Kug]/j =0 = N
Ags = ug/y =0 46A13 = [5(uspy + jui) dn =0

S _
2M12 = [ug/q + kua]/j +uq1/e =0 2093 = ug + ugjp =0

where u1 =u-t, u9 =u-n and ug = u- k.

from which, by integration, the displacement field is obtained and
represented 1n Cartesian form

uz(s,m,2) = w-i=uc(2z)—0(2)y(s,n) — vy
uy(s? n, 21) — u .] — (Uc(z) + 9(2’)[37(3=~TI) o 336}
ug(s,m,z) = u-k=w.2)—u.(2)x(s,n) —v.(2)y(s,n) + 0'(2)(s,n)

warping function

5 1 5
¢C(3:n)¢0+/ r-ndsnrvt/ 0%k ds
0 3 Jo

rzi—xc IwcdazjchdazijcdaZO
2 P

> 11/19
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no-shear beam model

stationarity of E(u,m,)) with respect to ® gives the equations

(DOCB) Caf,@'}fé [A’}’é — w"fé] + Ccr,@33uf3 =0
5
®;3) / Cas13[Aas — was] j(s,n)dn =0
s
@) Cog23[Aas3 — wag) =0

Waps — (Caﬁwé)_lc'}fé?)?)ué

from which ®; are obtained: B
wig =0

wag = C1323A13/Ca393

By substituting @and u into the functional £(u,®,)) and by
integrating over 2, the energy functional £ is obtained

L L
é(ucﬂvcawcae):ljDeedZ_ J.(lgch—Qi §
2_L 2 +L
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pure potential energy functional no-shear beam model

L L
- 1 A + A
Ew,,v,,w.,0) =5 jDe-edz— jq-sdz—Q‘ S|,
-L L
S : generalized displacements e : generalized total strains
q: generalized distributed forces Q™ : generalized end-located forces
D: generalized elasticity matrix of the beam
A ’ ’ NnT T
S = {ucﬂvc’wc’_vcﬂucﬂeﬂe } q — {arq_);JqZﬂmx)myamzam\']}
—w —v" 1,7 07 o + e N R Ve Ve Vel Ve YA
e=1{w,,—v,,u,0,0%} Q" ={0;.0,.0: M M, M M}
{gs,y,0:} = f {bs,by, b} da+ f {Bas By, D-} do {Qr,Qy, Q) = /P {px,py, >} da
P 5P

{mxamyamw} — /{ya_&’"ad)C}bz d(l—l— {ya_&’"a'd)C}ﬁz dQ {M;I:?M;I:?Mi:} — /'P{y’ _rﬂwc}p;t d(,l
P 8P

m, = ]p o = 2e) = baly = velldat | [y{w ~ 7e) = faly — ye)] do M = /P[pi (= ze) = 05 (y — )] da
i .
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pure potential energy functional no-shear beam model

L

i 1L L A L
5(uc,vc,wc,9):5jDe-edz—jq-sdz—Q‘-s
—L -L

Caz33A Ci3333 Sz Cf33333y (?33333¢ 0
Caszsly Casssley Casszley 0
D = Casszly  Cassslyy 0
sym Ca33sly ) 0
C1313Jp

{A,S$,Sy,8¢}:/{1,1;,—3:,100}(1&
P
{I:BaI:ByajyaI:m,DaIy’l,baL,b}_/?;{'ygaxyaxgaywcamwca¢g}da

Jo= [ vt - 8/3) - 201%/* da
Reduced elastic moduli P

2
Cl 323

reduced constitutive law comes out from
Co323

the procedure adopted and is not a-priori
enforced by a constrained constitutive law

Ci313 = C1313 —

C3333 = C3333 — C333(Capys) "Crs33
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pure potential energy functional no-shear beam model

O: centroid for €, C: twinsting center for 2,
x and y principal for 2, S§: sectorial centroid for p

» D: diagonal

o,

E(Ues Ve, We, 0) = A(we) + Fe(ve) + j:y(“c:) + 7(0),

where

1. L L
Alw,) = —C3333A/ (wh)?dz — / G- We dz — QF w|+r,

2 L L
1 4 L e L + +
Fo(ve) = §C33331I/L(U£) dz — /L(qyﬂc — mgv,)dz — (Qy Vel|+r — M vl 41),
1, L 2 L +
Fy(uc) — §C3333Iy/ (ug) dz — / (QIHC + myu‘fc) dz — (Q;r u‘c|:|:L + ﬂ’f;“HiL)
_L L
1. = 1 4 L
T(0) = 503333f¢ / (0")* dz + §C1313J9/ (0')dz +
L —L

L
- / (M6 + myf') dz — (M0 + MO 11).
L
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governing equations no-shear beam model

stationarity of g (u,,v,,w,,0) with respect to the unknown
displacement functions gives equilibrium field equations and natural
boundary conditions

Aw,) CasasAwl +q. =0,  CasszAwllp =QF

A ngggf ,Um|L —m |L _ _Qi

\% C I ’UIV — — m‘r — () T Tl—L iy
v 288 Tte T s Casszlv! |, = —MF

; CasasLyul|L; +my|l, = —QF

f(u) ngggf HIV—Q —I—m" =0 { A Y | —L Yyi—L T
DAY y™e T Y ? C33331yﬂg|EL _ Myi-

7(6)

Cazzal, 0" — Ci313Jp 0 L _ _ M=
633331[,1{, —61313J39 _mz_l_,mw) — D { [ 3333 Lq) 13139 -|—*m.¢]|_L Z

+
Casssly 0% = =M.
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generalized stresses no-shear beam model

’ n v AT
e={w. ,—v, ,u_ 0,07}

S={NC C C, C}T=De

S satisfies the global equilibrium equations
{Na C:Ea Cya C’l,b} — /};{13 Yy, —, wc}033 d&, Cz — L(Jy3$ — J$3y) da

C,: primary twisting moment
C,: bimoment (warping torque)
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elastic stress field no-shear beam model

. ’ v AT
e={w. ,—v, ,u_ 0,07}

' 6D does not satisfy local

° equilibrium equations

¢ =C(Vu-H'®)-G’y,

(G*X)33 =0 } Ggé = Gg
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reduction to classical models no-shear beam model

disregarding high-oder effects
(related to curvature and thickness)

9

Bauld NR, Tzeng L. A Vlasov theory for fiber-reincorced beams with thin-walled open cross-sections. Inter-
national Journal of Solids and Structures 20:277-97, 1984.

also, 1sotropic material

9

Classical Vlasov theory
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Curvature’s influence

Homogeneous beam, comprised by material with a constitutive

@

3333

symmetry at least monoclinic and symmetry plane orthogonal to x; ~===2.5
1313

> b > S>> > > [,

/\ 4 /N

IS LSS

< >|

14

1.025

0,/0,

1.02

1.015

1.01+

1.005

005 01 015 02 025 03 035 04

oK
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«<1, |oxl<], 6/jds<<1 y Jj(sm=1
P
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strain and stress dual constraints

First-order shear-deformable beam model

Vlasov / Timoshenko
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strain and stress dual constraints FSDT beam model

Total strains
1. in-plane (dilatation and shear) total strain components vanish everywhere on 2;

2. shear total strain between z-axis and direction n(s) vanishes everywhere on 2,

3. flux through the thickness of the in-plane shear total strain vector
Y=2¢;t+2¢e,,n=2¢,i+2¢e,;j isequal to zero;

Elastic stresses
1. elastic stress vector on every plane parallel to the z-axis is parallel to k;

2. shear elastic stress between z-axis and direction n(s) vanishes everywhere on 2;

3. flux through the thickness of the in-plane shear eclastic stress vector
T=Tt+T3n="T51+7T;]j I1sequalto zero;
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strain and stress dual constraints FSDT beam model

Total strains
1. in-plane (dilatation and shear) total strain components vanish everywhere on 2;

e

2’. shear total strain between z-axis and direction n(s) vanis ficre on 2;

3’. flux through the thickness of the in-plane shear total strain vector N ?

Y=2e;3t+ 28, =2e5i+ 28 IS Cquaktezaro; e
. CO

Elastic stresses
1. elastic stress vector on every plane parallel to the z-axis is parallel to k;

2’. shear elastic stress between z-axis and direction n(s) vani on 2;

3’. flux through the thickness of the in-plane shear elastic stress vector o1& ?
T=Tt+Tyn="1T,i+1;] Sequaliazero; éﬁ“\
‘\500(\

_ T
Ge=1{g,, €y, €, (2083),, €33/15 €132}

_ T
He =1{G,,, G,,, G}, (200,3),1, Op31> Ou3/0}
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FSDT beam model

Constraints 2” ¢ 3’ can be referred to € ;Y and 8y3(t°t)

(2(5Km3)/1i + (2(5Ky3)/1j = (2(5K13)/1t + (25123)/111 =0

2A 23 = 72(2), 2843 = 1y(2)

Analogously, cosntraints 2 € 3’ can be referred to 6,,) and 6,,(<)
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energy functional FSDT beam model

1
E(u,x,w) = 2 /Q{Caﬁfyﬁ(Aaﬁ — Wag)(Ays — wys) + 2Cap33(Aap — wag)uh + Caass(up)? +
+4C1313[A13 + (26 wi3) 1]° + 8Ci323[A13 + (20 w1s)/1][A2s + Dagja) +
+4Ca393[Aas + Lﬁaggalg} dv — / [XapMap + 2x13(20A13) /1 +
Q
+2ia3ﬁ23,}a] dv — ez,
where
A =Vu
I1 =j (b, u +bu)dv+_[ (pu +[9u)da+j (pru,| +pius| )da
ext oL aro 3%3 y oo 3*3 ?|iL0°aiL 33iL
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strain and stress dual constraints

First-order shear-deformable beam model
accounting for warping shear effects
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strain and stress dual constraints FSDT beam model with warping shear

Total strains

1. in-plane (dilatation and shear) total strain components vanish everywhere on 2;

2’. shear total strain between z-axis and direction n(s) at every position (s,n) in 2
does not depend upon the thickness coordinate 1 and varies linearly along p;

3’. flux through the thickness of the in-plane shear total strain vector
Y=2¢e,;t+2e;n=2¢;i+2¢,j isconstant over 2,

— T
Ge=1{g;, €, &3, (20€3),1, €23/11> €23/2}

\ - > - g 7
~"

1. 3, 2.
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strain and stress dual constraints FSDT beam model with warping shear

Total strains

1. in-plane (dilatation and shear) total strain components vanish everywhere on 2;

2’. shear total strain between z-axis and direction n(s) at every position (s,n) in 2
does not depend upon the thickness coordinate 1 and varies linearly along p;

3’. flux through the thickness of the in-plane shear total strain vector
Y=2¢e,;t+2e;n=2¢;i+2¢,j isconstant over 2,

— T
Ge=1{g;, €, &3, (20€3),1, €23/11> €23/2}

A 4

— T
Ho ={0,,, Gy, O}, (2003),1, Oy3/11» O30}

Elastic stresses

1. elastic stress vector on every plane parallel to the z-axis is parallel to K;

2’’. shear elastic stress between z-axis and direction n(s) at every position (s,n) in 2
does not depend upon the thickness coordinate 1 and varies linearly along p;

3’. flux through the thickness of the in-plane shear elastic stress vector
T=T;t+T;n=1,it7;j isconstantover 2 ;
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energy functional FSDT beam model with warping shear

1 ,
Z(u, x> (‘)) — 5 j {CocBVS (AocB — Wp )(A78 o (078) + 2Coc[333 (AOLB — Wep )u3 *
Q

+ C3333 (u;)z T 8C1323 [A13 + (28Q)13)/1][A23 B (NDI3/11 + 61)23/2] +

+4C 55 A3+ (25(913)/1]2 +4C353[ Ay — 3y, + 6023/2]2} dv+

- I[XaBAaB +2%13(20A13) )1 +2(N13A23/11 + X233 2)]dv—11,,
Q

~

defined on the manifold: Koz =Xizn =0 on 0PX-LL[; @y =@, =0 on d2x]-LL[

Y;; =0 on dpx]-L,L[; ®,; =0 on dpXx]-L,L[
where
A =Vu
~ ~ + +
= jQ (botty +Dyus ) dv+ J; (Dol + D3Ut3) da+ _LDM (Po g, o TP iL) da
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displacement field FSDT beam model with warping shear

stationarity of £(u,m,x) with respect to ¥ gives the equations

8 14
Uy =Ky =0 I_S[”3/11+u1/1]d”:0
— , —
Uy =0 Uy 1+ s =0
—_ 14
Uy + Kyt =0 Upjy Tz =0
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displacement field FSDT beam model with warping shear

stationarity of E(u,m,)) with respect to ¥ gives the equations

6 14
Uy =Ky =0 I_S[”3/11+U1/1]d”:0
— , —
Uy =0 Uy 1+ s =0
—_ 14
Uy + Kyt =0 Upjy Tz =0

from which, by integration, the displacg field 1s obtained and

represented in Cartesian form

u(s,M,2) =u.(2)=0(z) [y(s,n) - y.] 0.(2) =7,(2)-v.(2)
u,(s,M,z) =v,.(2) +0(z) [x(s,M) - x,] 0,(2) =u (2)—7,(2)
1y (51,2) = W, (2) = 0, (2)x(5.) + 0, ()Y (5. +0, () W, (5,1)| 0:()=0()=7, ()
Warping functiOISl 2sz = ?xz =Y (Z) _ YW (Z)(.)f\; _ yc)
V(s )=y, +[rnds—n 1t 2R, =7, =1, () 1y ()F —x,)
0
r=X-x, I\pcdazjx\pcda:ijcdazo
? ? ?
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reactive strains FSDT beam model with warping shear

stationarity of E(u,m,)) with respect to ® gives the equations
O,3) C apyslAys — Oy5 ]+ CBB33”§ =0
®;3) {j Ciaia[Ags +(20003) 1 1+ Cizp3[ Az = By31) + B3, 1d }

y3) {C1323 [Ag3+(2003),1 1+ Cozps[Agy — 03,1 + 03, ] }/11 0
®,3) {C1323 [Ag3 +(2003) 1+ Cozps[Ags (013/11"‘0)23/2]} =0

from which ®; are obtained.

By substituting @ and u into the functional £(u,m,)) and by
integrating over 2, the energy functional £ is obtained

L

Eutg,Verw <|>x,¢y,¢z,e>——jne edz— [q-§dz—-Q"

—L

iL
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pure potential energy functional FSDT beam model with warping shear

L L
é(ucavcnwcaq)an)yaq)zpe) :% jDe'edZ— J-quz—()i §
—L —L

+L
S : generalized displacements e : generalized total strains
q: generalized distributed forces Q™ : generalized end-located forces
D: generalized elasticity matrix of the beam
. T T
S — {ucﬂvcﬂwc9q)x)q)y)eﬁq)z} q — {Qxﬂq_yﬂqumx)myamzam\l]}
VAPV ISV, T + _ynt A N oasE st st agad
€= {Wcﬂ(bxﬂq)y?(l)zﬂe 9YXDYy9YW} Q — {Qx 9Qy 9QZ 9Mx 9My 9MZ 9M\|;}
{gs,y,0:} = f {bs,by, b} da+ f {: By, Bz} do {Qr,Qy, Q) = /P {px,py, >} da
P 5P
{my, My, mw} = /{ya —Z, Y }b, da + {y, —z, ¥} P, dp {M;JE: Myi: ij):} = /'P{y’ —, Q/)C}pi: da
P 8P

e = [ o) = baly — o+ [ Ipya—s0) —paly—ulde M= / b (o — 20) — pE(y — )] da
P Jp

8P
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FSDT beam model with warping shear

generalized elasticity matrix

| % o
D©: Bernoulli/Vlasov terms Dg s = 0
D®: Timoshenko/warping shear terms 0 D3
Dy, = _L, Cy333da Dy, = L, C33¥(s,M) da Dy = _L Caz3x(s,1M) da Dy = L Ciz3¥, (5,1M) da
Dy, = J;J Cyap3 ¥* da Dy; = _IP Cy333 xy da Dy = L Cy33 WY, da
Dy; = L Cypp3 x° da Dy, = _IP Cips3 XY, da Dy = L, Cis33 ¥, da Dss = 4_L Cizis M da
D6 = IP[C1313 (7‘/1)2 =2C303%1 V1 + Coans (7/1)2] da Dg; = L {(Ciz13 = Cazpa) X1y + C1323[(?~C/1)2 - (7/1)2]} da
Dy = L[CBB)?/I rn+Cyyy rt—Cpun(X r-t+y,rn)da Dy = L[C1313 (71)% +2C353%, 7)1 + Copns (%))  da
Dig = _L[C1313)7/1 r-n—CopsX) r-t+Cys (X, r-n—y,r-t)lda Dy = _L[Cmg (r-m)” + Coypy (r-1)* =2C, 355 (r-m)(r-t)]da

Reduced elastic moduli
Cia33 = Ciza3 — Coc[333 (Cocﬁyﬁ)_l Cy833
~ (C1323)2

C1313 — U313 —

C2323
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governing equations

stationarity of £(u,,v

c?o C’

FSDT beam model with warping shear

w,,0.,0,,9.,0) with respect to the unknown

displacement functions gives equilibrium field equations and

boundary conditions

-~

-

C’ C’

> 0::0,,0.,0

G. Vairo — Pavia, 7/ 11 /2008
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generalized stresses FSDT beam model with warping shear

e={n.00.0,,0.6" 7.7, 7y}

S={(NC C C,C T, T, CViT=De

S satisfies the global equilibrium equations

{Na Cﬂ':a Cya Clb} — / {13 Y, —x, wc}o-33 da'a C1z — / (Uy3$ — 0'3;3![) da
P P

C’;b zf(algr-t—aggr-n)da
2
{Te, Ty} = /73 T-{i,j}da= [P o13{Z/1, Y1} da + /73 093{—4/1,Z)1}) da

C_: primary twisting moment
C,: bimoment (warping torque)
C.¥: secondary twisting moment
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elastic stress field FSDT beam model with warping shear

e={n.00.0,,0.6" 7.7, 7y}

oD =0

/ ~ ’ ~ ~ ~ ~
GS )= —2C3139M+ (Ci313%)1 = Ci33Y )Y T (Ciai3V)1 + Cians XY, = (Crapsr -0 —Ciapsr - 1)y,
el ~ ~ ~ ~
G(23) = (Ci323X1 = Co33V 1)V +(Ci3az)1 + Cozn3X)1) Yy, — (Cipal -n— Cogpsr - 1)y,

/ A ’ ’ ’ ’
68y = Cyags (W =0 x + 0y + 0Ly, )

' 6D does not satisfy local

° equilibrium equations

¢ =C(Vu-H'®)-G’y,

(G*X)33 =0 } Ggé = Gg
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Total shear stresses recovering

Pt = P x {2}

internal cross-section

P =Pt UPL and Pt NPL = ¢

~t on OP|s=s,

+n on HPly=is
g =
t on 9Pls=s,.

G. Vairo — Pavia, 7/ 11 /2008
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Total shear stresses recovering
Pt = P x {2}

internal cross-section

along-z field and boundary equilibrium egs.

DiVT—|—033/3—|—63:O in Q

T -Ng = P3 on .
el tot
O33 =033
- 1
o13(8",2) = — = (03373 + b3) dﬁ+/ ~ Ps3do
20 | Py DPi\E
; ~ _(el) — (el _ _ZC} A
o13(8',1,2) = 013" + (013 —Ty3”) 13130+ 013
; 5 5 5 : _ = Py + Pa
Pt =PiUP; and Pi NP3 =¢ 093/2 + (03373 — O33/3) + (b3 — b3) — T o5 0
+n on APly=is C
na{ —t on 873\::30 Gtzo:,f
t on 9Ple=s,.
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Other refinements and generalizations
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Multi-branch refined assumptions

Average over the thickness of total shear strains and elastic shear stresses

are piecewise constant functions of the curvilinear abscissa s, i.e. they are
assumed to be constant on each branch.

F. Maceri, G. Vairo. Anisotropic thin-walled beam models: a rational deduction from three-

dimensional elasticity. fo appear on J. of Mechanics of Materials and Structures (2008).
G. Vairo — Pavia, 7/ 11 /2008
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Laminated thin-walled beams

= 50)/2

POD = p®) x| bl pbh|[
Cross-section of the /th
layer of the bth branch

F. Maceri, G. Vairo (2007) Rational derivation of a single-layer model for laminated thin-walled
beams, Proc. 6th Int. Conf. on Intelligent Processing and Manufacturing of Materials, 2007.

F. Maceri, G. Vairo. Anisotropic thin-walled beam models: a rational deduction from three-
dimensional elasticity. fo appear on J. of Mechanics of Materials and Structures (2008).
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Bimodular thin-walled beams

Stress

A

>

-———

=L

F. Maceri, G. Vairo. Bimodular thin-walled beams: a variational model based on a dual

v

Strain

D(c) = %{hC+ +(1-h)C Y [e] &

unilateral anisotropic behaviour of fiber-reinforced layers

constrained approach. WCCMS8-ECCOMASO08, 2008.

F. Maceri, G. Vairo. Anisotropic thin-walled beam models: a rational deduction from three-
dimensional elasticity. fo appear on J. of Mechanics of Materials and Structures (2008).
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