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English summary

Cardiovascular diseases are the main cause of death in western coun-
tries and are responsible for hundreds of thousands of early deaths all over
the world. Several options are nowadays available for the treatment of such
pathologies, but the current trend in modern clinical practice focuses on the
application of percutaneous minimally-invasive techniques, characterized
by the employment of high-tech endoprosthesis driven to the pathological
district by mean of an endoluminal path.

In particular, the devices object of this dissertation, i.e., carotid artery
stents, are characterized by complex geometrical features and non standard
shape memory alloy (SMA) material behavior.

The employment of such devices call for continuous technological im-
provements with respect to prosthesis materials, device design and proce-
dure planning techniques. In fact, the prostheses are required to be always
more safe and e�cient in terms of delivery process, implantation and long-
term performance. Moreover, the concept of predictive medicine, i.e., the
family of methods and techniques aiming at predicting the outcomes of
alternative treatment plans for an individual patient, is becoming a highly-
demanded requirement and this can only be exploited through robust and
cost-e↵ective engineering tools.

In this aspect, SMA constitutive modeling represents a fundamental
challenge in order to e�ciently predict the performance of stent devices. In
particular, the ideal SMA constitutive model needs to reproduce the main
macroscopic material behaviors resorting to a limited number of parameters
with a clear physical interpretation.
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English summary

Within this context, computational modeling, typically based on Fi-
nite Element Analysis (FEA), has shown the capability to provide useful
information to understand the mechanics of cardiovascular devices and to
improve device design. In particular, FEA is employed to investigate dif-
ferent combinations of material behaviors, geometries and working condi-
tions prior to prototype manufacturing. Moreover, FEA is often used to
reproduce a wide variety of clinical scenarios that cannot be investigated
experimentally.

However, even if FEA is already a widely employed and well assessed
simulation tool, it presents some drawbacks that can limit the geometri-
cal accuracy of the domain under investigation and the regularity of the
approximated solution without resorting to a huge number of degrees of
freedom.

Isogeometric analysis (IgA), has recently been developed as an exact-
geometry, cost-e↵ective alternative to classical FEA. Roughly speaking, IgA
proposes to replace the low-order, low-regularity FEA basis functions with
the high-order, high-regularity basis functions employed in computer- aided
design (CAD). This leads to a significant enhancement of the accuracy-to-
computational-e↵ort ratio, with a great impact on the simulation e�ciency.

This dissertation is collocated within this scenario since we aim at set-
ting up advanced and e�cient computational tools to investigate the main
features of di↵erent SMA carotid artery stents by mean of traditional FEA
and innovative IgA. The final goal of this dissertation is to compare and
discuss the impact of innovative IgA in terms of solution accuracy and
computational e�ciency.

This work ultimately aims at providing a basis for developing accu-
rate and e�cient predictive tools that can support researchers and medical
companies during stent manufacturing and design process.
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Italian summary

Le malattie cardiovascolari rappresentano la principale causa di morte
nei paesi occidentali e sono responsabili di centinaia di migliaia di morti in
tutto il mondo. Al giorno d’oggi sono disponibili diverse opzioni terapeu-
tiche per il trattamento di queste patologie, tuttavia la moderna pratica
clinica si sta orientando verso l’applicazione di tecniche percutanee mini-
mamente invasive, caratterizzate dall’impianto di endoprotesi trasportate
nel distretto patologico attraverso un percorso intravascolare.

In particolare questo lavoro di tesi si focalizza sullo studio degli stent
carotidei, endoprotesi metalliche caratterizzate da geometrie complesse e
dall’impiego di materiali non standard come le leghe a memoria di forma
(SMA). L’utilizzo e�ciente di questi dispositivi richiede continui migliora-
menti tecnologici nei materiali, nel design e nelle tecniche di impianto, in
modo da garantire alti livelli di sicurezza ed e�cienza in termini di esito
clinico e prestazioni meccaniche della protesi nel lungo periodo.

Inoltre l’implementazione di strumenti ingegneristici robusti ed e�ci-
enti rappresenta la componente fondamentale degli strumenti di medicina
predittiva, ovvero la famiglia di metodi e tecniche con lo scopo di predire
gli esiti di diversi piani di intervento clinico per uno specifico paziente

In questo ambito la modellazione costitutiva dei materiali SMA rap-
presenta il primo fondamentale tassello nell’ottica di predire in maniera
accurata le performance meccaniche degli stent carotidei. In particolare,
il modello costitutivo SMA ideale dovrebbe essere in grado di riprodurre i
principali fenomeni macroscopici di questi materiali, ricorrendo ad un nu-
mero limitato di parametri con una chiara interpretazione fisica.
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Italian summary

In questo contesto, gli strumenti di modellazione computazionale, tipi-
camente basati su analisi agli elementi finiti (FEA), hanno dimostrato negli
anni la capacità di fornire informazioni utili per comprendere il comporta-
mento meccanico di diversi dispositivi medici nell’ottica di ottimizzarne il
design. In particolare, le FEA sono largamente utilizzate per investigare
diverse combinazioni di materiali, geometrie e condizioni di impiego prima
della produzione di un prototipo. Inoltre, le FEA vengono impiegate per
riprodurre numericamente una vasta gamma di scenari clinici che non pos-
sono essere valutati sperimentalmente.

Tuttavia, anche se le FEA sono considerate uno strumento di simu-
lazione robusto ed a�dabile, presentano alcune limitazioni che possono in-
ficiare l’accuratezza geometrica del dominio investigato e la regolarità della
soluzione approssimata, a meno di ricorrere a un elevato numero di gradi
di libertà.

L’analisi isogeometrica (IgA) é una tecnica numerica innovativa recen-
temente sviluppata come un’ alternativa e�ciente e accurata alle FEA. In
particolare, l’ IgA si propone di rimpiazzare le funzioni di forma ad ordine-
basso e regolarità-bassa tipiche delle FEA, con le funzioni ad ordine-alto e
regolarità-alta impiegate negli strumenti di Computer Aided Design (CAD).
Questo porta a un miglioramento significativo del rapporto tra accuratezza
della soluzione e costo computazionale per la generazione del dominio dis-
cretizzato, con un grande impatto sull’e�cienza computazionale.

Questa tesi si colloca in questo contesto, in quanto si propone di im-
postare e implementare diversi strumenti computazionali avanzati ed ef-
ficienti per investigare le principali proprietà di diversi stent carotidei at-
traverso l’impiego delle tradizionali FEA e IgA innovative. Inoltre, l’obiettivo
finale di questa tesi é di confrontare e discutere l’impatto dell’IgA in ter-
mini di accuratezza della soluzione ed e�cienza computazionale. Infine,
questo lavoro si pone come obiettivo finale la creazione di una base per
lo sviluppo di strumenti predittivi accurati ed e�cienti che potranno sup-
portare ricercatori e aziende durante e il design e la produzione di nuovi
stent.
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Chapter 1

Introduction

The modern clinical practice for the treatment of cardiovascular diseases,

based on the implant of minimally-invasive endoprosthesis, calls for conti-

nous technological improvements with respect to prosthesis materials, de-

vice design and procedure planning techniques. In fact, the prostheses are

required to be always more safe and e�cient in terms of delivery process,

implantation and long-term performance.

Such a framework requires a deep comprehension of the material beha-

vior of the involved components. Moreover, di↵erent sources of complexity

(geometry, working conditions etc.) make often impossible to determine

experimentally the mechanical behavior of a specific medical device.

With the advent of the information age and the introduction of the

modern computational modeling techniques, we are now able to accurately

simulate the behavior of a wide variety of applications where material phe-

nomena at di↵erent scales are coupled with complex geometries and working

conditions.

Given these basic statements, one of the main aims of this chapter is

introducing the medical devices object of this dissertation, i.e., the carotid
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Advanced Modeling of Stents

artery stents, and the importance of stent design in the determination of

the outcomes of stenting procedures.

Subsequently, the role of advanced numerical modeling to evaluate the

mechanical properties of a particular stent design is presented. In this

aspect, the problem of the definition of proper and robust material models

have to be addressed. In particular, the present doctoral research focuses

on shape memory alloy modeling. Moreover, with the goal of performing

accurate simulations, we describe the numerical approach with a double

perspective on classical Finite Element Analysis (FEA) and on a novel nu-

merical technique, namely Isogeometric analysis (IgA), in order to motivate

the final goal of the present dissertation.

1.1 Vascular surgery: the minimally invasive approach

Cardiovascular diseases (CVD) is a general term used to describe disorders

that can a↵ect the heart and/or blood vessels. Each year, CVD cause

over 4 million deaths in Europe corresponding to the 42% of the overall

mortality (see Fig. 1.1). Moreover, CVD cause an estimated cost of e196

billions every year for the EU economy in terms of direct cost and loss of

productivity [1]. Stroke, defined as a loss of brain function in relations of

a reduction of the blood supply, represents the second main form of CVD

in terms of death rate and the first in terms of loss of productivity due to

chronic impairment [1].

The pathological events leading to stroke are complex, including bio-

chemical reactions, genetic predisposition and blood flow disorders, but

they can be roughly reconnected to the so-called atherosclerotic plaque for-

mation or atherosclerosis. Atherosclerosis is defined as an accumulation

of substances (mainly cells, lipids and calcium) in the interstice between

8
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Figure 1.1 European CVD statistics: deaths subdivided by cause [1].

the di↵erent layers of the vascular wall. This phenomenon can lead to

many dangerous e↵ects, including vessel hardening and lumen reduction,

i.e., stenosis, which can reduce or, at worst, block the blood flow and cause

tissue necrosis. Atherosclerosis can arise in di↵erent districts of the vascular

system, but the atherosclerosis of the carotid artery is the main responsible

for stroke.

The gold standard for the treatment of carotid artery atherosclerosis is

the Carotid Endarterectomy (CEA), a surgical procedure where the surgeon

peels the plaque away from the carotid artery. Once the plaque is removed

from the carotid artery, more oxygen-rich blood can flow through the artery

to the brain, reducing the risk of stroke (see Fig. 1.2). CEA is well-proven

for preventing strokes and is the most commonly performed major vascular

operation. The first clinical report of a successful CEA dates back to the

9
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Figure 1.2 Carotid endarterectomy (CEA): a) carotid artery with plaque buildup
b) the plaque has been separated from the outer wall of the common carotid artery
and external carotid artery and is now being removed from the internal carotid
artery; b) sutures are placed at the distal end of the arteriotomy.

Figure 1.3 Carotid artery stenting (CAS) : a) stent placement (coupled with a
distal filter device) in the carotid artery to support the inner artery wall and keep
the artery open; b) the normal blood flow is restored in the stent-widened artery.
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paper of Eastcott et al. [2], but only after the North American Symptomatic

Carotid Endarterectomy Trial (NASCET) [3] and the European Carotid

Surgery Trial (ECST) [4], the medical community conclusively accepted

the benefit of CEA in preventing strokes [5].

Nowadays, the current trend in clinical procedure is moving toward

the CEA’s minimally invasive alternative, i.e., the Carotid Artery Stenting

(CAS).

CAS restores the vessel patency by enlarging the narrowed lumen through

the expansion of a metallic mesh, i.e., the stent, which compresses the di-

lated plaque material. The stent is targeted to the lesion location by means

of a catheter running inside an endoluminal path (see Fig. 1.3). With

respect to deployment mechanics, stents can be classified as: i) balloon-

expanding stents, which are mounted on a balloon which is gradually in-

flated driving the stent deployment; ii) self-expanding stents, which take

advantage of their peculiar mechanical properties, typically shape memory

alloy pseudo elasticity, to recover their original shape when deployed at the

target lesion [6]. CAS is a younger technology with respect to CEA and the

first implant dates back only to 1989, when Klaus Mathias placed the first

stainless steel stent in a 65 old man with symptomatic carotid stenosis. In

1999, the first self-expandable stents made from a Nickel-Titanium shape

memory alloy (SMA) became available on the market and rapidly replaced

ballon-expandable stents [7].

The outcomes coming from CEA and CAS do not clarify which proce-

dure is safer for the patient and the debate in the literature is still open.

The most important clinical trial dealing with this issue, i.e., the Carotid

Revascularization Endarterectomy versus Stent Trial (CREST) [8], con-

cludes that among patients with symptomatic or asymptomatic carotid

stenosis, the risk of the composite primary outcome of stroke, myocardial
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infarction, or death did not di↵er significantly in the group undergoing CAS

and the group undergoing CEA.

In summary, the advent of CAS moved the perspective of clinicians from

the traditional approach, where only the surgeon’s skill determined a satis-

factory success rate of the procedure, to a novel one, in which the harmonic

convergence of technology development and refinement of endovascular in-

tervention work together to reduce the impact of the surgical procedure in

terms of post-procedural patient’s condition, social and economical costs.

1.2 The role of stent design

In Section 1.1 the benefits of CAS as a cost-e↵ective alternative to clas-

sical surgical procedure were presented. However, the change of surgical

paradigm from CEA to CAS introduced di↵erent complications and tech-

nological issues. In particular, it is important to note that stent deployment

radially compresses the atherosclerotic plaque between the vessel wall and

the stent itself. In the majority of implants, this does not induce any ad-

verse phenomena, but, in a significant percentage of patients, post-stenting

narrowing can be appreciateted [9].

According, to Lally et al. [10], three main types of post-stenting nar-

rowing can be identified due to the fact that: i) excessive stent elastic recoil

induces immediate narrowing of the lumen; ii) the stent expansion induces

vessel injuries and may initiate intimal hyperplasia, i.e., a uncontrolled

proliferation of vessel wall cells that cause post-procedural restenosis (see

Fig. 1.4-a); or iii) vessel remodeling can cause narrowing in response to the

stresses generated in the tissue.

Another major CAS issue is related to the stent delivery process. In

particular, the stent needs to accommodate the tortuous path from the
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(a) (c) (b) 

Figure 1.4 Major stenting issues: a) in-stent restenosis [11]; b) tortuous vessel
in elder patient; c) Intravascular Optical Coherence Tomography prolapse imaging
[12].

incision to the lesion location. Moreover, the implanted stent should not

excessively straighten the carotid artery in order to limit vessel injuries

(Fig. 1.4-b).

At last, the stent must minimize the plaque prolapse in order to reduce

the risk of stroke and/or local inflammatory reactions (Fig. 1.4-c).

Resuming, the “optimal” carotid stent design has to: i) guarantee

enough flexibility to ensure a safe deployment and to improve the stent

conformability 1; ii) provide su�cient radial strength to minimize the elas-

tic recoil reducing, at the same time, the risk of stent-induced vessel injury;

iii) minimize the tissue prolapse by mean of a dense mesh structure.

It is immediately clear that the design plays a crucial role in deter-

mining the stent features and, consequently, the outcomes of CAS proce-

dure. Moreover, the structural requirements of the“optimal” carotid artery

stent design are various and, often, contradictory [10, 13, 14, 15]. For

this reason, the stent designs available in the market usually result as a

1Stent conformability is the stent ability to adapt its deployed configuration to the
vessel tortuosity.
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trade-o↵ between several biomechanical features and the investigation of

such requirements needs to set up di↵erent engineering benchmarks able to

experimentally evaluate the material properties associated with the com-

plex geometrical features of such devices (Fig. 1.5). However, experimental

tests are often not applicable due to high costs for prototype manufacturing

and/or working conditions that are di�cult to reproduce experimentally,

e.g., stent sca↵olding after stent implant. In this aspect, computational

studies can be used both as complementary or alternative to experimental

studies.

Figure 1.5 Carotid stent experimental benchmarks: a) flexibility evaluation test
[15]; b) radial force test [6]; c) stent sca↵olding evaluation (measured as free-
expanded cell area) [15].

1.3 Advanced modeling of stents

Nowadays, modern computational methods are an ubiquitous tool to repro-

duce various clinical procedures for pre-operative planning and to predict

the mechanical behavior of a wide range of medical devices. The major

benefit of the employment of computational methods for the mechanical

evaluation of medical devices is the possibility to test di↵erent combina-
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tions of materials, geometries and working conditions prior to prototype

manufacturing or when the traditional experimental approach is too expen-

sive or di�cult to implement. Moreover, computational methods are the

basic ingredient of the concept of predictive medicine [16], i.e., the family of

methods and techniques aiming at predicting the outcomes of alternative

treatment plans for an individual patient. Clearly, the reliable application

of such computational methods for real life clinical and industrial problems

requires the deep comprehension of the di↵erent sources of complexity re-

lated to the problem itself. Focusing on carotid artery stent modeling, the

following challenges need to be addressed:

• Material behavior: as introduced in Section 1.1, modern carotid artery

stents are made of Nickel-Titanium SMA, a metallic alloy able to elas-

tically recover strains after stress-induced large deformations. SMA

behavior is inherently non linear and their macroscopical properties

are driven by a complex thermomechanical solid phase transition. In

this aspect, the constitutive modeling of such materials requires the

development of accurate models to reproduce the major phenomena

involved with the material behavior, resorting to a limited number of

parameters possibly easy to estimate and underlying a clear physical

interpretation.

• Geometry description: the majority of carotid artery stents are con-

stituted by a set of circular rings connected with a variable number of

linkers. Shape, number and arrangement of these structures dramat-

ically influence the various stent features. In this aspect, the compu-

tational tools should provide a reliable framework to relate the real

geometry, typically identified by a Computer Aided Design (CAD)

model, and its numerical counterpart.
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• Working conditions: each evaluation of a particular stent feature re-

quires a reliable transposition of the device working conditions into

the computational model. This task is not trivial, since real life prob-

lems often include complex non linear phenomena, e.g., contact or

geometrical instability, that can a↵ect the predicting capabilities of

many computational models.

Within this context, Finite Element Analysis (FEA) has been widely

employed in the last few decades to understand and predict biomechan-

ical phenomena and to optimize the design of a wide variety of medical

devices (Fig. 1.6). However, even if FEA is already a widely employed

and well assessed simulation tool, it presents some limitations that can af-

fect both the geometrical accuracy of the domain under investigation and

the accuracy of the approximated solution. In particular, low-order and

low-regularity polynomials used to discretize the continuum domain do not

allow, in general, to accurately represent complex geometries unless ex-

tremely fine meshes are adopted. At the same time, FEA basis functions

do not allow one to properly approximate the solution without resorting to

a high number of degrees of freedom, in particular when di↵erent sources

of non linearity are present.

Isogeometric analysis (IgA), has been recently proposed as an exact-

geometry, cost-e↵ective alternative to classical FEA [17, 18], proposing to

replace the low-order, low-regularity FEA basis functions with the high-

order, high-regularity basis functions employed in CAD while retaining an

isoparametric framework. This seems indeed an ideal framework to address

the FEA limitations highlighted above.
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(a) (c) (b) 

Figure 1.6 Carotid stent numerical benchmarks: a) flexibility evaluation test [19];
b) stent radial retraction test [10]; c) stent struct distributions numerical evaluation
[20].

1.4 Aim of the doctoral research

The previous sections confirmed how important the design of a carotid

artery stent is and how the computational tools can contribute to deter-

mine the “ideal” combination of stent features. The ultimate goal of this

doctoral research is to provide a set of numerical tools to e�ciently eval-

uate the principal features of di↵erent SMA self-expanding carotid artery

stents. The development of such tools requires a mix of expertise on SMA

constitutive modeling and computational mechanics. In particular, a reli-

able constitute model is important to predict the non linear, inelastic SMA

behavior. Moreover, a set of proper computational techniques is mandatory

to accurately reproduce real life experimental tests in terms of geometric

description of the domain, but also in terms of regularity of the numerical

solution. In the first part of this dissertation, we exploit this framework

using FEA, a well-known and widely employed computational tool.
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Subsequently, we move to a novel and cost-e↵ective numerical technique,

like the above mentioned Isogeometric Analysis. The initial motivation be-

hind IgA lied into the desire of fulfill the gap between the analysis com-

munity, substantially based on FEA, and computer-aided design (CAD)

community. The basic idea is to develop a computational framework in

which the traditional FEA basis functions were substituted with that one

employed in CAD systems. This implies the ability to describe exactly

the computational domain geometry throughout the analysis process, in-

cluding, at the same time, the chance to tune the basis functions continuity.

The proposed framework aims at providing a basis for developing accurate

and e�cient predictive tools that can help researchers and medical compa-

nies during stent manufacturing and R & D process.
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1.5 Organization of the dissertation

The dissertation is organized as follows:

• Chapter 2: Shape memory alloy constitutive modeling

The proper constitutive modeling of the NiTiNOL shape memory

alloy (SMA) is the first step for a reliable characterization of the

mechanical properties of a stent device. In this chapter, the SMA

peculiar properties are introduced, and the constitutive models pro-

posed by Souza et al. [21] and Auricchio-Taylor [22, 23] are described.

Thereafter, in order to assess the robustness of the proposed consti-

tutive models, a set of di↵erent SMA boundary value problems with

increasing complexity are implemented and discussed.

• Chapter 3: Vessel sca↵olding evaluation for carotid artery stents: a

FEA-based approach

After CAS, the plaque remains contained between the stent and the

vessel wall, moving consequently physicians’ concerns toward the stent

capability of limiting the plaque protrusion, i.e., toward vessel scaf-

folding, to avoid that some debris is dislodged after the procedure.

Vessel sca↵olding is usually measured as the cell area of the stent in

free-expanded configuration, neglecting thus the actual stent configu-

ration within the vascular anatomy. In the present study we measure

the cell area of four di↵erent stent designs deployed in a realistic

carotid artery model through patient-specific FEA.

• Chapter 4: Isogeometric analysis basic concepts
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In this chapter the basic concepts of B-splines and NURBS are de-

scribed. Thereafter, the basic IgA concepts are introduced with a

focus on applications and comparison with traditional FEA.

• Chapter 5: Stent bending modeling: a comparision between IgA and

FEA

Flexibility, i.e., the capability to properly bend in order to accom-

modate the tortuous vascular structure is one of the main features

for cardiovascular stents . Therefore, in order to properly evaluate

the stent response under bending, many stent studies have been per-

formed by means of computational tools based on FEA.

IgA has recently emerged as a cost-e↵ective alternative to classical

FEA, based on the use of typical CAD basis functions for both geo-

metric description and variable approximation.

Accordingly, this study aims at setting up a novel computational

framework based on IgA to evaluate the mechanical performance of

carotid artery stents. Stent bending analyses involving large deforma-

tions are performed, with both IgA and classical FEA, on two carotid

artery stent designs.

• Chapter 6: IgA based contact mechanics: from basics to real life ap-

plications

The basic idea behind IgA is to provide a smooth basis able to describe

exactly the computational domain geometry throughout the analysis

process, including, at the same time, the chance to control the basis

functions continuity. These peculiar features have been applied with
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benefits on many critical aspects of FEA, including also contact me-

chanics. This chapter focuses on the application of a NURBS-based

IgA to 3D frictionless contact problems between deformable bodies.

Subsequently, a set of IgA-based contact problems with increasing

complexity are implemented.

• Conclusions and future works

In this last chapter, the conclusions are drawn highlighting the orig-

inal aspects of the doctoral research. Moreover, further research de-

velopments are outlined.
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Chapter 2

Shape Memory Alloy constitutive

modeling

As mentioned in Chapter 1, the majority of CAS procedures worldwide

employ self-expanding carotid artery stents. Therefore, the proper mechan-

ical characterization of the shape memory alloys (SMA) constituting such

devices represents the first step of the present doctoral research. Starting

from the role of innovative materials in the technological progress, SMA dis-

covery and evolution is described. In order to motivate the great success of

SMA, their physical properties are detailed with particular care to pseudoe-

lasticity and shape memory e↵ect. Thereafter, two widely employed SMA

constitutive models, i.e., Souza model [21] and Auricchio-Taylor model [23]

are introduced.

At last, di↵erent numerical examples are presented in order to assess the

robustness and accuracy of the proposed constitutive models.
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2.1 Smart materials: introduction to shape memory alloys

The last 40 years represent an important turning point from a technologi-

cal point of view. Indeed this period of time coincides with the transition

between the ”Synthetic materials age” to ”Smart materials age” (Fig. 2.1).

The main feature of smart materials is the capability to respond, in reac-

Figure 2.1 The eras of material science [24].

tion of an environmental stimuli, with particular changes in some variables,

e.g., temperature, moisture, electric or magnetic fields, pH, and stress. De-

pending on some variations in the external conditions, smart materials can

adapt their physical properties and/or their structure. There is a number of

types of smart material, some of which are common in the ordinary life. As

their variety, the application fields for smart materials goes from electronic

engineering to civil engineering, passing through aeronautical and medical
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applications. Shape Memory Alloys (SMA) are the most employed in the

surgical field, especially for minimally invasive applications.

2.1.1 A little bit of history

Shape memory alloys (SMA) debut on tiptoe in the industrial market. In

fact, the discovery of shape memory in AuCd and CuZn occurred with little

fanfare in somewhat obscure technical papers with little, if any, follow-on

work [25]. The real progress for SMA in engineering applications occurred

with the discovery of NiTiNOL (Nichel Titanium alloy, NOL was in honor of

the discovery at the Naval Ordinance Laboratory) by Buehler and cowork-

ers in 1962 while investigating materials useful for heat shielding [26]. It

was noticed that in addition to its good mechanical properties, comparable

to some common engineering metals, the material also possessed a shape

recovery capability. Consequently to the NiTiNOL discovery, there was

suddenly a great deal of commercial interest, and many commercial appli-

cations were developed, especially in automotive and aeronautical fields.

However, due to the high costs for NiTiNOL production coupled with a

poor comprehension of the SMA complex mechanical behaviors (non-linear

tensile properties, hysteresis, non standard fatigue e↵ects), many compa-

nies rapidly abandoned the research on SMA. However, the development

of di↵erent models for material performance prediction during the last 20

years, allowed to understand clearly the thermomechanical processing route

and the environmental parameters. Thank to 20 years of studies in their

behavior, SMA are, nowadays, an ”household” word in the engineering

world. Nowadays, the higher production standards combined with a signif-

icant decrease in prices thanks to a larger market share, allows moreover

to consider new potential applications with tight budgets or cost factors.
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2.1.2 SMA properties

The main features of SMA are:

• Pseudoelasticity : capability to recover strains after stress-induced

large deformations;

• Shape memory e↵ect : capability to recover plastic strains after an

heating process;

These peculiar properties are combined with the following features:

• Kink resistance;

• Biocompatibility;

• Hysteresis;

• Fatigue resistance;

Such properties justify the large di↵usion, in the last 20 years, of SMA in

the manufacturing process of a wide variety devices. In the following all the

listed properties are described in detail, with particular regard to pseudo

elasticity and shape memory e↵ect.

Pseudoelasticity and shape memory e↵ect.

Both pseudo elasticity and shape memory e↵ects are related to marten-

sitic transformation, a di↵usionless phase transformation in solids, in which

atoms move cooperatively, often by a shear-like mechanism. The transfor-

mation from autenite phase to martensite phase does not occur by dif-

fusion of atoms, but rather by shear lattice distortion. This particular

phenomenon is associated with the crystallographic organization of SMA,
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characterized by a two-solid phases structure. The martensite at free-stress

state has the same structure of martensite under a stress-state, but shows

di↵erent orientations. This assumption suggests that martensite can ex-

ist in two di↵erent configurations: twinned martensite, characterized by a

twinned multi-variant crystallographic structure, not related to any macro-

scopic deformation, and stress-induced martensite, characterized by a typi-

cal detwinned configuration with a single variant crystallographic structure

[27] (Fig. 2.2). It is important to remark that the martensitic transfor-

mation in SMA consists mainly in a shear, without volume change. The
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Figure 2.2 SMA phases: schematic picture and regions of stability.

transition between di↵erent phases is the key to understand the mechanical

behavior of SMA, and it is clear that these phenomena are ruled by the

strong connection between mechanical e↵ects (mechanical loadings) and

thermal e↵ects (temperature variations). A load (at a temperature greater

than Af ) causes, initially, an elastic deformation in austenite phase (Fig.

2.3-left-a), then, if the deviatoric part of the stress reaches the value of �s

the transition between austenite to single-variant martensite begins. This

phase shows o↵ a plateau due to the occurring of the transformation phase

(Fig. 2.3-left-b). Once the austenite is completely converted (� > �f ),
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an elastic deformation for martensite phase can be appreciated. Once the

load is removed, the martensitic phase, tends to the reverse transformation

(Fig. 2.3-right-a), by reason of the instability of martensite phase at high

temperatures. This phenomenon causes the complete recovery of the strain

(Fig. 2.3-right-b). This phenomenon, defined as pseudo elasticity or super

elasticity, allows to recover large strains (up to 10%). In the other way,
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Figure 2.3 Pseudoelasticity: a) Schematic view of the phase transitions; b)
Schematic of the stress strain diagram.

at a temperature lower than Mf , twinned martensite phase is stable. A

load such that the deviatoric part of the stress is greater than �f , induces,

after an elastic deformation step (Fig. 2.4-left-b), the twinned to detained

variant martensite transformation takes place. Once the load is removed,
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a residual strain can be appreciated(Fig. 2.4-right-b). If the material is

heated at a temperature around Af , transition between detwinned marten-

site and austenite phase occurs, and the residual strain is fully recovered

at zero stress. This phenomenon is defined as shape memory e↵ect.
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Figure 2.4 Shape memory e↵ect: a) Schematic view of the phase transitions; b)
Schematic of the stress strain diagram.

Kink resistance

Kink resistance or, more appropriately, crush recoverability (Fig. 2.5), is an

important feature of NiTiNOL, even more than pseudo elasticity and shape

memory e↵ect in some applications [28]. When strains are locally increased
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beyond the plateau strain, stresses increase markedly. This causes strain to

partition to the areas of lower strain, instead of increasing the peak strain

itself. This phenomenon can be very dangerous for devices performance,

and it is not uncommon in steel devices. In NiTiNOL devices, kinking,

or strain localization, is prevented by creating a more uniform strain than

could be realized with a conventional material [29]. This property is widely

employed in medical applications, especially in laparoscopic surgery, where

the ability to target the device through side branches or around sharp bends

is vital.

Figure 2.5 Stent crush recoverability [29].

Biocompatibility

This feature can be roughly defined as the ability of a material to be not

rejected by the human body. Biocompatibility is directly related to the

corrosion behavior of the material in a specified solution and the tendency

for the alloy to release potential toxic ions. Experimental studies generally
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indicate that NiTiNOL has extremely good biocompatibility [28, 30, 31].

This is due to the tendency of Nitinol surfaces to be covered with T iO
2

oxides with only a minor amount of nickel under normal conditions.

Hysteretical dissipation

The superelastic hysteresis, as described in the Section 2.1.1, was initially

considered a drawback because it reduces the energy storage e�ciency.

However, hysteresis is a desirable feature in stent design, for example. A

superelastic stent should provide only a very light chronic outward force

against a vessel wall, and at the same time be highly resistant to crushing,

compliant in one direction, and sti↵ in the other. Moreover, a wide variety

of SMA seismic applications take advantage of the hysterical properties of

NiTiNOL for dampers and seismic insulators.

Fatigue resistance

It is well known that NiTiNOL o↵ers exceptional fatigue resistance. Prac-

tically speaking, most fatigue environments in the body involve irregular

cyclic motion against highly compliant tissue, and thus are a combination

of stress and strain-control. Fatigue is also complicated by the superposi-

tion of a mean stress or strain on top of the cyclic component. As example

of NiTiNOL fatigue study, Pelton et al. [32] tested the combined e↵ects

of cardiac pulsatile fatigue and vessel oversizing in vascular stents appli-

cation. In particular, displacement controlled fatigue tests were performed

and fatigue data were collected with combinations of simulated oversizing

conditions and pulsatile cyclesm with both experimental and computational

tools .
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2.1.3 SMA application fields

SMA applications cover a wide variety of fields. Many alloy systems show

shape memory behavior but only a few of them have been developed for

a large scale market. Nowadays almost all the new SMA-applications are

based on NiTiNOL or ternary NiTi-Cu and NiTi-Nb alloys (covering about

the 90% of the SMA industrial applications). NiTiNOL SMA predominance

is due to the improved strength and ductility with respect to other alloys.

NiTiNOL SMA are available in the shape of thin wires and thin films, and

presents an high electrical resistivity making electrical actuation reliable.

Concerning to medical applications, NiTi SMA shows high biocompatibility

and high resistance to corrosion. For these reasons, NiTiNOL SMA replaced

Cu-based SMA although the industrial processes for the production results

more di�cult and expensive. Looking at the literature review on SMA

applications, we partition between medical and non medical applications

[25]. Medical applications include (for details readers may refer to [33, 34]):

• Cardiovascular surgery: starting from self-expanding stents (Fig. 2.6-

bottom left), passing through embolic filters and transcatheter aor-

tic valves (Fig. 2.6-bottom right), NiTiNOL is widely employed in

minimally-invasive surgery;

• Orthopaedics: the principal applications include correction rods, com-

pression staples and fracture fixators;

• Clinical instruments: there is a growing market for NiTiNOL clinical

instruments, especially for biopsy forceps, guidewires, tissue ablators

and retrieval baskets for laparoscopy;

• Ortodontic applications: NiTiNOL is widely employed for wires, palatal

arches, distracters (Fig. 2.6-top left) and endodontic files;

32



Shape Memory Alloy constitutive modeling

• Other applications: birth control devices, laparoscopic inguinal hernio-

plasty, stapes prosthesis, colonic anastomosis are some of NiTiNOL

devices developed in the last years;

Figure 2.6 Short overview of SMAs medical applications: (top left)
Orthodontic distracters [35],(top right) Gloves with SMA wires [36],
(bottom left) SMA stents [33], (bottom right) CoreValve aortic valve
http://www.medtronic.com/corevalve/ous/index.html.

Moving to non medical applications it is possible do identify the following

applications:

• Fashion, decoration and gadgets: manufacturing of devices for ordi-

nary life like eye glass frames (bow bridges and temples), frames for

brassieres and antennas for portable cellular telephones;
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• Couplings and fasteners: SMA are widely employed for heat-recoverable

couplings, heat-to-shrink fasteners and connectors since the 70’s. In

fact, a coupling to connect titanium hydraulic tubing F-14 aircraft

was the first large scale application of SMA in 1971;

• Microactuators: SMA properties can be exploited to realize thermal

actuators. Following the subdivision given by Otsuka et al.[37] it is

possible to subdivide SMA actuators in applications where the device

is both sensor and actuator, and applications where the device only

performs a complete controlled action. The first class includes ,e.g.,

water kettles with shape memory actuated heat cut o↵, co↵ee makers,

thermal protection device. The second class includes, e.g., devices

for the control of the environmental temperatures and flow control

devices for air conditioners;

• Other applications: adaptive materials, hybrid composites and seis-

mic devices that take advantage from the high damping properties of

SMA.

2.2 SMA behavior: from experiments to constitutive mo-

deling

In summary, SMA are caractherized by several features very attractive

for a wide variety of industrial applications. However, given the complex

thermomechanical interaction and the di↵erent non linear behaviors typical

for such materials, the development of engineering tools to predict the SMA

behavior is not a trivial task. As suggested by Arghavani [38], it is possible

to partition the SMA behaviors into two categories:
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• Primary e↵ects, including pseudo-elasticity, shape memory e↵ect as

well as variant reorientation;

• Secondary e↵ects, covering other e↵ects which may turn out to be

relevant in some practical cases.

The secondary e↵ects include tension-compression asymmetry, di↵erent

elastic moduli for austenite and martensite phases, progressive strain under

cyclic loadings and thermal-mechanical coupling. As described in Section

2.1.1, contemporarily to experimental investigations, in the last decades a

big e↵ort was devoted to define constitutive models able to describe the

main SMA behaviors. The main challenge for model theoretical conception

and computational implementation is to predict the primary e↵ects with

regard also for secondary e↵ects in relation with the practical implemen-

tation of the model. A satisfactory description of all these features is not

trivial, and the task become even harder when the material behavior has

to be “embedded” into a discrete framework for FEA. In particular, the

constitutive model should be able, starting from experimental data (Fig.

2.7), to describe the macroscopic e↵ects that could be important for the

specific application. In fact, developing a 3D SMA model able to consider

many SMA complex behaviors does not implies that the model is e↵ective

in engineering applications. To this end, besides research activities in SMA

modeling, it is necessary to evaluate in advance which behaviors should

be included into the model, according to engineering and computational

requirements [38]. Many approaches to define the constitutive relations for

SMA are available in the literature, but this section focuses on the proce-

dure to obtain the SMA constitutive equations using a set of internal state

variables. Thus, starting from the basics of Continuum Mechanics [40], the

fundamental components are:
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Figure 2.7 Pseudoelastic loading/unloading results and derivation of parameters
for various testing temperatures of 25 Celsius degrees. [39]

• Kinematics: is the study of body configuration changes. Kinematics

describes the geometry of motion and deformation of a body, without

considering the cause of that motion and deformation;

• Equilibrium: is the study of the body equilibrium conditions. Equi-

librium includes the relations for the measurement of the internal

forces. This component can be described in terms of conservation

laws (mass, linear momentum, angular momentum and energy);

• Constitutive relations: this component takes in account the phe-

nomenological nature of the body. Constitutive equations are in gen-

eral expressed as relations between internal forces and measures of the

body configuration, like a bridge between equilibrium and kinematics.

This set of equations represents the fundamentals of mechanics of solids,

and the introduction of the constitutive relations ensure the unicity of the

solution [40]. Constitutive equations are mathematical constructs able to
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describe the principal features of a material behavior. The SMA phase tran-

sition between di↵erent thermomechanical states can be described with the

introduction of the so-called internal state variables, i.e., a set of addi-

tional unknowns aiming at describing the micromechanical SMA behavior.

As suggested by Lagoudas et al. [39], the interaction between external and

internal state variables can be described through the introduction of a ther-

modynamical potential. Four thermodynamical potentials are employed in

the literature, i.e., the specific internal energy u, the specific Helmhotz free

energy  , the specific entropy ⌘ and the specific Gibbs free energy G. How-

ever, only Gibbs and Helmhotz free energies are commonly employed, given

the di�culty to e�ciently evaluate entropy and internal energy. Once the

thermodynamical potential is defined, the main steps to derive a set of SMA

constitutive relations are:

• Choice of internal state variables: the microstructural changes due

to phase transformation should be represented with a set of internal

variables. Di↵erent choices can deeply a↵ect the model complexity,

and the related features.

• Kinematics and thermomechanical assumptions: starting from exper-

imental observations, it is possible to set some conditions to simplify

the system, such as small strain regime or additive decompositions

for the state variables.

• Evolution of Internal State Variables: in this step, the evolution laws

for the internal variables are defined following the approach described

by Simo and Hughes [41]. To define a rate-independent plasticity

model, the evolutionary behavior of plastic strain must be defined

with a relation called flow rule.
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2.2.1 Review of Shape Memory alloys models.

As described in Section 2.2, the choice on representing the di↵erent com-

binations of primary and secondary e↵ects strongly influences the perfor-

mance and the applicability of a particular SMA constitutive model. For

this reason, many SMA constitutive models are available in the literature,

addressing di↵erent features and engineering applications. Following the

classification suggested by Arghavani [38], SMA models can be classified

into two big families:

• Models without internal variables

• Models with internal variables

Models without internal variables describe SMA behaviors without inclu-

ding quantities representing austenitic and martensitic mixture, using only

strain, stress, temperature and entropy. Polynomial models [42] and hys-

teresis models [43] can be included in this family. The first describes the

material behavior starting from a polynomial free energy function, which

can be derived to get the constitutive equations, while the latter approach

sets up the constitutive relations starting from mathematical properties, of-

ten neglecting the physical aspects underlying the material behavior. The

introduction of internal variables to describe the material internal structure,

in combination with the control variables (stress or strain, and thermal

variables such as temperature and entropy) allows to describe the mate-

rial constitutive relations, accounting for the physical phenomena under-

lying the experimental data. The internal variables typically include one

or more phase fractions and/or macroscopic transformation strains. The

first model based on internal variables was proposed in 1982 by Tanaka

and Nagaki [44], it was characterized by an exponential hardening rule and
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by the material properties remained constant during transformation phase.

This model was theoretically studied for 3D problems, but its implementa-

tion was restricted to 1D problems, until Boyd and Lagoudas [45] extended

the formulation, in order to permit the 3D implementation. In 90’s, the

growing number of SMA applications, in particular on biomedical applica-

tions, enhanced the creation of 3D phenomenological models (oriented to

the computational testing of devices). 1D implementation remained active

for the description of SMA’s secondary e↵ects, i.e., martensite volume frac-

tion decomposition [46], in reason of its simplicity, and for the wide use of

SMA wires in many applications . In this context, remarkable works are

Raniecki and Lexcellent [47] and Leclercq and Lexcellent [48] models, able

to describe the macroscopic thermo-mechanical behavior using two inter-

nal variables, in order to allow modeling of both detwinned and twinned

martensite. In 1996 Lubliner and Auricchio considered a 3D response using

a Drucker-Prager-type surface to describe the critical stresses for pseudoe-

lastic transformation with exponential hardening law [49]. Moreover, this

study was oriented to finite element implementation (this work is based on

the generalized plasticity theory [50]). Souza et al. [21] proposed in 1998

a model able to describe the main features of polycrystalline shape mem-

ory materials for 3D implementation. Auricchio and Petrini improved this

model, in order to increase its robusteness for finite element implementa-

tion [27]. Qidwai and Lagoudas [51] proposed a comprehensive modeling

with tension-compression asymmetry, starting from the previous work of

Boyd and Lagoudas [45].

Within this doctoral research, the constitutive laws proposed by Souza

et al. [21] and the model introduced by Auricchio et al. [22] are consid-

ered and, in the following sections, both models are detailed. The notation

of Auricchio-Taylor model has been slightly modified in order to make it
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consistent with the Souza model notation in order to avoid confusing rep-

etitions.

2.2.2 Souza 3D phenomenological model

Souza model, developed within the framework of phenomenological contin-

uum thermodynamics [40], is able to describe pseudo elasticity and shape

memory e↵ect with a simple and robust solution algorithm based on return-

map procedure [41].

Time-continuous model

The authors choose strain, ", and the absolute temperature, T , as con-

trol variables and the second-order transformation strain tensor, etr, as

internal variable. The model is developed under small strain assumption.

The quantity etr has the role of describing the strain associated to the

phase transformation. This variable is assumed to be traceless, in rea-

son of experimental results indicating no volume changes during the phase

transformation [52]. Furthermore, the value of trasformation strain norm

(euclidean norm) is assumed to be always less than the value of "L, defined

as the transformation strain norm value at the end of the transformation

phase ("L, defined as a material parameter).

ketrk  "L, (2.2.1)

"L can be derived with a simple uniaxial test and it represents the value

of transformation strain at the end of transformation phase. The following
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additive decomposition is used for ":

" =
✓

3
1 + e, (2.2.2)

where ✓ = tr(") and e are, respectively, the volumetric and the deviatoric

part of the total strain ", while 1 is the second-order identity tensor. The

free energy density function, or Helmholtz free energy  , is defined to be

the portion of the internal energy available for doing work at constant tem-

perature, and represents the starting point for the development of di↵erent

constitutive relations.

For a polycrystalline SMA material  is expressed as

 (✓, e, T, etr) =
1

2
K✓2 + Gke� etrk2 � 3↵K✓(T � T

0

) + �hT � T
0

iketrk+
1

2
hketrk2 + (u

0

� T⌘
0

) + c

"
T � T

0

� T log

 
T

T
0

!#
+ I"L(etr),

(2.2.3)

where K and G are, respectively, the bulk and the shear modulus, ↵ is

the thermal expansion coe�cient, � is a material parameter associated

with the stress-temperature relation, T
0

is the temperature below which

only martensite phase is stable (Mf in Section 2.1.2), h is the hardening

parameter associated with the transformation phase, c is the heat capacity,

and u
0

, ⌘
0

and T
0

are, respectively, the internal energy, the entropy and

the temperature at the reference state, while the symbol hai is the positive

part function. The component I"L(etr) is set equal to an indicator function

introduced to satisfy the previous constraint on the transformation strain
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norm:

I"L(etr) =

(
0 if ketrk  "L

+1 otherwise
(2.2.4)

Di↵erentiating the  function with respect di↵erent arguments, it is possi-

ble to highlight the di↵erent stress components

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

p =
@ 

@✓
= K [✓ � 3↵(T � T

0

)] ,

s =
@ 

@e
= 2G(e� etr),

⌘ = �@ 
@T

= ⌘
0

+ 3↵K✓ � �ketrkhT � T
0

i
|T � T

0

| + c log

 
T

T
0

!
,

X = � @ 

@etr
= s� �hT � T

0

i etr

ketrk � hetr � �
etr

ketrk,
(2.2.5)

s and p represent, respectively, the deviatoric and the volumetric part of

the stress. X represents a stress-like quantity related to transformation

strain and can be considered as the driving force for phase transformations

processes. It is important to note that if etr = 0 the transformation stress X

is undetermined. To overcome this issue the authors proposed this di↵erent

definition for X, in the step of nucleation of the product phase

X = R
s

ksk (2.2.6)

where R is a positive material parameter that can be defined as the radius

of the elastic domain. This relation can be proved with the assumption

of an hypothetical process starting with etr = 0 and ėtr 6= 0. Assuming

that ks�Xk = �hT � T
0

i+ hketrk holds for etr in a neighborhood of zero,
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it follows by continuity that k|s � Xk = �hT � T
0

i. Therefore, if phase

transformation is expected there will be

kSk = kks�X + Xk  ks�Xk + kXk = �hT � T
0

i + R (2.2.7)

this relation is obtained taking in account the transformation, leads to

kXk = R.

The flow rule for the internal variable and the classical Kuhn-Tucker con-

ditions take the form

ėtr = ⇣̇
@F

@X
= ⇣̇

X

kXk, (2.2.8)

8
><

>:

⇣̇ � 0,

F  0,

⇣̇F = 0.

(2.2.9)

where ⇣̇ plays a role similar to the plastic consistent parameter.

The strict inequality in Equation (2.2.7) is not consistent, because the

flow rule imposes that ėtr must have the same direction of kXk , and etr

as well, when integrated in a short process. This is impossible because etr

should point toward ks-Xk. Moving back to the model description, the

derivation of I"L(etr) creates the variable � defined such that

8
><

>:

� = 0 if ketrk < "L,

� � 0 if ketrk = "L,

@I"L(etr) = �etr/ketrk
(2.2.10)

while the yielding is ruled by the following limit function
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F (X) = kXk �R, (2.2.11)

Auricchio and Petrini modifications

Auricchio and Petrini [27] introduced some modifications in the Souza

model described in the previous section, in order to improve the model

robustness for FEA applications. The transformation stress X dependance

on the derivative of the transformation strain has been highlighted as a

critical point when etr is close to 0, making X undefined. To overcome this

issue, the authors proposed to replace the Euclidean norm ketrk with the

regularized norm ketrk, defined as:

ketrk = ketrk � ��+1/�

� � 1
(ketrk + �)��1/� (2.2.12)

where � is a user-defined parameter which controls the smoothness of the

regularized norm. Thus, the quantity ketrk is always di↵erentiable, even for

ketrk = 0. Moreover, the authors introduced another form for the yielding

function F(X), as function of second (J
2

) and third (J
3

) invariants of the

transformation stress tensor X

F(X) =
p

2J
2

+ m
J

3

J
2

� R (2.2.13)

J
2

=
1

2
((X2 : 1) (2.2.14)

J
3

=
1

3
((X3 : 1) (2.2.15)
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where m is a material parameter. Both R and m can be associated to the

uniaxial critical stress in tension �t and in compression �c by the relations

R = 2

s
2

3

�t�c

�c + �t
(2.2.16)

m =

s
27

2

�c � �t

�c + �t
(2.2.17)

This approach is used in order to introduce the tension-compression asym-

metry observed in SMA and the material is modeled as isotropic with a

Prager - Lode type limit function.

Time-discrete model and solution algorithm

The constitutive model consists of a non-linear equation system, treated by

Auricchio and Petrini [27] as an implicit time-discrete strain-driven prob-

lem. The adopted convention, for sake of notation simplicity, states that

the pedix n is used for all the variables evaluated at t = tn and no pedix

is used for variables evaluated at time t = tn+1

. Known the solution at

the time tn and the strain tensor at the time tn+1

, an implicit backward

Euler method is used to integrate the model rate equations; the stress his-

tory is then derived from the strain history by means of a procedure known

as return-map. Initially suggested by Maenchen and Sack [53] for the so-

lution of plasticity formulations, the return map provides an e�cient and

robust integration scheme based on a discrete enforcement of the evolution-

ary equations [41]. Using this integration scheme, the discrete framework

is structured as follows
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8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

p = K[✓ � 3↵(T � T
0

)]

s = 2G(e� etr)

X = s� �hT � T
0

i etr

ketrk � hetr � �
etr

ketrk
� � 0

etr = etrn +�⇣
X

kXk
ketrk  "L

F (X) = kXk �R  0

�⇣ � 0, �⇣F (X) = 0

(2.2.18)

The return-map scheme belongs to a family of the two stages, elastic-

predictor plastic-corrector methods. The first stage belongs to the elastic

predictor, a purely elastic trial state is computed; the second one is com-

puted using the trial state as initial condition, if the trial state violates

the constitutive conditions. For this model, the trial state is evaluated for

“frozen” internal variables. A trial limit function is computed and com-

pared with the condition described in Equation (2.2.11). If such a condi-

tion is violated, the step is considered inelastic and the evolution equations

need to be integrated. To treat an inelastic step, the problem is formu-

lated in residual form, in order to solve the non linear equation system

with a Newton-Raphson method. It is important to remark that an inelas-

tic state could be related to an unsaturated or a saturated condition, and

the discrete model has also to be able to distinguish them with a proper

procedure. The procedure starts with the assumption of ketrk < "L, which

implies � = 0, and consists in an unsatured condition. Within this case,

the residuals take the following form
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RX = X� sTR + �hT � T
0

i@ke
trk

@etr
+ hetr = 0,

R�⇣ = kXk �R = 0.

(2.2.19)

It is possible now to solve the seven non-linear scalar equations with a

Newton-Raphson method to find the seven scalar unknowns, (six compo-

nents of X and �⇣). At this point, the solution is checked to evaluate its

admissibility. If the solution is not admissible (i.e., ketrk > "L), the state

consists in a saturated condition (i.e., ketrk = "L), which implies � > 0,

and the sytem in residual form becomes:

RX = X� sTR + �hT � T
0

i@ke
trk

@etr
+ hetr + �

etr

ketrk = 0,

R�⇣ = kXk �R = 0,

R� = ketrk � "L = 0.

(2.2.20)

In this case, the Newton-Rapshon method is employed to find eight un-

knowns, constituted by the six components of X, �⇣, and � (for the details

about the form of the consistent tangent matrix please refer to [27]).

2.2.3 Auricchio-Taylor model

Auricchio-Taylor-Lubliner model (Auricchio-Taylor model in the following)

is developed within the generalized plasticity framework [50] and represents

the built-in constitutive model to reproduce pseudolastic materials under-

going solid-solid phase transitions in the majority of FEA commercial soft-

wares. The model is able to reproduce the direct and reverse transitions

between austenite phase (A) and single-variant martensite phase (S). In

particular, the model considers three di↵erent conditions:
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• conversion of austenite into single-variant martensite (A ! S)

• conversion of single-variant martensite into austenite (S ! A)

• single-variant martensite reorientation (S ! S)

The di↵erent solid-solid phase transitions are defined within a specific

thermo-mechanical range. In particular, the thermo-mechanical limits for

each phase transition are defined by mean of the following scalar functions:

Austenite-Martensite transition (A ! S)

FAS(�, T ) = ksk + 3⇡ p� CAST

where s is the deviatoric part of the stress (defined as: s = � � tr(�)1/3),

p is the pressure, CAS and ⇡ are material parameters and k · k indicates

the Euclidean norm. The initial and final transformation function can be

expressed as:

FAS
s = FAS �RAS

s

FAS
f = FAS �RAS

f

with:

RAS
s =

"
�AS
s

 r
2

3
+ ⇡AS

!
� CASTAS

s

#

RAS
f =

"
�AS
f

 r
2

3
+ ⇡AS

!
� CASTAS

f

#

where �AS
s , �AS

f , TAS
s and TAS

f are all material parameters.

The conditions for the conversion of austenite into single-variant martensite
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are:

FAS
s > 0 , FAS

f < 0 , ḞAS > 0 (2.2.21)

and that the scaled transformation strain corresponding to the A ! S phase

transformation evolves as follows:

u̇AS = ⇠̇AS
S NAS (2.2.22)

where:

NAS =
MAS

kMASk , MAS =
@FAS

@�
(2.2.23)

for the evolution of the single-variant martensite fraction the author the

following linear form:

⇠̇AS
S = �HAS(1 � ⇠S)

ḞAS

FAS
f

The scalar parameter HAS embeds the conditions for the activation of the

phase transformation and it is defined by the relation:

HAS =

(
1 if FAS

s > 0 , FAS
f < 0 , ḞAS > 0

0 otherwise
(2.2.24)

Martensite-Austenite transition (S ! A)

Similarly to the above, a Drucker-Prager-type loading function is intro-

duced:

FSA(�, T ) = ksk + 3⇡ p� CSAT
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where CSA is a material parameter. The initial and final transformation

function can be expressed as:

FSA
s = FSA �RSA

s

FSA
f = FSA �RSA

f

with:

RSA
s =

"
�SAs

 r
2

3
+ ⇡SA

!
� CSATSA

s

#

RSA
f =

"
�SAf

 r
2

3
+ ⇡SA

!
� CSATSA

f

#

where �SAs , �SAf , TSA
s , TSA

f are all material parameters.

The conditions for the conversion of single-variant martensite into austenite

are:

FSA
s < 0 , FSA

f > 0 , ḞSA < 0 (2.2.25)

and that the scaled transformation strain corresponding to the S ! A phase

transformation evolves as follows:

u̇SA = ⇠̇SAS NSA (2.2.26)

where:

NSA =
u

kuk (2.2.27)

Again, the evolution of the single-variant martensite fraction assumes the

following linear form:

⇠̇SAS = HSA⇠S
ḞSA

FSA
f

(2.2.28)

50



Shape Memory Alloy constitutive modeling

The scalar parameter HSA embeds the conditions for the phase transfor-

mation and it is defined by the relation:

HSA =

(
1 if FSA

s < 0 , FSA
f > 0 , ḞSA < 0

0 otherwise
(2.2.29)

For later developments, it is important to remark that the conversion of

martensite into austenite is associated only with a rescaling of the trans-

formation strain u.

Martensite reorientation (S ! S)

To model the single-variant martensite reorientation process for non-proportional

changes of stress (changes of direction or rotation), the loading function is

expressed as

FSS(�, T ) = ksk + 3⇡p� CSST

FSS
s = FSS �RSS

s

with:

RSS
s =

"
�SSs

 r
2

3
+ ⇡

!
� CSSTSS

s

#
(2.2.30)

where CSS , �SSs and TSS
s are material parameters.

The condition for the activation of the reorientation process are:

FSS
s > 0 , Ṅ

SS 6= 0 (2.2.31)
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where:

NSS =
MSS

kMSSk , MSS =
@FSS

@⌧

and that the scaled transformation strain corresponding to the SS phase

transformation evolves as follow:

u̇SS = HSS⇠SṄ
SS

(2.2.32)

where:

HSS =

(
1 if FSS

s > 0

0 otherwise
(2.2.33)

The authors assume that, from a physical point of view it seems plausible

that whenever the material has enough energy to induce a conversion of

austenite into single-variant martensite, then it has also enough energy to

reorient the martensite fraction already present. Hence, we set CAS = CSS

and RAS
s = RSS

s , such that FAS
s = FSS

s . Moreover, recalling the expression

for FAS and FSS

MAS = MSS =
s

ksk + ⇡1 = M (2.2.34)

NAS = NSS =
1

1 + 3↵

✓
s

ksk + ⇡1

◆
= N (2.2.35)

Starting from this assumption can the rate equations for the scaled trans-

formation strain can be computed, obtaining the following equation:

u = ⇠S N̂ (2.2.36)
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where N̂ is the current value of N if HSS = 1, otherwise it is equal to the

last value of N attained when HSS was equal to 1.

The interaction of the di↵erent loading functions, F i, Fs
i, Ff

i (with i =

{A ! S, S ! A, S ! S}), define the three di↵erent phase transitions. In

the following, for the sake of simplicity, only the small-deformation setting

of the model is presented (for the large-displacement model, the reader may

refer to [23]).

Time-continous model

The authors choose to additively decompose the strain " into an elastic

part, "e, and a transformation strain "tr

" = "e + "tr (2.2.37)

where

"tr = "Lu (2.2.38)

being "L a material parameter. The authors assume the strain " and the

temperature T as control variables. Moreover, the authors choose the trans-

formation strain "tr and the single variant martensite volume fraction ⇠S as

internal variables. A free-energy function, quadratic in the elastic strain, is

considered:

 =  (") =
1

2
"De" (2.2.39)

where De is the fourth-order rank elastic modulus tensor. Accordingly, the

stress � is given by:

� =
@ 

@"
= De"e = De("e � "Lu) (2.2.40)
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Recalling the Drucker-Prager form of the loading functions and the hy-

pothesis of isotropy and assuming the elastic tensor D to be constant and

isotropic, it is convenient to split the equations into the volumetric and

the deviatoric components. Recalling part of the notation introduced in

Section 2.2.2 we have:

" =
✓

3
1 + e, (2.2.41)

"e =
✓e

3
1 + ee, (2.2.42)

"tr =
⇡

3
1 + etr, (2.2.43)

e = ee + "L⇠Se
tr (2.2.44)

✓ = ✓e + 3⇡ ✏L ⇠S (2.2.45)

and:

w = 3⇡ ⇠S (2.2.46)

v = ⇠S etr (2.2.47)

p = K ✓e = K (✓ � ✏Lw) (2.2.48)

s = 2G ee = 2G (e� ✏Lv) (2.2.49)

where K is the bulk modulus and G is the shear modulus.

54



Shape Memory Alloy constitutive modeling

Time-discrete model and solution algorithm

As for the Souza model, the authors, in order to minimize the appearance

of subscripts (and to make the equations more readable), introduce the

convention:

an = a(tn) , a = a(tn+1

)

where a is any generic quantity. Therefore, the subscript n indicates a quan-

tity evaluated at time tn, while no subscript indicates a quantity evaluated

at time tn+1

. Using a backward-Euler integration formula, the discrete

forms of equations are given by:

w = 3⇡ ⇠S (2.2.50)

v = ⇠S etr (2.2.51)

⇠S = ⇠S,n +
�
�AS
S + �SAS

�
(2.2.52)

where:

�AS
S =

Z tn+1

tn

⇠̇AS
S dt (2.2.53)

�SAS =

Z tn+1

tn

⇠̇SAS dt (2.2.54)

Similarly, using a backward-Euler scheme to integrate the time-continuous

evolutionary equations yields the corresponding time-discrete evolutionary

equations. Written in residual form and after clearing fractions, the time-

discrete evolutionary equations specialize to:

RAS = FAS
f �AS

S + HAS(1 � ⇠S)
�
FAS � FAS

n

�
= 0 (2.2.55)

RSA = FSA
f �SAS �HSA ⇠S

�
FSA � FSA

n

�
= 0 (2.2.56)
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The quantities �AS
S and �SAS can be computed expressing FAS and FSA

as functions of �AS
S and �SAS and requiring the satisfaction of RAS and

RSA. As for the Souza model, a return-map algorithm is used as the

integration scheme for the time-discrete model. It belongs to the family

of elastic-predictor/inelastic-corrector algorithms and, hence, is a two-part

algorithm. In the first part, a purely elastic trial state is computed; in the

second part, if the trial state violates the constitutive model, an inelastic

correction is computed using the trial state as an initial condition. The

details of the algorithm for the time-discrete model proposed here are:

1. Trial state.

Assume that no phase transformations occur (i.e. w = wn, v = vn,

⇠S = ⇠S,n, �AS
S = �SAS = 0). Accordingly, compute the trial pressure

and the trial deviatoric part of the stress:

pTRIAL = K(✓ � "Lwn)

sTRIAL = 2G (e� "Lvn)

2. Check reorientation process (SS).

Compute FSS
s

If FSS
s > 0 then

set HSS = 1

update w, "tr and v

recompute pTRIAL and sTRIAL

else

set HSS = 0

end if
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3. Check solutions with ⇠S = 0 and ⇠S = 1.

Compute FAS
��
⇠S=1

and FSA
��
⇠S=0

If FAS
��
⇠S=1

> RAS
f then

⇠S = 1 is the appropriate solution

solution found

set HAS = 1

else

⇠S = 1 is not the appropriate solution

end if

If FSA
��
⇠S=0

< RSA
f then

⇠S = 0 is the appropriate solution

solution found

else

⇠S = 0 is not the appropriate solution

end if

If solution found then skip to 7

4. Check A ! S transformation.

Compute FAS , FAS
s and FAS

n

If FAS
s > 0, FAS > FAS

n and ⇠S,n < 1 then

set HAS = 1

else

set HAS = 0

end if

5. Check S ! A transformation.

Compute FSA, FSA
s and FSA

n

If FSA
s < 0, FSA < FSA

n and ⇠S,n > 0 then

set HSA = 1
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else

set HSA = 0

end if

6. Compute martensite evolution.

If HAS = 1 or HSA = 1 then

compute �AS
S and �SAS

update ⇠S , v, w, p and s

end if

7. Compute algorithmic tangent.

If HAS = 1 or HSA = 1 or HSS = 1 then

compute algorithmic inelastic tangent

(for details reader may refer to [23])

else

compute elastic tangent

end if
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2.3 Model calibration

Souza model

Auricchio et al. [54] defined a simple methodology to calibrate the para-

meters for the Souza model. The experimental data is based on the com-

parison between two thermal cycling tests at constant stress (figure 2.8).

Figure 2.8 Two strain-temperature curves at two constant stresses �(1) > �(2).[55]

Figure 2.9 a) stress-temperature phase diagram, b) stress-strain curve sketch.
Both figures highlight the physical interpretation of some material parameters
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The identification of "L is trivial and corresponds to the strain associated

to the plateau phase in the diagram. E and � are defined, respectevely,

as
@�

@"
and

@�

@T
(see figure 2.9). Such parameters can be estimated starting

from Fig.2.8 defining �T = T (1)

yM � T (2)

yM and �� = �(1) � �(2). The elastic

radius parameter R can be derived in two ways, depending on the experi-

mental data and the characteristic of limit function. In fact, classic Souza

model uses Equation (2.2.11) as limit function, and the elastic radius can

be derived subtracting the two relations

(
� � �(TyM � T

0

) = R,

� � �(TyA � T
0

) = �R.
(2.3.1)

On the other hand, if Auricchio and Petrini improvements are implemented,

the elastic radius can be calculated with Equation (2.2.16).

Concerning to hardening parameter h, starting from

@�

@"
=

Eh

E + h
(2.3.2)

and
@�

@"
=
@�

@T

@T

@"
= �

@T

@"
(2.3.3)

with simple computations it can be found that

h = (
1

�

@"

@T
� 1

E
)

�1

(2.3.4)

Finally, to compute T
0

, the following expression, directly derived from �(1)�
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�(T (1)

yM � T
0

) = R, can be used

T
0

= T (1)

yM +
R� �(1)

�
.

Auricchio-Taylor model

Moving to the Auricchio-Taylor model, the material parameter set is ob-

tained integrating properly di↵erent information:

• some material parameter, such as EA, EM , ⌫, CAS , CSA are derived

straightforwardly from Souza model parameters;

• other thermic parameters, i.e., TAS
s , TSA

s , TAS
f , TSA

f , are obtained

from the work of Hartl et al. [56], referring to the same experimental

data (S3T Roundobin activity);

• the remaining parameters are obtained elaborating some parameter

of Souza model as discussed in the following.

The parameter "L has di↵erent physical interpretation within the two mo-

dels. In fact, while in the Souza model "L is defined as the maximum

value of the transformation strain norm during an uniaxial test, within the

Auricchio-Taylor model it is defined as the maximum uniaxial transforma-

tion strain. Consequently, it is possible to manipulate the equations in

order to obtain a coe�cient able to relate these two parameters. In fact,

starting from a simple uniaxial process, the stress tensor is defined as:

� =

2

64
� 0 0

0 0 0

0 0 0

3

75 (2.3.5)
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and the related deviatoric stress tensor is

s =

2

66666664

2

3
0 0

0 �1

3
0

0 0 �1

3

3

77777775

� (2.3.6)

resuming the flow rule of Souza model, we remark that the transformation

strain evolution is ruled by the ratio n =
s

ksk. The substitution of Equation

(2.3.6) in the previous ratio gives

n =

s
9

6

2

66666664

2

3
0 0

0 �1

3
0

0 0 �1

3

3

77777775

(2.3.7)

and the uniaxial component n
11

is

n
11

=
2

3

s
9

6
=

s
2

3
(2.3.8)

Auricchio model employes n
11

as reference to find "L and, consequently,

the coe�cient that relates the maximum transformation strain norm and

the its uniaxial value, is exactly

s
2

3
. For these tests "L = 0.056 and the
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associated H = 0.046 = 0.056

s
2

3
.

Moreover, the Auricchio model requires 4 stress values related to the trans-

formation phase (see Fig. 2.9). To overcome this issue, we performed a sim-

ple pseudoelastic FEA using the Souza model, estimating then the 4 stress

values from the obtained curve. The estimated values of �AS
s ,�AS

f ,�SAs and

�SAf are extrapolated from the FEA uniaxial test and must be rescaled

because they are referred to the reference temperature value T
0

.

2.4 Numerical examples

In this section, the proposed constitutive models are evaluated by mean of

di↵erent boundary value problems, accounting for di↵erent SMA behaviors

and engineering complexity. The Souza model is implemented as a User

Material subroutine (UMAT) for the FEA solver Abaqus/Standard, while

the Auricchio-Taylor model is already available as built-in material sub-

routine for the same solver. The material parameters are obtained with

the procedure described in Section 2.3 starting from the experimental data

carried out on SMA wires within S3T Roundrobin SMA modeling activities

[57].

2.4.1 Pseudoelastic cube test

At first, we performed a simple pesudoelastic test (loading-unloading at

constant temperature) on a cube discretized with 1000 C3D8 elements

(Fig.2.10). This test is performed in order to demonstrate that an increas-

ing computational complexity cannot invalidate the subroutine features.

The results (see Fig. 2.11) show that all the constitutive models keep the

same behavior of the same test performed on a single cubic element.
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Table 2.1 Souza material parameters.
E Elastic modulus 53000 MPa
⌫ Poisson’s ratio 0.33
h Linear hardening parameter 1000 MPa
� Stress-temperature relation parameter 2.1 MPa/K
T0 Reference temperature 245 K
�c Critical traction stress 72 MPa
�t Critical compression stress 56 MPa
"L Maximum trasfromation strain norm 5.6 %
Mf Martensite finish temperature 223 K
Ms Martensite starting temperature 239 K
Af Austenite finish temperature 260 K
As Austenite starting temperarut 2248 K
↵ Thermal expansion coe�cient 10�6

K

�1

� Regularized norm coe�cient 10�4

Table 2.2 Auricchio-Taylor material parameters.
E

A Austenite Elastic modulus 53000 MPa
E

M Martensite Elastic modulus 53000 MPa
⌫ Poisson’s ratio 0.33
�

AS
s Start of transformation loading 142 MPa

�

AS
f End of transformation loading 282 MPa

�

SA
s Start of transformation unloading 92 MPa

�

SA
f End of transformation unloading -108 MPa

C

AS = (
@�

@T

)
AS

Loading stress-temperature coe�cient 6.1 MPa K

�1

C

SA = (
@�

@T

)
SA

Unloading stress-temperature coe�cient 6.1 MPa K

�1

T0 Reference temperature 243 K
"L Maximum transformation strain 4.6%
⇡ Maximum volumetric transformation strain 0.0%

2.4.2 SMA spring pseudoelastic test

SMA helical springs are widely employed in passive control for seismic ap-

plications, thank to the damping capabilities due to their hysterical be-

havior [58]. The FEA analysis consists on a traction pseudoelastic test
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Figure 2.10 Pseudoelastic cube test FEA model.

performed on a helical spring portion. The model is discretized with 6312

C3D8 elements (Fig. 2.12). An axial displacement is applied to one end

of the helical spring while the other end is clamped. The displacement

is increased from zero to its maximum value and unloaded back to zero.

Stress-strain diagram for both models are shown in Fig.2.13. Stress is eval-

uated at a reference point in the proximal end while the engineering strain

is evaluated as (l � l
0

)/l
0

, where l � l
0

is the spring elongation and l
0

is

the spring initial length. The two models provide comparable behaviors,

both in terms of stress-strain curves and Von Mises stress distribution (Fig.

2.14). Moreover, we report in Table 5.4 the model comparison with respect

to simulation time and the requirement of convergence enhancement. Con-

vergence enhancement is defined as a set of customized options for the FEA

solver, including line-search algorithm, tolerances modifications etc. . The

description of such tools is detailed in Appendix A.
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Figure 2.11 Pseudoelastic cube test: stress-strain diagram.
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Figure 2.12 Spring pseudoelasticity test: initial and deformed configurations.

Table 2.3 Pseudoelastic spring test resume

Model Convergence Min Time Step [s] Convergence Total
Enhancement Step [s] time [s]

Souza NO 10�7 YES 1458.5
Auricchio-Taylor YES 10�7 YES 604.5

2.4.3 Stent crushing test

Stent manufacturing is the main application of SMA materials in medical

applications. Therefore, we now investigate the behavior of a pseudo-elastic

stent ring, which represents an example study for bending issues. This

test involves geometric nonlinearity with addition of a complex contact

interaction. The FEA model includes the following parts:

• Stent model: the FEA model resembles a stent employed in the clin-

ical practice, i.e., ACCULINK (Abbott, Illinois, USA) carotid stent.

The planar design is drawn with a CAD software and the tridimen-

sional surface is imported in Abaqus as a solid part. The mesh is cre-
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Figure 2.13 Spring pseudoelasticity test: stress-strain diagram.

ated using a compartimental approach (the main structure is decom-

posed in many simpler regions, easier to be meshed). Subsequently,

the nodal mesh coordinates are sent to an in-house Matlab script

code to roll the planar mesh and to obtain the final model. For this

simulation, 40068 linear hexahedral C3D8 elements are employed;

• Plates: the compression plates model is used to simulate the crushing

procedure and the subsequent strain recovery step. The plates are

modeled as rigid bodies meshed with 80 three-dimensional, 4-node

68



Shape Memory Alloy constitutive modeling

surface elements with reduced integration (R3D4).

Figure 2.14 Spring pseudoelastic test: contour plot comparison between Souza
(a) and Auricchio-Taylor (b) model.
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This FEA simulation is structured with two steps at constant temperature

(T > Af ). In the first one the stent is compressed by the relative motion

between the two plates with a 70% reduction of the stent diameter (Fig.

2.15-a). Subsequently, the compression plates return in the original position

allowing the strain recovery (Fig. 2.15-b). Concerning to the contact mo-

deling, tangential and normal behaviors are modeled frictionless and with

a linear penalty method (sti↵ness = 0.001), respectively. The simulation

Figure 2.15 Crushing test of Nitinol stent: a) initial configuration; b) crushed
configuration.

force-displacement diagrams are shown in Fig. 2.16. Moreover, the Von

Mises stress distribution of the two models show good agreement ( Fig.

2.4.3). Again, we report in Table 5.5 the model comparison with respect to

elapsed simulation time and the requirement of convergence enhancement.
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Figure 2.16 Crushing test of Nitinol stent: force-displacement diagram.

Figure 2.17 Crushing test of NiTiNOL stent: contour plot comparison between
Souza (a), and Auricchio-Taylor (c) UMAT (step 1 step time=0.3).
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Figure 2.18 Von Mises stress distribution in di↵erent analysis steps.

Table 2.4 Stent crush test resume

Model Convergence Min Time Step [s] Convergence Total time [s]
Enhancement Step [s]

Souza NO 10�7 YES 5633
Auricchio-Taylor YES 10�7 YES 2312
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2.4.4 SMA spring hysteresis test

Hysteretical behavior is the functioning principle for a wide variety of de-

vices. Among them, SMA spring actuators cover a wide application field,

from automotive to robotics. For this reason, numerical simulations are

valuable tools to provide useful features information and behavior predic-

tion, in order to design novel devices. For this example the spring is clamped

at distal end and loaded by an axial force (9.81 N) at the proximal one dur-

ing the first step. Subsequently, keeping constant the load, the spring is

subjected to temperature cycle, exhibiting both stretching and shape actu-

ation (Fig. 2.19).

This test involves di↵erent complex phenomena, such as geometric non

linearity and thermo-mechanical interaction. The strain-temperature dia-

gram is shown in Fig. 2.21. Unexpectedly, only Souza model reached con-

vergence, while Auricchio-Taylor model shows o↵ a larger saturation value

without reaching convergence, even resorting to convergence enhancement

Figure 2.19 Spring actuator: temperature (a) and load (b) profile.
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Figure 2.20 Spring actuator: initial and deformed configuration.

tools. We remark that the low saturation values obtained by the Souza

model do not represent the experimental behavior [59] (Fig. 2.22-b). In

particular, the Souza model structure does not allow to reproduce SMA be-

havior for work conditions in which the material is considered linear elastic

(Fig. 2.22-a stress region 1) of where the model is particularly sensitive to

numerical implementation (Fig. 2.22-a stress region 2). This limitation can

be overcome introducing the linear dependance on working temperature by

the elastic radius parameter (Fig. 2.22-b label Mod. SA). Concerning to

Auricchio-Taylor, the poor convergence behavior during simulations char-

acterized by constant loads and thermal cycles has been already noticed in

the literature [60]. However, to our knowledge this particular issue has not

been investigated yet.
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Figure 2.21 Spring actuator: strain-temperature diagram.
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(a) 

1 

2 

3 

(b) 

Figure 2.22 Souza model low saturation issue: (a) phase diagram highlighting the
di↵erent stress regions; (b) model comparison with respect to experimental data.

2.5 Summary

The present chapter discusses the capabilities of two di↵erent SMA models

with a set of FEA involving di↵erent material behaviors and model com-

plexity. The results show similar results both for simple benchmark tests

and for more complex simulations. The use of Auricchio-Taylor model,

given its formulation, is appropriate only to reproduce pseudoelastic sim-

ulations while Souza model is suited also to reproduce the one-way shape

memory e↵ect. Both models, unexpectedly fail to accurately reproduce the

analysis involving thermal hysteresis (Section 2.4.4). Concerning to com-

putational e�ciency, it is important to note that, even if Souza model has

higher computational times than Auricchio-Taylor model (see Tables 5.4

and 5.5), it does not require any convergence enhancement for all the con-

sidered simulations. This is due to a sub stepping code portion, embedded

in the subroutine, able to improve convergence during phase transition.
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This peculiar feature allows the Souza model to reach convergence in all

the investigated cases but at the same time induces a significant increase

of the analysis computational cost.
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Chapter 3

Vessel sca↵olding evaluation for carotid

artery stents: a FEA-based approach

Moving from the constitutive models presented in the previous chapter,

we now adopt the combination of Auricchio-Taylor model and traditional

displacement-based FEA to evaluate one of the most important features for

carotid artery stents, i.e., vessel sca↵olding.

3.1 Problem definition

As introduced in Chapter 1, while during CEA the atherosclerotic plaque is

removed, with CAS the plaque remains contained between the stent and the

vessel wall, moving consequently the physicians’ concerns from the intra-

procedural to the post-procedural stage. In fact, stent struts compress the

dilated plaque material, which should not protrude into the lumen to guar-

antee that no debris is dislodged after the procedure.

Starting from this basic concept, it is clear that the procedure outcomes

are linked to stent design, which is usually resulting as a trade-o↵ between
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several biomechanical features. Among the others, the vessel sca↵olding,

i.e., the stent capability to support the vessel wall after stenting, represents

a crucial issue. Vessel sca↵olding is usually determined by the free cell area,

which is dependent upon the number and arrangement of bridge connec-

tors. In closed-cell stents, adjacent ring segments are connected at every

possible junction, while in open-cell stents, not all of the junction points

are interconnected. Thus, a closed-cell stent design has a smaller cell area

than its corresponding open-cell counterpart. The relation between stent

design and procedure outcomes is still matter of an intense clinical debate

[61, 62, 63, 64, 65], recently extensively discussed and reviewed by Hart and

colleagues [66].

The evaluation of vessel sca↵olding is not easily standardized or measured;

typically, the cell area of a given stent is measured in its free-expanded

configuration [15]. Although this measure is appropriate to compare dif-

ferent designs, it is challenging to be measured in vivo and does not take

into account the actual configuration of a stent implanted in a tortuous

carotid bifurcation. This limitation can be overcome exploiting realistic

simulations of CAS [20].

Within this framework, the present study aims at assessing the cell area

of four di↵erent stent designs deployed in a realistic carotid artery model

through patient-specific FEA.

3.2 Materials and Methods

In this section, we start from a previous study from our group [20], address-

ing the validation of CAS simulation with respect to a real stent deployed in

a patient-specific silicon mock artery. We then combine the methodologies

proposed in that paper with a procedure to measure the cell area in order
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to accomplish the goal of the present study.

3.2.1 Vessel model

The patient-specific vessel model considered in this study is reflecting the

geometry of a silicon mock artery, derived from DICOM images of a neck-

head Computed Tomography Angiography (CTA) performed on an 83 year-

old male patient at IRCCS San Matteo in Pavia, Italy. The common carotid

artery (CCA) has a mean diameter of 7 mm while the internal carotid

artery (ICA) has a mean diameter of 5.2 mm; a mild stenosis (24% based

on NASCET method) is present slightly above the bifurcation.

Given the variable wall thickness of the silicon model, the related finite

element model is derived by an high-resolution micro-CT scan of the sole

mock artery, segmented by Mimics v.13 (Materialise, Leuven, Belgium).

For the sake of simplicity, only a portion with a length of 42 mm, meshed

by 73322 10-node modified tetrahedron with hourglass control - C3D10M

- elements and 134092 nodes, of the whole model (see figure 3.1) is con-

sidered for the simulation performed by Abaqus/Explicit v. 6.10 (Dassault

Systémes, Providence, RI, USA), as discussed in subsection 3.2.3.

The mechanical response of silicon is reproduced assuming an hypere-

lastic material model, defined by a second order polynomial strain energy

potential U defined as:

U =
2X

i+j=1

Cij(Ī1 � 3)i(Ī
2

� 3)j +
2X

i=1

1

Di
(Jel � 1)2i (3.2.1)

where Cij and Di are material parameters; Ī
1

and Ī
2

are respectively the

first and second deviatoric strain invariants. The material model calibration

is performed on the stress-strain data derived from a tensile test on a silicon
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Figure 3.1 Elaboration of Computed Tomography Angiography (CTA) images:
whole 3D reconstruction of neck-head district highlighting the region of interest (a);
surface describing the CA lumen used to create the silicon artery (b); radiography
of the silicon artery highlighting the non-uniform wall thickness (c); tetrahedral
mesh adopted in the simulations (d).
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sample and results in the following non-null coe�cients: C
10

= �2.40301

MPa; C
01

= 3.02354 MPa; C
20

= 0.456287 MPa; C
11

= �1.72892 MPa;

C
02

= 2.73598 MPa.

3.2.2 Stent finite element model

Four di↵erent self-expanding NiTiNOL carotid stent designs are considered.

They resemble four commercially available stents used in the clinical prac-

tice. In the following they will be referred to as model A (ACCULINK -

Abbott, Illinois, USA), model B (Bard ViVEXX Carotid Stent - C. R. Bard

Angiomed GmbH & Co., Germany), model C (XACT - Abbott, Illinois,

USA) and model D (CRISTALLO Ideale - Invatec/Medtronic, Roncadelle

(BS), Italy), respectively. Given the comparative nature of the study, for all

designs we considered the straight configuration having a 9 mm reference

diameter and 30 mm length. Since no data are available from the man-

ufacturer, the main geometrical features of such devices are derived from

high-resolution micro-CT scans of the stent in the delivery system (see fig-

ure 3.2-a). As discussed in previous studies [20, 67], the stent model to be

embedded in CAS simulation is generated through the following steps:

• a planar CAD geometry (see figure 3.2-b), corresponding to the un-

folding of stent crimped in the delivery catheter, is generated by

Rhinoceros v. 4.0 SR8 (McNeel and Associated, Seattle, WA, USA)

and subsequently imported to Abaqus/CAE v. 6.10 (Dassault SystËmes,

Providence, RI, USA) where the mesh is generated;

• through appropriate geometrical transformations performed by an in-

house code in Matlab (The Mathworks Inc., Natick, MA, USA), the

planar mesh is rolled leading to the final crimped stent (i.e., laser-cut

configuration) as depicted in figure 3.2-c;
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• simulating the shape-setting process through FEA (solver: Abaqus/Explicit

v. 6.10 - Dassault SystËmes, Providence, RI, USA), the crimped con-

figuration is transformed into the free-expanded configuration (see

figure 3.2-d).

The mesh details about the considered stent FE models are reported in

table 3.7, where also the numbers of the considered cells for the area mea-

surement, with respect to three stent segments (i.e., proximal, bifurcation

and distal), are reported. The stent models in free-expanded configurations

are instead depicted in figure 3.3.

3.2.3 Stent deployment simulation

To investigate the interaction between the stent and the patient-specific CA

model, we perform a two-step simulation procedure [20, 68]. In the first

step the diameter of the stent is decreased simulating the loading phase

of the stent into the delivery system. Subsequently, the stent inside the

delivery sheath is placed into the target lesion and there the retractable

sheath is removed allowing the stent/vessel interaction and thus mimicking

stent placement. We use the pre-stenting vessel centerline for stent posi-

tioning and the stent deformation is imposed by a profile change of the

retractable sheath, through appropriate displacement boundary conditions

on its nodes. These boundary conditions are determined as the di↵erence

between the starting and final sheath shape. The simulation is performed

using Abaqus/Explicit v. 6.10 as finite element solver, since the numerical

analysis is characterised by non-linearity due to the material properties,

large deformations and complex contact problems. The general contact al-

gorithm is used to handle the interactions between all model components;

in particular, a frictionless contact between the stent and delivery sheath,
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Figure 3.2 Stent mesh generation: detail of a high resolution micro-CT performed
on a real stent within the delivery system (a); planar CAD geometry resembling
the stent design pattern (b); stent mesh in crimped configuration (c); stent mesh
in free-expanded configuration (d).
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Figure 3.3 Considered stent designs in free-expanded configuration. The cells
considered for area computation are depicted in yellow.
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and a friction coe�cient of 0.2 between the stent and the vessel inner sur-

face is assumed.

The superelastic behavior of Nitinol is modeled using the Auricchio-Taylor

model described in Chapter 2, by means of the Abaqus built in material

subroutine [69] and the related constitutive parameters are obtained from

the literature [70]; we consider such material properties identical for all

stents and we assume the density to be 6.7 g/cm3.

3.2.4 Measuring the stent cell area

We measure the cell area of a 3D surface having the cell contour as a

boundary. To create such a surface it is necessary to: i) identify the cell

boundary nodes; ii) sort these nodes in an appropriate manner to define a

spline; iii) use the spline to create the target surface. To speed up such a

process, we integrate Matlab and Rhinoceros in a workflow defined by the

following steps:

1. Node set identification of each cell boundary from the planar mesh:

since the node label does not change along the geometrical transfor-

mation described in section 3.2.2, we move from the planar mesh to

clearly identify cell boundary nodes and to easily associate the related

nodal labels (see figure 3.4-a/b).

2. Delaunay triangulation of each node set: the basic idea is to use the

triangulation (see figure 3.4-c) to detect the outer edges and the re-

lated nodes, using thus the edge connectivity to drive the nodal sort-

ing. The procedure is improved by the introduction of user-defined

dummy nodes in order to have less distorted triangle elements inside

the cell, improving the e�ciency of the next step.
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3. Detection of outer edges and node sorting : as depicted in figure 3.4-

c, the mesh obtained in the previous step does not match the cell

boundaries. To overcome such a problem we exploit the approach

proposed by Cremonesi et al. [71], taking advantage of a distortion

criterion to remove the unwanted triangles. In particular, for each

triangle of the mesh, the shape factor is defined as ↵e = Re
h � 1p

3

,

where Re is the radius of the circumcircle of the e-th triangle and h

the minimal distance between two nodes in the element. This factor

represents an index for element distortion and can be used, after the

setting of a proper threshold, to remove the unwanted triangles with-

out any modification of the original Delaunay triangulation. For this

work, in order to create an algorithm able to change its requirement

with the di↵erent cell configurations, we set the shape threshold to

1.5 ↵e, where ↵e is the ↵e average. After the undesired cells removal

(see figure 3.4-d), the algorithm identifies the cell borders (see figure

3.4-e) and sorts the nodal labels in order to make them suitable for

the next step. At this stage the nodal labels can be associated with

the deformed nodal coordinates in order to obtain the deformed cell.

4. Creation of a 3D surface for each cell and area measuring : through

a script in Rhinoceros, we firstly define a 3rd order polynomial curve

passing through the cell boundary nodes and we finally create the

related patch surface, as illustrated in figure 3.4-f. In this way, each

cell area can be automatically measured and exported in a tabular

format.

In this study, we compute the cell area as a sca↵olding measure since it

resembles in a more accurate manner the current configuration of the cell

with respect other comparators such as the largest fitted-in circle (LCF),
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Figure 3.4 Cell surface definition: Node identification of cell boundary nodes (a-
b); Delaunay triangulation of each node set (c); Delaunay triangulation after the
application of distortion criterion (d); detection of outer edges (e); creation of 3D
cell surface (f).
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which would represent somehow the maximum size of a plaque particle

potentially protruding through the stent struts. With respect to this is-

sue, Müller-Hülsbeck et al. [15] report a LCF of 1.18 mm for both AC-

CULINK (open-cell) and XACT (closed-cell) and 1.2 mm CRISTALLO

Ideale (closed-cell) in the corresponding stent middle portion, while the

cell area is 15.10 mm2 for ACCULINK, 3.55 mm2 for XACT and 3.30 mm2

for CRISTALLO. From these data, we can observe that LFC does not catch

the di↵erence between the various stent designs which is instead particu-

larly evident through the cell area.

3.3 Results

In order to evaluate the suitability of our approach, we have firstly com-

pared the cell areas computed in free-expanded configuration by our nu-

merical models with respect to the data available in the literature. Given

the lack of studies dealing with this topic, for such a comparison we can

only refer to the work of Müller-Hülsbeck et al. [15]. In particular, for

our purpose we consider the measurements reported about i) 7-10X30mm1

ACCULINK (Abbott, Illinois, USA), ii) 8-10X30mm XACT (Abbott, Illi-

nois, USA) and iii) 7-10X30mm CRISTALLO Ideale (Invatec/Medtronic,

Roncadelle (BS), Italy). Since the considered stents are tapered, we appro-

priately modify Model A, Model C and Model D during the shape-setting

step of stent mesh creation. As highlighted by table 3.7, our results are

acceptably matching the experimental data. We remark that in table 3.7

the data from Müller-Hülsbeck et al. [15] of distal and proximal segments

have been swapped, since we believe that a typo is present in that paper.

Such a consideration is reasonable if we assume that, given the same cell

1distal-proximal diameter X length
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shape, the smaller is the diameter of the related segment, the smaller is the

cell area; consequently, in a tapered stent, the distal segment diameter is

smaller than the proximal one and thus the corresponding cell area. With

respect to Model D, we would also underline that our results match well

with the data presented by Cremonesi et al. [72], who are in fact reporting

an average cell area of 15.17 mm2 for the proximal segment, 3.24 mm2 for

the middle segment and 11.78 mm2 for the distal one.

The post-stenting configurations obtained by the deployment simulations

with respect to the four considered models are reported in figure 3.5. Given

the free-expanded and deployed configuration, for each stent it is possible

to compute the cell area with respect to four stent segments as reported in

table 3.7 and figure 3.6.

Both Model A and Model B are generally classified as open-cell but, at

distal and proximal ends, the cells are partially closed in Model A and fully

closed in Model B, to enhance the stent stability during the release; this

feature is not present on Model D. Considering the free-expanded config-

uration, this aspect leads to a variable cell size in the distal and proximal

segment as highlighted in figure 3.6, while the cell area is uniform in the

bifurcation segment. After the deployment, if we consider the cell sets rang-

ing from Proximal
2

to Distal
1

, it is possible to notice that the cell area is

decreasing following the vessel tapering pointing up the dependence of the

cell size from the target vessel caliber. For Model B, it is worth to notice

that the percentage reduction of di↵erent cell types is comparable in the

proximal and distal segments (see table 3.7).

Model C, which is a fully closed-cell design, shows a peculiar behavior. In

fact it has a cell shape varying along the length, leading to a progressive

cell size increase, which is evident in free-expanded configuration (see figure

3.6-c). This feature compensates the cell area reduction due to apposition,
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providing thus a uniform cell size after the deployment.

Model D resembles the features of Cristallo Ideale Carotid Stent, a nitinol

self-expanding stent, which has a hybrid design consisting of three segments:

a closed cell midsection with open cell portions at both edges, which are in-

tended to provide adequate sca↵olding to the carotid plaque while assuring

high flexibility and vessel wall adaptability. Such a variability in the design

is reflected by the change of the cell area along the stent length, showing a

smaller cell area in the bifurcation segment.

Analyzing the standard deviation values, it is possible to notice that the

vessel curvature induces a non uniform distribution of the cell area in cir-

cumferential direction for Model A and B especially in the bifurcation seg-

ment. This e↵ect is particularly evident for Model A (see figure 3.5-a) where

the bending due to the angulated CA bifurcation, causes a mis-alignment

and protrusion of the stent struts on the open surface, so-called fish-scaling

e↵ect.

The indications provided by the free-expanded configuration (see figure

3.6-e) are qualitatively maintained after the deployment (see figure 3.6-

bottom); in fact, Model A has the larger cell areas while Model C and

Model D have the smaller ones at the bifurcation level. It is necessary to

underline that in the segment Distal
2

the cell area odf Model D is higher

than the other stent models but, by a clinical point of view, this aspect is

negligible since often the middle part of the stent is in charge to cover the

plaque.

3.4 Discussion

Carotid angioplasty and stenting is usually inducing the disruption of athero-

matous plaque obstructing the lumen. Consequently, the physicians’ con-
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Figure 3.5 Considered stent designs after the deployment simulation. The cells
considered for area computation are depicted in yellow.
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Figure 3.6 Bar graph of the mean cell area: free expanded VS implanted for
each stent model (top and middle); comparison between the stent models in free-
expanded configuration (bottom-left) and implanted (bottom-right).

94



Vessel sca↵olding evaluation for carotid artery stents: a FEA-based
approach

cerns are now turned to stent capability to limit plaque protrusion, i.e.,

vessel sca↵olding, to avoid that some debris is dislodged after the proce-

dure.

There is an intense debate [61, 62, 63, 64, 65, 66, 71] about the impact of

stent design on post-procedural events. Hart et al. (2006) [65] by a retro-

spective study suggest that patients treated with closed-cell stents have a

lower risk to experience post-procedure adverse events, when compared to

patients treated with open-cell design; they formulate the hypothesis that,

since transient ischemic attack is related to small particles passing through

the stent mesh, closed-cell stents have a superior capability to sca↵old the

emboligenic plaque, given to their smaller free cell area.

Bosiers et al. (2007) [64] support the conclusions from Hart et al. [65],

showing that post-procedural complication rates are higher for the open-

cell stent types, especially in symptomatic patients; moreover, such compli-

cations increase with larger free cell area. Consequently, Bosiers et al. [73]

sustain that the smaller is the free cell area, the better is the stent capability

to keep plaque material behind the struts. Although the characteristics of

the plaque and its stability should be considered for an appropriate patient

selection [64]

Schillinger et al. (2008) [63] do not confirm the indications previously illus-

trated; in fact, their retrospective analysis has not indicated any superiority

of a specific carotid stent cell design with respect to neurological complica-

tions, stroke, and mortality risk.

This debate has been further enriched by other contributions [61, 62, 66]

highlighting the need of other dedicated studies.

Given such considerations, it is possible to state that stent sca↵olding is a

clinically-relevant topic; unfortunately, the clinical debate has not an en-

gineering counterpart. In particular, really few studies are addressing the
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quantification of vessel sca↵olding of a given stent design. Müller-Hüls-

beck et al. [15] performed an in-vitro study measuring the cell area of

several commercially available stents in free-expanded configuration. They

performed the measurements by the software of their optical microscope.

Despite this approach is appropriate for comparative purposes, it neglects

the current configuration of the stent implanted in a tortuous CA bifurca-

tion and the related cell configuration change. In our previous study [20],

we have considered only one stent model in two design configurations, using

the interstrut angle as a measure of sca↵olding. Consequently, it is clear

that there is still room for further investigations, hence we measure the

cell area of four di↵erent stent designs deployed in a realistic carotid artery

model through patient-specific finite element analysis (FEA).

Our results confirm the basic idea that, given a cell shape, the cell area

depends on the size of the vessel segment where the stent is deployed. Even

if this result is not surprising, it is important to underline that there is a

dramatic reduction of the cell size (up to -54.7%) after the deployment. De-

spite the indications derived from the free-expanded configuration are useful

and appropriate for comparative purposes, the conclusions withdrawn by

this approach should be carefully considered; in fact they neglect the vari-

ance of the cell size along the stent length, which sometimes mitigates the

di↵erence between two stent designs observed in the free-expanded state.

Following these thoughts, we agree with Siewiorek et al. [74], who sustain

that analyses based on binary classification, such as open- vs closed-cell,

or on a single variable may be misleading given the complexity of the ap-

proached problem.

Our results also confirm the qualitative observation reported by Wholey

and Finol [75], who underline the role of vessel anatomy for vessel sca↵old-

ing; in fact, when cells open on the concave surface of an angulated CA
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bifurcation, they could prolapse showing the so-called fish scaling e↵ect.

This issue could induce some drawbacks and is a↵ecting the sca↵olding

uniformity at the bifurcation segment (see figure 3.5 and figure 3.6-d).

3.5 Limitations

The main limitations of the present study are related to the following items:

i) only one specific vascular anatomy is considered; ii) the degree of stenosis

is low (i.e., 24%). The consideration of more severe stenosis demands for

the assessment of the atherosclerotic plaque morphology and its mechani-

cal response, which is one of the most challenging within the framework of

stenting simulations. In particular, the mechanisms driving the plaque rup-

ture during pre-stenting angioplasty should be accounted and modelled; in

fact, during real CAS procedure approaching severe stenosis, the vessel pa-

tency is primarily restored with an angioplastic procedure and after that,

the stent is deployed in order to avoid elastic recoil leading to early re-

occlusion.

Up to now, the majority of the numerical studies addressing structural

analysis of stent in atherosclerotic vessel does not consider severe stenosis

[68, 76, 77] and simplifies the problem from both geometrical and constitu-

tive point of view [78, 79]. Despite an excellent study toward realistic inves-

tigation of stenting in highly stenotic (iliac) artery was already provided by

Holzapfel and colleagues in 2005 [80], the inclusion of micro-damage and

damage mechanism, occurring in the arterial wall due to vascular injury

during angioplasty and stent deployment, is still an open point.

Given such considerations and the comparative nature of the present study,

we believe that the consideration of a mild stenosis is acceptable. However,

future consideration of more severe degrees of stenosis would strengthen the
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relation between the obtained results and the clinical practice. Moreover,

it is necessary to highlight that in the present study we do not consider

the impact of plaque morphology and stability on the vessel sca↵olding,

since we focus mainly on its relationship with the stent design per se. A

low/mild stenosis can be more dangerous than a severe one if the plaque is

vulnerable; this issue is in fact related to post-stenting plaque prolapse and

is a matter of concern during the procedure planning and for the patient

eligibility [81]. Nevertheless, such a simplification is consistent with the

experimentally-validated simulation presented in [20], which has shown the

ability to predict the deformed configuration of a real stent deployed in a

silicon mock artery.

3.6 Summary

In the present study we measure the cell area of three di↵erent stent designs

deployed in a realistic carotid artery model through patient-specific finite

element analysis (FEA) with the aim to consider the actual configuration of

the stent within the vessel. The results suggest that after the deployment

the cell area change along the stent length and the related reduction with

respect to the free-expanded configuration are function of the vessel ta-

pering. Nevertheless, for comparative purposes, the conclusions withdrawn

from the free-expanded configuration appear to be qualitatively acceptable,

but they should be carefully handled since they do not take into account

the variability a↵ecting the cell area distribution after the implant. Such a

variability seems to be more pronounced in open-cell designs, whose scaf-

folding uniformity is impaired especially at the bifurcation segment.

Even though the investigation is limited to few stent designs and one vas-

cular anatomy, our study confirms the capability of dedicated simulations
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based on computational mechanics methods, such as FEA, to provide use-

ful information about complex stent features as vessel sca↵olding. Such

predictions could be used to design novel carotid stents or for pre-surgical

planning purposes.
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3.7 Tables

Model label A B C

Reference stent ACCULINK VIVEXX XACT CRISTALLO
Design Open-cell Open-cell Closed-cell Hybrid
N� cells

Proximal
1

6 15 18 5
Proximal

2

3 5 18 5
Bifurcation

1

3 5 18 14
Bifurcation

2

3 5 18 14
Distal

1

3 5 18 5
Distal

2

9 15 18 5
N. Elements 90552 78160 74764 30000
N. Nodes 177066 41144 33948 65010

Table 3.1 Overview of analyzed stents. The hybrid stent has closed-cell design in
the mid part and an open-cell design at the ends.

ACCULINK 7-10x30mm XACT 8-10x30mm Cristallo 7-10x30mm

Stent segment Model Ref. Model Ref.
Proximal

1

8.7 ± 0.1 3.3 ± 0.1 3.1 15.8 ± 0.1 13.5
Proximal

2

16.3 ± 0.0 16.6 3.2 ± 0.1 16.3 ± 0.2
Bifurcation

1

15.1 ± 0.0 15.1 3.7 ± 0.1 3.55 3.4 ± 0.1 3.3
Bifurcation

2

15.5 ± 0.0 3.6 ± 0.1 3.3 ± 0.1
Distal

1

12.7 ± 0.1 13.6 4.8 ± 0.1 4.0 11.7 ± 0.1 12.4
Distal

2

3.8 ± 1.2 4.9 ± 0.1 11.1 ± 0.1

Table 3.2 Comparison of cell area obtained using our approach with respect to the
data reported by Müller-Hülsbeck et al. [15], considered here as a reference. Data
are reported as the mean ± standard deviation; mm2 is the unit measure.
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Chapter 4

NURBS-based Isogeometric Analysis

fundamentals

This chapter aims at introducing the fundamental concepts of Isogeo-

metric analysis starting from NURBS geometric representation. For the

sake of simplicity we initially focus the discussion on curves representation.

Subsequently, the extension to surfaces and trivariate solids is described.

Such NURBS structures represent the basis for the continuum discretiza-

tion employed within the IgA framework, which is introduced in the second

part of the chapter.

4.1 Geometrical modeling of Curves

There exist di↵erent mathematical approaches for the description of curves.

Basically it is possible to identify three families:

• Explicit representation: the relation between the coordinates of the

curve points are expressed by mean of an equation in the form y =

f(x) (see Fig. 4.1-a);
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• Implicit representation: the relation between the coordinates of the

curve points are expressed by mean of an equation in the form f(x, y) =

0 (see Fig. 4.1-b);

• Parametric representation: each coordinate is expressed as an explicit

function of an independent parameter u, C(u) = (x(u), y(u)) (see Fig.

4.1-c);
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Figure 4.1 Example of di↵erent mathematical descriptions of curves: (a) explicit
representation of a quadratic parabola; (b) implicit representation of a cardioid;
(c) parametric representation of a epicycloid.

Each of the geometrical representations presents di↵erent advantages and

drawbacks, as well as geometrical properties for the resulting curve [82].

The parametric representation is intuitively more suited for a computer

implementation and the choice of the coordinate functions becomes crucial

to define the properties of a geometric modeling system. A common choice

is to use n-th order polynomials as basis functions in order to get the
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following form

C(u) = (x(u), y(u)) =
nX

i=0

aiu
i with ai = (xi, yi). (4.1.1)

where ui are called the basis functions and ai the coe�cients of the geomet-

rical representation. Several choices for the basis functions are available,

e.g., power basis, Bézier curves, rational Bézier curves [82]. Although these

basis functions are a powerful tool, they present the following drawbacks:

• the construction of a curve starting from n data coe�cients implies a

n + 1-th order curve;

• high degree is necessary to reproduce complex shapes.

These limitations can be overcome with the introduction of B-splines and

NURBS.

4.2 NURBS geometric representation

B-splines are the antecedents of NURBS and are still widely employed as

geometric representation tool in many CAD softwares. Therefore, this sec-

tion aims at introducing B-spline curves and their properties, since most of

the definitions and properties of B-splines naturally propagate to NURBS.

Thereafter, the generalization to B-splines surfaces and solids is presented.

At last, the generalization of B-splines to NURBS is described.

4.2.1 B-splines

B-splines are piecewise polynomial geometrical entities widely used in CAD

and computer graphics.
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A p-th order B-spline curve is constructed by linear combination of B-spline

basis functions and, coe�cients Bi, defined in Rd and named control points,

as follows:

C(⇠) =
nX

i=1

Ni,p(⇠)Bi, (4.2.1)

where n is the number of basis functions (and control points). The param-

eter space of the curve is described by the variable ⇠. A knot vector ⌅ is

defined as a non-decreasing, real-valued vector

⌅ = [⇠
1

, ⇠
2

, ⇠
3

, ..., ⇠n+p+1

] (4.2.2)

whose knots ⇠i partition the parameter space into elements, or knot spans.

Knot vectors may be open if the first and the last knot appear p+ 1 times.

Moreover, if the knots are distributed equally along the parametric space,

the knot vector is defined uniform. Given a knot vector ⌅ it is possible to

define the B-spline basis functions using the Cox-de Boor recursive formula.

Starting from p = 0

Ni,0(⇠) =

(
1 if ⇠i  ⇠ < ⇠i + 1

0 otherwise
(4.2.3)

and for p 6= 0 Equation (4.2.3) can be generalized as

Ni,p(⇠) =
⇠ � ⇠i

⇠i+p � ⇠i
Ni,p�1

(⇠) +
⇠i+p+1

� ⇠

⇠i+p+1

� ⇠i+1

Ni+1,p�1

(⇠) (4.2.4)

As an example, a p = 3, n = 10 B-spline curve and its basis functions are

depicted in Figure 4.2.
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Figure 4.2 Example of B-spline basis functions and curve:
(left) Cubic basis functions generated by the knot vector ⌅ =
{0, 0, 0, 0, 0.25, 0.5, 0.5, 0.75, 0.75, 0.75, 1, 1, 1, 1}; (right) B-spline curve and
its control points. The polygon constituted by the linear interpolation of the
control points is the so-called control polygon.

The main feature of B-Splines is the possibility to control the regularity

on knot locations. In general, basis functions of order p present p � m

continuous derivatives across a given knot ⇠k, i.e., the basis is Cp�m, where

m is the multiplicity of the knot ⇠k. In particular, if m = p the basis is

C0 and interpolatory, as in classical FEA, while, if m = p + 1, the basis

is discontinous and the boundary of the patch is defined. If a knot has

multiplicity m = 1, maximum Cp�1-regularity is attained.

B-spline basis functions present many important properties (for a detailed

description, please refer to [82]). Among them, it is remarkable to note:

• Partition of unity:
Pn

i=1

Ni,p(⇠) = 1 8⇠

• Compact support: Each basis function is equal to zero everywhere

except on the interval [⇠i, ⇠i + p + 1];

• Non-negativity: Ni,p(⇠) 6=0 8⇠
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• Linear independence:
Pn

i=1

⇠iNi,p(⇠) = 0 || ⇠j = 0 j=1,2,...,n

Moreover, important properties of B-Splines curves are

• Convex hull property: the B-Spline curve is contained inside the con-

vex hull of the control polygon;

• Continuity: the curve is C1 between two knots between two knots

and Cp�m at a knot location with multiplicity m;

• A�ne transformation: a�ne transformations (scaling, translations,

rotations) on the B-spline curve can be obtained transforming the

control points accordingly.

Extension to surfaces and solids

B-spline surface and solid structure can be defined from tensor product

combination of 2 (for surfaces) or 3 (for solids) 1D basis functions. Given

p and q polynomial orders, n and m basis functions and two knot vectors

⌅ = [⇠
1

, ⇠
2

, ⇠
3

, ..., ⇠n+p+1

] and H = [⌘
1

, ⌘
2

, ⌘
3

, ..., ⌘m+q+1

], a tensor-product

B-spline surface is defined as

S(⇠, ⌘) =
nX

i=1

mX

j=1

Ni,p(⇠)Mj,q(⌘)Bi,j (4.2.5)

The extension for solids requires and additional set of l basis functions with

order r and a knot vector Z = [⇣
1

, ⇣
2

, ⇣
3

, ..., ⇣l+r+1

]. The B-spline solid is

defined as

V(⇠, ⌘, ⇣) =
nX

i=1

mX

j=1

lX

k=1

Ni,p(⇠)Mj,q(⌘)Lk,r(⇣)Bi,j,k (4.2.6)
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Figure 4.3 Piecewise quadratic-quadratic polynomial surface and its control net .

Both for surfaces and solids B represents the so-called control net, natural

evolution of the control polygon in 1-D. It is important to remark that both

surface and solid structures preserve the properties of 1D B-spline basis

functions. Figures 4.3 and 4.4 show an example of quadratic-quadratic

B-spline surface and quadratic-quadratic-linear B-spline solid, respectively.

The isocurves mark the knots which partition the surface into elements.

The boundaries of the surfaces are defined by the control points at the

boundary and the vertices are interpolated.
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Figure 4.4 Piecewise quadratic-quadratic-linear polynomial solid and its control
net.
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4.2.2 Non-Uniform Rational B-Splines (NURBS)

The principal drawback of using polynomials as basis functions, including

B-spline, is the inability to exactly represent a wide array of geometric

objects. For this reason rational B-splines were introduced and became

the current standard in CAD community. A p� th order NURBS curve is

represented as

C(⇠) =

Pn
i=0

Ni,p(⇠)wiBiPn
i=0

Ni,p(⇠)wi
. (4.2.7)

where Bi are the control points coordinates defined in Rd, wi are the weights,

⇠ is the knot representing the parametric coordinates and Ni,p(⇠) are the

p-th order B-spline basis functions. A NURBS curve in Rd can be seen

as the projective transformation of a B-spline entity in Rd+1 (see Fig.4.5).

The transformation is applied by projecting every point by mean of the

weight wi. NURBS surfaces and solids can be constructed in the same

way described in the previous section. Using NURBS basis functions all

Figure 4.5 A circle in R2 constructed by the projective transformation of a piece-
wise quadratic B-spline in R3 [18].
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the conic sections, such as circles and ellipses, can be exactly constructed

by projective transformations of piecewise quadratic curves, making this

technology the most popular in CAD community. NURBS basis functions

preserve all the properties of B-spline functions:

• Partition of unity:
Pn

i=1

Ni,p(⇠) = 1 8⇠ ;

• Local support: Each basis function is equal to zero everywhere except

on the interval [⇠i, ⇠i + p + 1];

• Non-negativity: Ni,p(⇠) 6=0 8⇠;

• A�ne invariance: An a�ne transformation applied to the NURBS

object is equivalent if it’s applied directly on the control points.
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4.3 Isogeometric analysis

Hughes and colleagues coined the term Isogeometric Analysis (IgA) in 2005

[17]. The initial motivation of IgA lied into the desire of reducing the en-

gineering time for model generation, using a single mathematical represen-

tation for both design and analysis. In particular, IgA can be seen as an

enhanced exploitment of the “isoparametric concept”. The isoparametric

concept states that the unknown variables, i.e., the nodal displacements,

and the model geometry are represented in terms of the same basis func-

tions. Such concept is a fundamental requisite for the exact approximation

of rigid body motions and constant strain states [83]. However, tradi-

tional FEA employ low-order, mostly linear shape functions to approxi-

mate the solution while CAD software employ high-order high-continuity

spline functions (like the NURBS described above) to reproduce the model

geometry. For this reason, the CAD model needs to be converted in a

format suitable for FEA. During such a process, called meshing, the high-

order high-continuity CAD model is converted in a finite set of low-order,

low-continuity FEA elements. Meshing presents the following drawbacks:

• FEA mesh is just an approximation of the real geometry. However,

the exact representation of the geometry can be crucial in many en-

gineering applications, i.e., buckling analysis and contact problems;

• Meshing is a bottleneck process for a wide variety of industrial appli-

cations (Fig. 4.6). In particular, meshing of complex structures needs

manual modifications before FEA and, in general, the whole process

needs to be repeated every time the mesh needs to be modified (Fig.

4.7).
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Figure 4.6 Estimation of the relative time costs of each component of the model
generation and analysis process at Sandia National Laboratories. Note that the pro-
cess of building the model completely dominates the time spent performing analysis
[18].

Figure 4.7 Patient-specific FEA framework
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Figure 4.8 Patient-specific IgA framework.

The idea of isogeometric analysis is that the NURBS basis functions used for

the geometry description in CAD can be employed both by the geometry

description and the solution framework (isoparametric concept). Within

this context the whole process of meshing can be bypassed and the two

models for design and analysis merge into one (Fig. 4.8).

The following points about IgA need to be considered:

• NURBS parameter space is local to patches rather than elements.

That is, the parameter space in FEA is mapped into a single element

in the physical space, while in IgA the mapping is global and applied

to the whole patch;

• Gauss quadrature is employed for the integration of the weak form

components at the element level. Such choice has been proven to be

a reliable tool in the literature [17].

However, ad-hoc e�cient integration rules taking advantage of the
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NURBS high continuity [84, 85];

• Polynomial order p and knot vector ⌅ define the approximation prop-

erties of the patch;

• The control points associated with the basis functions define the ge-

ometry.
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4.3.1 Refinement

IgA refinement techniques slightly di↵er from their FEA counterparts. First,

B-splines and NURBS basis can be enriched while leaving the underlying

geometry and its parameterization intact. Moreover, besides control over

the element size and the order of the basis, IgA allows to control the con-

tinuity of the basis as well. In the following, the three IgA refinement

techniques, i.e., h,p and k refinement are presented and compared, when

available, with their FEA counterpart.

h-refinement: the knot insertion

The most intuitive technique to enrich the NURBS basis is the knot in-

sertion. In knot insertion, the knot spans are divided into smaller ones

by inserting new knots without changing the NURBS curve geometrically

or parametrically. Clearly, for each knot inserted, an additional control

point is inserted (see Fig. 4.9). Also knot values already present in the

knot vector may be repeated, increasing their multiplicity and reducing the

continuity at that knot location. Insertion of new knot values clearly has

similarities with the classical h-refinement strategy in FEA. It di↵ers, how-

ever, in the lower number of new functions that are created, as well as in

the continuity of the basis across the newly created element boundaries.

p-refinement : the order elevation

Order elevation involves the raising of the polynomial order of the basis

functions used to represent the geometry (see Fig. 4.10). In order to

preserve geometric and parametric definition of the original NURBS struc-

ture, when order p is increased, knot multiplicity m must also be increased

to preserve the original Cp�m continuity at knot locations. Clearly, the
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Figure 4.9 Knot insertion: Control points are denoted by •. The knots, which
define a mesh by partitioning the curve into elements, are denoted by ⌅ [18].
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locations of the control points change, but the elevated curve is geomet-

rically and parametrically identical to the original curve. Order elevation

has many similarities with the classical p-refinement strategy in FEA. The

major di↵erence is that p-refinement always begins with a basis that is C0

everywhere, while order elevation is compatible with any combination of

continuities that exist in the original NURBS mesh.

k-refinement

Besides two techniques, i.e., knot insertion and degree elevation, that find

similarities with traditional FEA refinement techniques, IgA o↵ers addi-

tional possibilities. In particular, k-refinement, i.e., a sort of high continu-

ity h refinement, is available. Starting from the fact the h and p-refinement

techniques do not commute we can have:

• If a unique knot ⇠i is inserted between two distinct knot values in a

curve of order p, the basis will be Cp�1 at that knot location. Sub-

sequently the order is elevated to q, and the multiplicity of every

distinct knot value (including the knot just inserted) is increased so

that discontinuities of the basis are preserved. In such a process, the

basis is still Cp�1 at ⇠i, even if the polynomial order is now q. This

process is defined as hp refinement (Fig. 4.11-a).

• On the contrary, if the basis is at first elevated from order p to q and

subsequently insert knot ⇠i, the resulting basis will be Cq�1 at knot

⇠i location. This process is defined as k-refinement and there is no

analogous technique in standard FEA (Fig. 4.11-b).
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Figure 4.10 Order elevation: Control points are denoted by •. The knots, which
define a mesh by partitioning the curve into elements, are denoted by ⌅ [18].
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Figure 4.11 Three element, higher-order meshes for hp and k-refinement. (a)
The p-refinement ap- proach results in many functions that are C0 across element
boundaries. (b) In comparison, k-refinement results in a much smaller number of
functions, each of which is Cp�1 across element boundaries [18].

121



Advanced Modeling of Stents

4.4 State of the art

Since its introduction by Hughes et al. [17], NURBS-based IgA aroused

great interest in the scientific community and, in the following, a brief

overview of the di↵erent studies on IgA is provided.

The first works by Bazilevs et al. [86] and Cottrell et al. [18] aimed

at assessing the approximation property, stability and error estimates for h

and p refinements.

The analysis of structural vibrations was the first application proving

the IgA computational advantages over traditional FEA [87, 88, 89]. In

particular, the employment of k-refinement provided more robust and accu-

rate frequency spectra than typical higher-order finite elements eliminating

“optical” branches of frequency spectra.

Starting from these promising results, the range of IgA applications

rapidly expanded. In particular, shell modeling is one of the most promising

IgA application fields. In this aspect, we remark the innovative works of

Kiendl et al. [90] for Kirchho↵-Love shells and Benson et al. [91] for the

Reissner-Mindlin shells.

Moreover, the easy implementation of k-refined elements makes IgA

very interesting for the approximation of high-order problems. In this

aspect Bu↵a et al. [92] introduced a B-spline based discretization scheme

for Maxwell equations in two space dimension, while Gomez et al. [93] and

Vilanova et al. [94] applied NURBS-basis functions to solve Cahn-Hiliard

equations and tumor angiogenesis modeling, respectively.

Another interesting application of the IgA concept is the analysis of

nearly incompressible solids. In this aspect, Taylor [95] presented a three-

field variational structures and tensor product NURBS approximations,

while Elguedj et al. [96] proposed B-bar and F-bar projection methods for
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nearly incompressible material in small or large deformation.

The principal aim of IgA, i.e., link design model and geometric de-

scription, provided a breeding ground for di↵erent investigations on shape

optimization techniques. In this aspect, we remark the results obtained by

Kiendl [97] and the works by Wall et al. [98] and Cho et al. [99].

Moreover, IgA, from its original structural environment, rapidly ex-

tended to fluid mechanics applications and turbulent flows. As example we

remark the di↵erent works of Bazilevs [100, 101, 102].

More recently, the high continuity of the IgA basis has been applied

to solve the strong form of the corresponding partial di↵erential equation,

within a novel family of IgA collocation methods [103, 104]. The novel

numerical method has demonstrated to be extremely e�cient in terms of

numerical costs and especially attractive for problems where the evaluation

of the sti↵ness matrix is an important aspect.

In conclusion,during the last few years IgA has been employed to treat

many other critical aspects of traditional FEA, e.g., contact treatment [105,

106] (this aspect is detailed in Chapter 6) , large deformation problem with

mesh distortion[107] and wave propagation problems [108].

The research is now exploring di↵erent solution to extend and enrich

the features and the computational framework provided by the original

NURBS-based IgA. From the geometrical point of view, the major e↵ort is

nowadays dedicated on the implementation of IgA schemes able to overcome

the tensor product nature of NURBS basis functions. In this aspect, di↵e-

rent novel parametrizations, e.g., T-splines [109, 110], hierarchical B-splines

[111] and LR- B-splines [112], have been proposed as alternatives able to

overcome the tensor product limitation. From the numerical point of view,

many studies focused on the implementation of e�cient and IgA-suited

quadrature rules [84, 85], while the work of Collier et al. [113] highlighted
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the need of ad-hoc solvers to enhance the IgA computational e�ciency.

This is just a short list of the many numerical aspects where IgA can

provide benefits with respect to traditional numerical methods, and the

number of innovative applications is growing year after year as demon-

strated by the great interest in the scientific community (Fig. 4.12).
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Figure 4.12 Total number of citations per year using the keyword ”Isogeometric
analysis” (source: SCOPUS).
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Chapter 5

Stent bending modeling: a comparison

between FEA and IgA

Following the IgA basics introduced in Chapter 4, we now aim at in-

vestigating the IgA benefits within the vascular biomechanics framework.

In particular, vascular biomechanics can take advantage of highly accurate

geometric description for both biomedical devices and biological structures.

Moreover, IgA can provide a smooth description of complex phenomena,

such as contact and buckling phenomena. Within this context, this chap-

ter aims at investigating an important feature for carotid artery stents, i.e.,

flexibility by mean of traditional FEA and innovative IgA. In addition, an

IgA-based application focusing on the e�cient creation of analysis-suitable

vascular models is detailed in Appendix B.

5.1 Problem definition

In the last decade use of carotid artery stents (CAS) for stroke prevention

has rapidly evolved as a reliable alternative to the traditional approach
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of carotid endarterectomy. As an example, in the United States CAS ex-

panded from less than 3% of the total number of carotid artery revascular-

ization procedures in 1998 to 13% in 2008 [114]. The key device of CAS is

the so-called stent, a metallic frame that is driven to the target lesion to

restore the carotid artery patency by enlarging the narrowed lumen.

A proper delivery and placement of endovascular stent devices is of

utmost importance to ensure the safety and performance of the implant.

For this reason, an adequate stent flexibility, typically evaluated by means

of bending tests, plays an important role in the stent delivery process as

well as in the reduction of the stress generated by the interaction between

the device and the surrounding biological tissue.

Therefore, the quantitative evaluation of mechanical and geometrical

properties is of critical relevance for a reliable characterization of stents

already available on the market or during the design process of new de-

vices. This topic has been widely investigated in the literature, both from

the experimental and the numerical point of view. In particular, di↵erent

experimental benchmarks were proposed with particular emphasis on coro-

nary artery stents [115, 116, 117]. However, only the works of [15] and [118]

implemented an experimental benchmark for carotid artery stents. The ex-

perimental properties are typically evaluated through comparative studies

between di↵erent stent designs and include flexibility, radial sti↵ness, cell

sca↵olding, foreshortening, and elastic recoil. On the other side, many vir-

tual benchmark tests, typically based on structural Finite Element Analysis

(FEA), have been developed as a complementary tool to the experimental

studies [19, 77, 119, 120, 121].

Within this context, FEA is widely employed when experimental tests

are di�cult to implement or when a large number of materials, geometries,

and loading conditions need to be investigated before prototype fabrication.
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In particular, [117] studied the flexibility of four coronary artery stents by

means of a two-dimensional (2D) FEA model resembling a small portion

of the complete device. [119] and [19] proposed a there-dimensional (3D)

FEA model for stainless steel and adsorbable metallic coronary stents, re-

spectively. Both models reproduce only a portion of the complete device.

Eventually, [77] proposed a virtual flexibility test for coronary artery stents

based on a multipoint constraint. They implemented a 3D FEA model of

a full device.

We believe our work is the first numerical study approaching the flexi-

bility evaluation for carotid artery stents within a computational framework

applied to a 3D model of the whole device.

In our view, FEA presents some drawbacks that can limit the descrip-

tion of the domain under investigation and the regularity of the approx-

imated solution. In particular, the low-order and low-regularity polyno-

mials used to discretize the continuum domain do not allow, in general,

to accurately represent complex geometries unless extremely fine meshes

are adopted. At the same time, FEA basis functions do not allow one to

properly approximate the solution without resorting to a high number of

degrees of freedom.

Isogeometric analysis (IgA) has recently been developed as an exact-

geometry, cost-e↵ective alternative to classical FEA [17, 18]. Roughly

speaking, IgA proposes to replace the low-order, low-regularity FEA ba-

sis functions with the high-order, high-regularity basis functions employed

in computer-aided design (CAD) while retaining an isoparametric frame-

work. In particular, non-uniform rational B-splines (NURBS) were initially

chosen as the basic environment for IgA due to their widespread use in the

CAD community, but nowadays other more flexible options also are avail-

able ([18, 102]).
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An initial motivation for IgA was a desire to reduce the engineering time

for model generation by using a single mathematical representation for both

design and analysis. However, the higher regularity of IgA shape functions

with respect to FEA extended the range of applications to all the fields in

which high continuity plays a preeminent role, e.g., the study of structural

vibrations [87, 89, 108, 122], the analysis of nearly incompressible solids [95],

novel contact formulations [106], turbulent flows [100], and fluid-structure

interaction [102].

Only a few works have investigated the features of IgA applied to vascu-

lar biomechanics. In particular, [123] focused on the geometrical represen-

tation of complex vascular branches to get accurate, IgA-suitable models

for the analysis of blood flow. [101] and [102] developed an IgA-based fluid

structure interaction model, developed within an Arbitrary Lagrangian Eu-

lerian framework, to investigate the interaction of the arterial wall and the

blood flow. [124] developed a computational framework to compare the

performance of IgA and FEA applied to the structural closure of a patient-

specific aortic valve model. The work of [124] is the first structural investi-

gation addressing the benefits of IgA with respect to benchmark FEA shell

elements applied to vascular biomechanics.

Within this context, the present paper represents the first study inves-

tigating the impact of structural IgA for the evaluation of the mechanical

properties of endovascular devices. In this work we consider the behavior of

two carotid artery stent designs that resemble two commercially available

devices. NURBS-based IgA and classical FEA are adopted to model the 3D

bending problem in a large deformation regime corresponding to the can-

tilever beam bending experiment proposed by [15]. In our work we develop

a computational framework able to automatically obtain an IgA-suitable

stent discretization from the CAD model. Moreover, our framework also
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is extended to automatically obtain an equivalent highly structured finite

element mesh.

Two di↵erent constitutive models are considered, i.e., an elastic Saint

Venant-Kirchho↵ material and an inelastic shape memory alloy (SMA)

model implemented within in a large displacement-small strain regime.

Both IgA and FEA bending tests are performed using the general purpose

solver FEAP [125] and its additional package for IgA.

The results include a performance comparison, on a per-degree-of-freedom

basis, between IgA and FEA with respect to both local (reaction force) and,

when possible, global (stored energy) quantities. Moreover, we highlight

the capability of the two methods to reproduce the nonlinear local e↵ect

occurring when a particular stent design is considered.

The chapter is structured as follows: In Section 5.2 we describe the pro-

posed computational framework, including geometrical modeling, adopted

constitutive relations, and analysis setup. In Section 5.3 we present and

discuss some numerical results for each combination of stent design and

constitutive models. This section is structured in order to highlight not

only a general comparison in terms of number of degrees of freedom, but

also a focus on local nonlinear e↵ects. At last, in Section 5.4 we summarize

our findings.
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5.2 Materials and Methods

In this section the computational framework to obtain IgA-suitable stent

models directly from CAD is described. Subsequently, the constitutive

models used in our study are described. In particular we use a formula-

tion under the hypothesis of large displacements but small strains that are

typically induced in many biomedical applications [126]. Such geometrical

models and constitutive laws are then integrated within an analysis setup

simulating an experimental stent bending test.

5.2.1 Stent Model

A novel computational framework to interface the CAD software Rhinoceros

v. 4.0 SR8 (McNeel and Associated, Seattle, WA, USA) with the general

purpose solver FEAP is presented. Two di↵erent self-expanding carotid

stent designs are considered. They resemble two commercially available

stents used in clinical practice. In the following they will be referred to as

Model A and Model B, resembling respectively a Bard ViVEXX Carotid

Stent (C. R. Bard Angiomed GmbH & Co., Germany) and a XACT Carotid

Stent (Abbott, Illinois, USA).

The choice of these carotid artery stents is motivated by the di↵erent

designs that can significantly impact the global mechanical behavior. In

fact, while Model A is an open-cell stent, i.e., adjacent ring segments are not

connected at every junction, Model B is a closed-cell stent, i.e., all junctions

are connected. The two di↵erent designs influence many biomechanical

outcomes, e.g., vessel sca↵olding, adaptability, and flexibility.

Given the comparative nature of our study, for both designs we consider

a straight configuration having a 9 mm reference diameter and a 30 mm

length. Since no data are available from the manufacturer, the main geo-
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metrical features of such devices are derived from high-resolution micro-CT

scans (viz. Fig. 5.1-a) of the crimped stent in the delivery system [120].

Each stent model is generated through the following steps:

• A planar CAD geometry (see Fig. 5.1-b) corresponding to the stent

unfolded configuration is generated. Subsequently, a 2D CAD surface

is generated for each NURBS patch.

• The NURBS data (control points, knots and weights) are exported

as text files by mean of an in-house code developed in Visual Basic

Scripting;

• The NURBS surface structure is extruded and rolled by mean of an in-

house Matlab code (The Mathworks Inc. Natick, MA, USA) leading

to the final stent in open configuration as depicted in Fig. 5.1-c.

• Each patch composing the trivariate NURBS structure is finally ex-

ported in a suitable format for the solver FEAP. The control points

at the (conforming) interface between two adjacent patches are tied

together in order to obtain the IgA stent model.

The stent models A and B are composed by 87 and 191 NURBS patches,

respectively. The stent structure is regular and is composed of two patch

families, i.e., link and ring patches. We note that model A can be easily

represented by two di↵erent patches (see Fig. 5.1-d), however, model B has

a more complex structure that requires one ring and three linker patches.

Given the basic NURBS representation, the adopted refinement tech-

niques are graphically represented in Fig. 5.2. In particular, starting from

the CAD-based NURBS model (Fig. 5.2-top), we consider the following

refinement techniques for IgA and FEA, respectively.
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For the IgA models we implement a k -refinement routine following the

steps depicted in Fig. 5.2-left. This approach allows one to elevate the

polynomial order and, at the same time, to increase the smoothness of the

basis functions.

Moreover, in order to get a set of reliable finite element meshes we

extend the proposed computational framework. In particular, we perform

a set of fictitious knot insertions in order to subdivide each knot span into n

distinct subdivisions. Each fictitious knot location in the parametric space,

defined as evaluation point, has a mapped counterpart in the physical space.

We use this information to build an equivalent finite element mesh with

the mapped evaluation points as nodal coordinates and element connec-

tivity derived from the tensor-product structure of the NURBS geometry.

We remark that given the adopted 8-node brick shape functions only C0

continuity is enforced at the evaluation point locations in the FEA model.

Taking advantage of this property we are able to build di↵erent equiva-

lent finite element meshes directly from the NURBS model in a straightfor-

ward way. This approach allows us to get easily a refined mesh, because it

is only needed to increase the refinement index n (three di↵erent refinement

examples are depicted in Fig. 5.2-right). It is remarkable to observe that,

given the higher density of knot spans in the curved regions, the choice of a

uniform number of subdivisions n per knot span allows us to automatically

refine ”locally” the model regions with higher curvature.

Both refinement techniques are implemented within an in-house Mat-

lab code based on the NURBS toolbox [127, 128], and a set of routines

implementing the algorithms included in [82].
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Figure 5.2 Adopted refinement techniques: (top) initial CAD model and paramet-
ric space; (left) IgA k-refinement steps, the NURBS control points are depicted as
x; (right) equivalent h-refined FEA mesh with di↵erent refinement indexes n, the
evaluation points in the parametric space are depicted as •.
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5.2.2 Constitutive models

We perform our investigations considering two constitutive models: a sim-

plified Saint Venant-Kirchho↵ model and a phenomenological shape mem-

ory alloy model (based on the work of [21]).

More details on the adopted constitutive models are given in the following.

• Saint Venant-Kirchho↵ material: this model is a simple hyperelastic

constitutive law that is a direct extension of an isotropic linear elastic

material to the large deformation regime. The model is derived from

the following stored energy function [129]:

 (E) = 1

2

� [tr(E)]2 + G tr(E2), (5.2.1)

E = 1

2

(FTF� I), (5.2.2)

being E the Green-Lagrange strain tensor, F the deformation gradient

and I the identity tensor. The Lame’s material parameters � and

G are defined in terms of the small strain Young’s modulus E and

Poisson’s ratio ⌫, as

� =
⌫E

(1 + ⌫)(1 � 2⌫)
, G =

E

2(1 + ⌫)
. (5.2.3)

For the problem under investigation we assume the elastic properties

of the coronary artery stent model from the work of [130], i.e., E = 196

GPa and ⌫ = 0.3.

• SMA phenomenological model: in order to mimic behavior of self-

expanding Nitinol stents, the Souza model described in Chapter 2

[21] is adopted.
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Under the assumption of large displacements and rotations, but small

strains, we use the following additive decomposition:

E = e + 1

3

✓I, (5.2.4)

where

✓ = tr(E) e = E� 1

3

✓I, (5.2.5)

The model assumes the deviatoric strain, e, the volumetric strain, ✓,

and the absolute temperature, T , as control variables and the second-

order transformation strain tensor, etr, as an internal variable. The

quantity etr plays the role of describing the strain associated to the

phase transformations. The model is derived from the following en-

ergy function:

 (✓, e, T, etr) =
1

2
K✓2 + Gke� etrk2 � 3↵K✓(T � T0) + �hT � T0iketrk+

1

2
hketrk2 + (u0 � T⌘0) + c

"
T � T0 � T log

 
T

T0

!#
+ I"L(etr),

(5.2.6)

where K and G are, respectively, the small strain bulk (K = �+2G/3)

and shear modulus, ↵ is the thermal expansion coe�cient, � is a ma-

terial parameter associated with the stress-temperature relation, T
0

is the reference temperature, h is the hardening parameter associated

with the transformation phase, c is the heat capacity, and u
0

, ⌘
0

are,

respectively, the internal energy and the entropy, while the symbol

h·i is the positive part function. I"L(etr) is an indicator function

introduced to satisfy the constraint ketrk  "L.
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We implement the model version proposed by [27] in a large displacement-

small strain regime. The related constitutive parameters are obtained

from the literature [131] and we use the same material properties for

both stent models.

5.2.3 Analysis setup

The stent bending problem has been approached in the literature in dif-

ferent ways from the experimental point of view, e.g., by means of the

cantilever beam test [15, 115], the three point bending test [116] and the

four point bending test [117, 118].

The most complete experimental benchmark applied to carotid artery

stents in terms of variety of tests and number of considered designs is the

cantilever beam test studied by [15]. We remark that our work aims at

evaluating the performance of IgA and FEA applied to a real-life stent

bending problem. Therefore, the quantitative comparison of numerical and

experimental results is beyond the scope of this study. In particular, a

quantitative comparison requires further investigations in terms of mate-

rial parameters calibration from experimental data and analysis of exper-

imental boundary conditions. Following the approach proposed by [131],

the bending test is simulated through a displacement-based analysis in the

large deformation regime. A displacement of 11 mm along the Y direc-

tion is imposed for all control points referring to the distal extremity of

the stent, while the proximal one is clamped (viz. Fig. 5.3). We con-

sider the resultant reaction force at the distal extremity of the device as a

reference quantity to evaluate the capability of IgA and FEA to correctly

reproduce the stent bending as also used in the experimental setup pro-

posed by [15]. Given the refinement techniques for IgA and FEA presented
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in section 5.2.1, we use six h-refined FEA meshes with di↵erent combina-

tions of subdivision indexes n, while for IgA we consider the mesh with the

basic parametrization coming from the CAD (labeled as IgA-1) and three

k -refined IgA meshes. Moreover, in order to better investigate the geomet-

rical instabilities observed in Model B for the SMA constitutive model, we

perform two additional FEA h-refined simulations, i.e., FEA-7 and FEA-8.

These analyses are computationally intensive and thus for e�ciency rea-

sons are performed using the Abaqus/Standard solver ver. 6.11 (Dassault

Systémes, Johnson, RI, USA)1.

The description of all analyses in terms of numbers of degrees of freedom

(DOF) and polynomial degree can be found in Tables 6.2, 5.2, 5.3, and 5.4.

Y

Z

ū = �11mm

z=30 mm

z=0 mm

Figure 5.3 Stent bending simulation schematic picture.

5.3 Results and discussion

In this section we present the numerical results relative to di↵erent combi-

nations of stent design, i.e., Model A or B, and constitutive relations, i.e.,
1Both IgA and FEA simulations are performed on an Intel Xeon E5-4620 @ 2.20 GHz

workstation with 252 Gb RAM.
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Saint Venant-Kirchho↵ or SMA, all exploiting the proposed computational

framework.

In order to evaluate the suitability of our approach, we first evaluate the

convergence of IgA and FEA elastic simulations with respect to reaction

force and stored energy quantities. In particular, the convergence of Models

A and B for the Saint Venant-Kirchho↵ material is depicted in Fig. 5.4.

Moreover, the values of the involved quantities and their relative error with

respect to the finest IgA model (labeled as IgA-4) are reported in Tables

6.2 and 5.2 for Model A and B, respectively.

Based on the assumption that the reaction force is a proper measure

for convergence evaluation, as deduced from our elastic analyses and ex-

perimental studies of [15], we next consider the mechanical response of

Models A and B using the SMA constitutive law. In particular, the force-

displacement curves for FEA and IgA simulations are depicted and com-

pared in Fig. 5.5. In addition, convergence plots with respect to the number

of degrees of freedom (DOF) for both models are shown in Fig. 5.6. Finally,

the data concerning reaction force values and relative errors with respect to

IgA-4 are reported in Tables 5.3 and 5.4 for Model A and B, respectively.

Our goal is to evaluate the potential of IgA in simulating the stent beha-

vior comparing its performance with respect to classical FEA. As previously

indicated, we consider the resultant reaction force at the distal extremity

of the stent as a reference quantity to evaluate the performance of IgA and

FEA with respect to the number of DOF.

However, convergence is typically evaluated with respect to a global

quantity such as the elastic deformation energy, while the reaction force

represents only a local one. Unfortunately, the elastic stored energy results

are meaningless when an inelastic model is employed, such as the SMA

constitutive law adopted in this study. Therefore, in order to evaluate the
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Figure 5.4 Reaction force (top) and deformation energy (bottom) convergence
plots in case of Saint Venant-Kirchho↵ constitutive model.

140



Stent bending modeling: a comparison between FEA and IgA

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
1

FE
A 

2
FE

A 
3

FE
A 

4
FE

A 
5

FE
A 

6

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]
0

2
4

6
8

10
12

0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]
 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

F 
5

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

M
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

F 
5

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

M
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
1

FE
A 

2
FE

A 
3

FE
A 

4
FE

A 
5

FE
A 

6

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

FE
A 

5
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

MODEL A MODEL B 

(b
) 

(c
) 

(a
) 

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]
0

2
4

6
8

10
12

0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]
 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
1

FE
A 

2
FE

A 
3

FE
A 

4
FE

A 
5

FE
A 

6

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]
 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

F 
5

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

M
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

F 
5

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

M
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
1

FE
A 

2
FE

A 
3

FE
A 

4
FE

A 
5

FE
A 

6

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

FE
A 

5
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

MODEL A MODEL B 

(b
) 

(c
) 

(a
) 

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
5

FE
A 

6
FE

A 
7

FE
A 

8
IG

A 
4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]
 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
5

FE
A 

6
FE

A 
7

FE
A 

8
IG

A 
4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
5

FE
A 

6
FE

A 
7

FE
A 

8
IG

A 
4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

D
is

pl
ac

em
en

t [
m

m
]

Reaction Force [N]

 

 

FE
A 

1
FE

A 
2

FE
A 

3
FE

A 
4

FE
A 

5
FE

A 
6

FE
A 

7
FE

A 
8

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

D
is

pl
ac

em
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

D
is

pl
ac

em
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
5

FE
A 

6
FE

A 
7

FE
A 

8
IG

A 
4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

D
O

F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

D
is

pl
ac

em
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]
0

2
4

6
8

10
12

0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]
 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
1

FE
A 

2
FE

A 
3

FE
A 

4
FE

A 
5

FE
A 

6

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]
0

2
4

6
8

10
12

0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]
 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

F 
5

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

M
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

F 
5

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

M
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
1

FE
A 

2
FE

A 
3

FE
A 

4
FE

A 
5

FE
A 

6

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

FE
A 

5
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

MODEL A MODEL B 

(b
) 

(c
) 

(a
) 

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]
0

2
4

6
8

10
12

0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]
 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
1

FE
A 

2
FE

A 
3

FE
A 

4
FE

A 
5

FE
A 

6

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]
 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]
 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

F 
5

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

M
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

F 
5

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

M
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
1

FE
A 

2
FE

A 
3

FE
A 

4
FE

A 
5

FE
A 

6

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

FE
A 

5
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

MODEL A MODEL B 

(b
) 

(c
) 

(a
) 

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
5

FE
A 

6
FE

A 
7

FE
A 

8
IG

A 
4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
5

FE
A 

6
FE

A 
7

FE
A 

8
IG

A 
4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
5

FE
A 

6
FE

A 
7

FE
A 

8
IG

A 
4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

D
is

pl
ac

em
en

t [
m

m
]

Reaction Force [N]

 

 

FE
A 

1
FE

A 
2

FE
A 

3
FE

A 
4

FE
A 

5
FE

A 
6

FE
A 

7
FE

A 
8

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

D
is

pl
ac

em
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

D
is

pl
ac

em
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
5

FE
A 

6
FE

A 
7

FE
A 

8
IG

A 
4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

D
O

F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

D
is

pl
ac

em
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

FE
A 

8
IG

A 
1

IG
A 

4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

FE
A 

8
IG

A 
1

IG
A 

4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

FE
A 

8
IG

A 
1

IG
A 

4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
1

FE
A 

2
FE

A 
3

FE
A 

4
FE

A 
5

FE
A 

6

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]
0

2
4

6
8

10
12

0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]
 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

F 
5

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

M
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

F 
5

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

M
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
1

FE
A 

2
FE

A 
3

FE
A 

4
FE

A 
5

FE
A 

6

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

FE
A 

5
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

MODEL A MODEL B 

(b
) 

(c
) 

(a
) 

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]
0

2
4

6
8

10
12

0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]
 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
1

FE
A 

2
FE

A 
3

FE
A 

4
FE

A 
5

FE
A 

6

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]
0

2
4

6
8

10
12

0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]
 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

F 
5

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

M
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

F 
5

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

M
IG

A

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
1

FE
A 

2
FE

A 
3

FE
A 

4
FE

A 
5

FE
A 

6

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
050.
1

0.
150.
2

0.
250.
3

0.
35

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

IG
A 

1
IG

A 
2

IG
A 

3
IG

A 
4

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

1.
2

1.
4

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

FE
A 

5
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

MODEL A MODEL B 

(b
) 

(c
) 

(a
) 

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
9

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
6

IG
A 

4

10
4

10
5

10
6

10
7

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

0.
8

0.
91

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
5

FE
A 

6
FE

A 
7

FE
A 

8
IG

A 
4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
5

FE
A 

6
FE

A 
7

FE
A 

8
IG

A 
4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
5

FE
A 

6
FE

A 
7

FE
A 

8
IG

A 
4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

DO
F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

Di
sp

la
ce

m
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

D
is

pl
ac

em
en

t [
m

m
]

Reaction Force [N]

 

 

FE
A 

1
FE

A 
2

FE
A 

3
FE

A 
4

FE
A 

5
FE

A 
6

FE
A 

7
FE

A 
8

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

D
is

pl
ac

em
en

t [
m

m
]

Reaction Force [N]

 

 
IG

A 
1

IG
A 

2
IG

A 
3

IG
A 

4

0
2

4
6

8
10

12
0

0.
51

1.
52

2.
5

D
is

pl
ac

em
en

t [
m

m
]

Reaction Force [N]

 

 
FE

A 
5

FE
A 

6
FE

A 
7

FE
A 

8
IG

A 
4

10
4

10
5

10
6

10
7

10
8

0.
51

1.
52

2.
5

D
O

F

Reaction Force [N]

 

 
FE

A
IG

A

0
2

4
6

8
10

12
0

0.
2

0.
4

0.
6

0.
81

D
is

pl
ac

em
en

t [
m

m
]

Reaction Force [N]

 

 

Ig
A 

1
F 

8 
AB

Q

(a
) 

(b
) 

(c
) 

F
ig
u
re

5
.5

F
or
ce
-d
is
pl
ac
em

en
t
di
ag
ra
m
s
in

ca
se

of
S
M
A

co
n
st
it
u
ti
ve

m
od
el
:
(a
)
F
E
A
;
(b
)
Ig
A
;
(c
)
fi
n
es
t

F
E
A

ve
rs
u
s
fi
n
es
t
Ig
A
.

141



Advanced Modeling of Stents

Model A Model B 
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Figure 5.6 Reaction force convergence plots (top) and contour plot of Y displace-
ment in deformed configuration (bottom), in case of SMA constitutive model.
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suitability of a comparison based on reaction force prediction, we started

with an elastic analysis comparing IgA and FEA, considering a global quan-

tity given by the elastic stored energy. As depicted in Fig. 5.4 reaction force

and deformation energy results show the same convergence trend and also

the relative errors reported in Tables 6.2 and 5.2 show good agreement.

Given the results coming from the elastic analyses, we are confident that

the reaction force is a suitable quantity to evaluate the global behavior of

the models for both elastic and inelastic analyses. With this caveat the

global performance of SMA stent Models A and B is presented in Fig.s 5.5

and 5.6 and in Tables 5.3 and 5.4). The results show that IgA again results

in a better performance with respect to FEA on a per-degree-of-freedom

basis, with a gain of over one order of magnitude in DOF number. This

result is qualitatively in accordance with other theoretical results [17] and

applicative examples [124]. In addition due to the higher degree and higher

regularity of the NURBS basis functions the IgA yields low error also in its

coarsest mesh IgA-1, i.e., the one coming directly from the CAD software.

As an example, we consider Model A (Fig. 5.6-left and Table 5.3)

and we fix the DOF number in the range of 2 · 105, corresponding to the

meshes IgA-1 and FEA-2, respectively. IgA shows a relative error of 6.57%

with respect to the reference solution IgA-4, while FEA yields an error of

68.87%. We further note that the most refined FEA mesh, i.e., 2.5 · 106

DOF, still shows an error of 9%.

This trend is even more pronounced in results for Model B, where the

closed cell design induces important local e↵ects. In particular, in order to

obtain a level of accuracy for FEA comparable to the coarsest IgA mesh

(IgA-1), we need to resort to a extremely refined mesh, i.e., over 107 DOF.

As mentioned previously, we focus also on the influence of stent design

with particular reference to kink formation and buckling phenomena ap-
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pearing when a closed-cell stent is considered. Kink resistance is an impor-

tant feature of stent devices [29]. When strains are locally increased beyond

a critical value, buckling phenomena occur and the local bending stresses

increase considerably. This phenomenon can be very dangerous for device

performance, since it can lead to reduction of the fatigue life and implant

failure. Kink formation is strongly related to stent design; in particular,

closed-cell designs show less adaptability and are more prone to kinking

with respect to open-cell designs. Our results confirm this statement and

also are in accordance with experimental results [15]. Model A, classified as

an open-cell stent, shows a smooth deformed configuration (Fig. 5.6-left).

Instead, Model B, classified as a closed-cell stent, presents a kink in its de-

formed configuration (see Fig. 5.6-right). Even if buckling phenomena and

kink formation in cardiovascular stents are commonly investigated, both

from the experimental [15, 117] and the computational [119] point of view,

our study is the first numerical study addressing the capability of IgA as

well as traditional FEA to reproduce the buckling occurring in bent carotid

artery stents.

Firstly, we investigate the capability of the two methods to reproduce,

for a given level of accuracy, the same deformed configuration and buckling

location. In particular, we consider the coarsest IgA mesh, i.e., IgA-1, and

the finest FEA mesh, i.e., FEA-8 (Fig. 5.7). The ”eyeball” norm confirms

that the two models can reproduce the same buckling configuration.

Moving to the force-displacement diagrams, in Fig. 5.5 it is possible

to observe that, while IgA presents the same deformation pattern for all

considered refinements, FEA shows di↵erent behaviors with di↵erent re-

finements. In particular, the IgA deformation pattern shows two stages

of local buckling (see Fig. 5.5-b). On the other hand, FEA is not able

to capture this local behavior until a high number of degrees of freedom
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IgA 1 FEA 8 

(a) (b) 

Figure 5.7 Deformed configuration: Model B in case of SMA constitutive model;
(a) IgA-1; (b) FEA-8 .

is included (see Fig. 5.5-a). This phenomenon can be better appreciated

in Fig. 5.5-c. In particular, it is important to observe that, while FEA

refinements up to FEA-5 present only one stage of local buckling, FEA-6

recovers a deformation pattern similar to the IgA one. This aspect has a

great influence in the capability of reproducing accurately the value of the

critical load (see Tables 5.2 and 5.4).

These results demonstrate the capability of IgA to reproduce nonlinear

local e↵ects with a reduced DOF number with respect to classical FEA. It

is remarkable to observe how low regularity and low interpolation order in

the basis functions can lead to a reduced capability of catching the physics

of the problem under investigation.
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5.3.1 Computational times

Even though a fair e�ciency comparison of IgA and FEA requires further

investigations in terms of, for example, di↵erent approximation degrees

for FEA and integration rules (see, as example, the work of [132]), it is

interesting, from a practical viewpoint, to provide the computational times

for a given level of accuracy, provided by the two models. In particular, the

computational time coming from coarsest IgA mesh and the finest FEA

mesh, are reported in Table 5.5. For Model A, given the meshes IgA-1

(relative error of 6.57%) and FEA-6 (relative error of 9.0%), IgA is 8.8 times

faster than FEA. Within this model, both FEA and IgA are both performed

with FEAP and 1 CPU. Moving to model B we consider the meshes IgA-1

(relative error of 8.98%) and FEA-8 (relative error of 9.57%). In this case,

while the IgA simulation is still performed with FEAP and 1 CPU, the FEA

simulation is performed with Abaqus/Standard with 8 CPUs in reason of

the motivations mentioned in Section 5.2.3. However, it is interesting to

remark that, from a qualitative point of view, IgA is still 3.9 times faster

than FEA.

5.4 Summary

In the present study we developed a novel computational framework able

to integrate CAD models and computational tools. These tools are then

used to perform IgA for the evaluation of carotid artery stent performance.

Our results suggest that IgA is able to accurately represent the compu-

tational domain and also able to get better approximation of the solution

with greatly reduced number of degrees of freedom with respect to tradi-

tional FEA. Moreover, when geometrical instabilities are present, IgA has

the capability to accurately reproduce nonlinear local e↵ects, such as local
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buckling, even with quite coarse meshes.

This work, addressing the benefits of IgA for the simulation of complex

biomedical devices, achieves the goal to demonstrate how IgA can provide

di↵erent improvements over traditional FEA in terms of numerical results

and engineering time. The present study can be the starting point for dif-

ferent investigations looking at the impact of IgA in di↵erent aspects of

structural analysis applied to biomechanics, e.g., contact between endovas-

cular devices and biological tissue. From the experimental point of view,

future investigations will include coupling of flexibility test and micro-CT

scans of the deformed configuration, and extension of this approach to a

broader range of endovascular devices.
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5.5 Tables

Mesh label DOF Order Reaction force Deformation energy
p q r Value Error Value Error

FEA-1 48,159 1 1 1 3.2656 233.19 % 14.323 246.52 %
FEA-2 220,725 1 1 1 1.6864 72.06 % 7.2444 75.28 %
FEA-3 606,276 1 1 1 1.3259 35.28 % 5.6647 37.06 %
FEA-4 985,680 1 1 1 1.1764 20.02 % 5.0223 21.51 %
FEA-5 1,485,900 1 1 1 1.1340 15.70 % 4.8403 17.11 %
FEA-6 2,473,875 1 1 1 1.0905 11.26 % 4.6410 12.29 %

IgA-1 204,525 3 2 2 1.0586 8.00 % 4.5207 9.38 %
IgA-2 368,100 3 2 2 1.0237 4.44 % 4.3513 5.28 %
IgA-3 838,350 3 2 2 0.9969 1.71 % 4.2154 1.99 %
IgA-4 2,173,020 3 2 2 0.9801 - 4.1330 -

Table 5.1 Analysis of stent bending: Model A with Saint Venant-Kirchho↵ ma-
terial; the relative errors are evaluated with respect to the finest IgA simulation,
labeled as IgA-4.
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Mesh label DOF Order Reaction force
p q r Value Error

FEA-1 48,159 1 1 1 1.6769 224.11 %
FEA-2 220,725 1 1 1 0.9393 68.87 %
FEA-3 606,276 1 1 1 0.7370 32.56 %
FEA-4 985,680 1 1 1 0.6551 17.99 %
FEA-5 1,485,900 1 1 1 0.6319 13.81 %
FEA-6 2,473,875 1 1 1 0.0602 9 %

IgA-1 204,525 3 2 2 0.5878 6.57 %
IgA-2 368,100 3 2 2 0.5675 2.45 %
IgA-3 838,350 3 2 2 0.5249 0.22 %
IgA-4 2,173,020 3 2 2 0.5262 -

Table 5.3 Analysis of stent bending: Model A with SMA material; the relative
errors are evaluated with respect to the finest IgA simulation, labeled as IgA-4.

Mesh label DOF Order Reaction Force Critical Load

p q r Value Error Value Error

FEA-1 66,960 1 1 1 2.3767 278 % 2.4074 165.88 %
FEA-2 316,197 1 1 1 1.4403 129.07 % 1.6395 81.07 %
FEA-3 606,276 1 1 1 1.0102 60.66% 1.3354 47.48 %
FEA-4 1,635,960 1 1 1 0.91935 46.21% 1.1671 28.9 %
FEA-5 2,118,096 1 1 1 0.89916 43 % 1.1300 24.8 %
FEA-6 3,246,480 1 1 1 0.79611 26.61 % 1.0754 18.77 %
FEA-7 5,281,740 1 1 1 0.73349 16.65 % 0.99991 10.43 %
FEA-8 10,622,016 1 1 1 0.68897 9.57 % 0.97022 7.25 %

IgA-1 346,413 3 3 2 0.68524 8.98 % 0.96182 6.22 %
IgA-2 648,000 3 3 2 0.64070 1.9% 0.92121 1.74 %
IgA-3 1,530,546 3 3 2 0.63018 0.22 % 0.90712 0.18 %
IgA-4 2,700,435 3 3 2 0.62875 - 0.90543 -

Table 5.4 Analysis of stent bending: Model B with SMA material; the relative
errors are evaluated with respect to the finest IgA simulation, labeled as IgA-4.
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Mesh label DOF # CPU Solver Total analysis time

M
od

el
A IgA-1 204,525 1 FEAP 47 min

FEA-6 2,473,875 1 FEAP 6 h 55 min

M
od

el
B IgA-1 346,413 1 FEAP 6 h 41 min

FEA-8 10,622,016 8 Abaqus/Standard 26 h 23 min

Table 5.5 Computational times for IgA and FEA.
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Chapter 6

IgA-based contact mechanics: from basics

to real life applications

Contact boundary value problems are an household topic in computa-

tional mechanics. This statement is particularly evident in biomechanics

problems, where an accurate and robust contact representation is funda-

mental to evaluate many important biomedical device features like, e.g.,

stent radial strength1, or, more in general, to accurately simulate a wide

variety of surgical procedures for pre-operative planning.

In this context, IgA can provide a reliable tool in reason of the exact

representation of the contact surfaces and the higher regularity with respect

to traditional FEA.

This chapter aims at introducing the basic concepts of contact mechan-

ics and setting up an IgA-based computational framework to investigate

the frictionless contact interaction between stent devices and deformable

surfaces.

1Radial strength is defined as the stent capability to provide a su�cient radial support
to the vascular vessel.
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6.1 Contact problems in vascular biomechanics

Computational contact mechanics principles are widely employed in vascu-

lar biomechanics to numerically reproduce important experimental bench-

marks and, more in general, to simulate the interaction between a cardiovas-

cular device and a biological structure. In the following both applications

are briefly described by means of two representative examples.

6.1.1 Radial strength evaluation

Post procedural restenosis is one of the principal causes of implant failure

after CAS. As example, Lal et al. [133] performed a clinical investigation

on 118 patients obtaining an incidence of in-stent recurrent restenosis of

6.4% (taking into account a vessel occlusion between 40% and 60%). Post

implant restenosis is mainly caused by the acute vascular injuries induced

by the percutaneous transluminal angioplasty (PTA) anticipating the stent

implant. Such a damage can induce a cascade of physiological mechanisms

to repair the vessel wall, leading to intima hyperplasia and vessel narrowing.

Moreover, after CAS, the contact interaction between vessel and stent can

be perceived by the organism as a foreign body, triggering an immune

system response which can lead to further narrowing near or inside the

stent. According to Lally et al. [10] the “optimal” carotid stent design in

term of restenosis rate needs to present the following properties:

• High radial strength: this feature is required to prevent post-implant

vessel recoil;

• Low artery-stent contact surface area: as introduced above, the con-

tact interaction between stent and vessel can initiate an aggressive

thrombotic response; The artery can react to the stent, perceive it as
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Figure 6.1 A, Angiographic demonstration of focal in-stent restenosis developing
at upper aspect of WallStent (arrow ) 7 months after CAS. B, Treatment with
angioplasty and placement of Palmaz stent produced a technically satisfactory an-
giographic result [11].

a foreign body, and respond by mounting an immune system response

which leads to further narrowing near or inside the stent.

Radial strength comparison between di↵erent stent designs has been widely

experimentally investigated in the literature with di↵erent approaches [13,

14, 15, 134, 135, 136, 137, 138]. As example, Snowhill et al. [134] proposed

an experimental benchmark to characterize the radial response of Z-shaped

stent rings by mean of a polymeric strain gauge (Fig.6.2-a), while Schrader

et al. [135] employed a more complex system based on a pressurized cham-

ber and strain measures extrapolated by ultrasonic crystals (Fig. 6.2-b).

It is clear that the experimental approach requires an accurate control in

determining the boundary conditions of the problem and, often, this is too

complex or, at worst, not possible. In this aspect, computational modeling
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(a) (b) 

Figure 6.2 Radial strength experimental benchmarks: (a) picture of a Whitney
strain gauge with a z stent inserted into its center [134]; (b) pressure chamber and
measurement set up for radial strength evaluation [135].

can provide a valuable tool to predict the radial strength of a specific design.

Again, the majority of such studies employ FEA in reason of its flexibility

and capability to rapidly adapt to di↵erent designs, materials and working

conditions [70, 77, 79, 139, 140, 141] . As example, Migliavacca et al. [139]

proposed a 3D FEA model to investigate the e↵ects of a radial pressure

on di↵erent stent models (Fig. 6.3-a), while Dumoulin and Cochelin [141]

investigated the impact of model complexities, e.g., 3D versus 2D models,

in determining the e↵ects of external pressure on stent devices (Fig. 6.3-b).
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(a) (b) 

Figure 6.3 Radial strength numerical benchmarks: (a) GEO-2 3D coronary stent
model proposed in the work of Migliavacca et al. [139]; (b) Von Mises stress
representation on a single cell deformed state after dilation at 12 mm diameter
[141].
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6.1.2 Procedure-planning simulations

The contact between medical device and biological structure represents

one of the most important sources of nonlinearity in structural biomechan-

ics and the most important in terms of extrapolation of clinical relevant

information for surgical pre-operative planning. In particular, the contact

modeling plays a preeminent role in the following aspects:

• The contact stress induced by the stent implant in the vessel is a

major index of injury (Fig. 6.4).

• The correct transmission of contact forces between vessel and stent

determines the deformed configuration of the stent model. This in-

formation can be employed for further elaboration (see Chapter 3).

Figure 6.4 Contour plot of von Mises stress distribution (S, von Mises) in the
post-stenting carotid artery with respect to di↵erent stent models [142].
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In the following section the basics concepts of contact mechanics are intro-

duced. Subsequently the change of paradigm from low-order, facet-based

FEA contact formulation to the high-order, surface-based IgA contact for-

mulation is presented.

6.2 Basic concepts of computational contact mechanics

The typical contact boundary value problem involves two deformable bod-

ies undergoing finite deformations (Fig. 6.5). The most common approach

identifies two basic entities, i.e., the slave body Bs and the master body

Bm. During deformation, if contact occurs, it is possible to identify the con-

tact surface �c. It is clear that this boundary value problem is inherently

non-linear, since the contact condition introduces additional kinematic con-

straints to prevent the compenetration of the two bodies. The discrete

counterpart of contact boundary value problems employed FEA for many

years [143]. Along the boundary �c of two bodies di↵erent contact models

can be included. Within this doctoral research we focus on the simplest

model, i.e., frictionless contact, in which the only non-zero component of

the contact traction is normal to the contact surfaces.

The basic entities in computational contact mechanics are the contact

pairs, i.e., couples of points (one for the slave body and one for the master

body) where the contact constraint is locally enforced. The most common

approaches to define the contact pairs are:

• Node-to-Node contact: Each contact pair is defined by a couple of

mesh nodes, coming from the slave and master surfaces, respectively.

This approach gives satisfactory results if the contact boundary dis-

placements are small and the FEA meshes are constructed such that

the nodes at the contact surfaces match;
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• Node-to-Segment contact: Each contact pair is defined by a node

coming from the slave surface and its projection on the master sur-

face. In general the projection not necessarily coincides with a node

(see Fig. 6.6).

B

s

B

m

B

m

B

s

�c

(a)

(b)

Figure 6.5 2-D contact problem: (a) no contact; (b) contact state.

Given the complex stent geometries objective of this chapter, it is not pos-

sible to ensure an adequate matching between master and slave discretiza-

tions. For this reason, in the following only the Node-to-Segment approach

is considered. Once the pairs are established, the gap g determines which

nodes are in contact. The entity g is defined as

g = [xs � xm] · nc (6.2.1)

being xs and xm the slave node and master projection locations in the

deformed configuration, and nc the outward normal evaluated in the pro-

jection point. If g > 0 there is no contact, while if g < 0 compenetration

occurs. Given the total energy of the system ⇧, a proper contact contribu-
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tion ⇧c needs to be included when contact occurs. Several techniques have

been developed but we can roughly identify three big families:

• Lagrange multiplier form: The contact contribution is obtained mul-

tiplying the gap with the multiplier �,

⇧c = ⇧(u,�) =

Z

�c

�g d�, (6.2.2)

This approach implies that no compenetration occurs. The multiplier

� becomes an additional degree of freedom that must be included in

the problem for each contact pair. From a physical viewpoint the la-

grange multipliers can be associated with the contact force exchanged

to avoid compenetration.

• Penalty function form: A simpler form with respect to Lagrange mul-

tiplier method considers the following form,

⇧c = ⇧(u) =

Z

�c

"g2 d�, (6.2.3)

where " is an user-defined penalty coe�cient.

In this case the final gap is not zero, so some compenetration occurs,

depending on the parameter ", i.e., high values of " reduce the final

gap. Thus, the main advantage of penalty method is that no ad-

ditional degrees of freedom are required. The principal drawback is

that there is no general rule to identify a proper value of ". Moreover,

extremely high values of " lead to ill-conditioned problems;

• Augmented Lagrangian form: This form typically represents a good

compromise between the previous two. In particular it uses an itera-

tive update of the Lagrangian multiplier coupled with a penalty-like
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form

⇧c = ⇧(u) =

Z

�c

�kg + "g2 d�, (6.2.4)

�k+1

= �k + "g(u), (6.2.5)

Many augmentation strategies are available in literature in order to

improve the convergence order of the method. However this approach

allows to reach good solution quality with little additional e↵ort.

6.2.1 Knot-to-segment contact formulation: toward an IgA-

based approach

As described in the previous section, nowadays the most implemented tech-

nique for FEA contact problems is the node-to-segment (NTS) approach

( Fig. 6.6). The use of non smooth, facet-based contact routines leads to

x

s

x

m

SLAVE

MASTER

g

Figure 6.6 Node-to-surface contact

numerical problems in the geometric description of the contact surfaces and

in the management of sliding contact. In particular, it may occur that the

computation of the projection of the slave node to the master segment is
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not unique (Fig. 6.7-a). Moreover, it is also possible that the projection

is not unique and, at the same time, it is not located in the interior of the

master segments (Fig. 6.7-b). These problems are strictly related to the

C0 continuity along the inter element FEA nodes and the lack of smooth-

ness in the geometric description of the contact surface. For this reason, a

discretization technique that guarantees higher order continuity along the

elements is highly desirable. The research in the past years treated this

issue with the development of smoothing techniques of the contact surfaces

or with the exact description of the surfaces in the case of rigid obstacles.

The principal drawbacks of these techniques are the lack of generality for

arbitrary geometries in 3D problems and, in particular, the additional ef-

fort required to couple the smoothed surface with the real FEA mesh [144].

Given these considerations, it seems clear that IgA could provide and ideal

MASTER
MASTER

SLAVE SLAVE

xs

xs

xm1

xm2

xm2

xm1

(a)

(b)

Figure 6.7 Not uniqueness of the master projection: (a) two projections on the
master side; (b) no projection on the master side.

framework to overcome these issues in terms of surface smoothness. How-

ever, NTS approach cannot be naturally extended to IgA in reason given
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the non-interpolatory nature of the control points. To overcome this limi-

tation, Temizer et al. [105] proposed the so-called knot-to-segment (KTS)

approach, in which the contact constraint is not imposed on the slave nodes,

but at the Gauss points belonging to each slave contact surface (see Fig.

6.8). The first implementations of KTS algorithm showed superior quality

x
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m

SLAVE

MASTER

g

Figure 6.8 Knot-to-segment contact: the gauss points on the slave surface are
highlighted as x

and robustness over classic Lagrangian elements. Temizer and colleagues

pointed also out that the KTS implementation leads to an over-constrained

problem induced by the discrepancy between the total number of degrees

of freedom of the contact surfaces and the number of contact pairs, e.g. the

number of Gauss points. Starting from this first step. the research took

two di↵erent directions. On one hand, Temizer el al. [105] and De Lorenzis

et al. [106] relaxed the over-costrained formulation implementing a mortar-

based KTS approach, exhibiting superior results over classic KTS and NTS

approach. On the other hand, Matzen et al. [145] proposed to collocate the

contact constraint on particular points, e.g. Greville and Botella points, al-

ready implemented successfully in NURBS collocation methods [131]. The
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use of Greville and Botella points gives a consistent number of collocation

points with the control points along the contact surface.

6.3 NURBS 3D contact driver for FEAP

In this section the contact driver embedded within the IgA package for the

general purpose solver FEAP is introduced. The contact driver reproduces

the non-mortar KTS algorithm proposed by De Lorenzis et al. for NURBS

discretizations [106] and by Dimitri et al. [146] for T-spline discretizations.

In particular each portion of the contact driver and the add-ons included

within this doctoral research are presented. The KTS contact driver struc-

ture is summarized in Fig. 6.9. The contact model is considered frictionless,

i.e., only normal contact forces are transmitted. Initially, the contact con-

straint is regularized with a penalty method (more sophisticated solutions

are implemented as add-ons). In the following, each block is described in

detail.

6.3.1 Search

As introduced in the Section 6.2.1, for each slave Gauss point the contact

pair is composed by the point itself and its unknown projection on the mas-

ter surface. The projection point is recovered by means of a Newton-based

scheme and the search routine aims at finding the best initial guess for the

Newton loop. We assume that the projection is confined between all the

elements connected to the closest master control point. This assumption

allows to reduce the computational domain for the subsequent projection

routine. This domain reduction has no general validity but, for reasonably

refined meshes, we did not noticed any problem. In particular for each slave

Gauss point xs(⇠), the parametric coordinates of the closest control point
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Figure 6.9 KTS contact driver structure
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in the master side are stored. At the same time all the information concern-

ing the facets connected with the closest control points are considered for

projection in order to reduce the computational domain for the subsequent

projection routine.

x

s

SLAVE

MASTER

g

Figure 6.10 Search algorithm: the gauss points on the slave surface are highlighted
as x.v The initial contact pair guess, prior to projection, is highlighted as the full
blue line.

6.3.2 Projection

The aim of the projection routine is to determine, for each slave Gauss

point xs(⇠), the closest point projection xm(⇠) on the master surface. The

projection point is recovered by means of a Newton-based scheme that mini-

mizes the scalar product between the conjunction between xs(⇠) and xm(⇠),

called r(⇠), and the tangent vector t(⇠) evaluated at the guess parametric

coordinate. The search algorithm is summarized in box 1 and depicted in

Fig. 6.11. The projection code is improved with the following add ons:

• The information about the facets connected with the initial guess is

recovered to improve the projection. In particular when projection
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BOX 1: CONTACT PROJECTION ALGORITHM

SET INITIAL GUESS ⇠ (SEARCH)

LOOP OVER MAX NUMBER OF ITERATIONS
EVALUATE xm(⇠)
COMPUTE r(⇠)=xm(⇠)-xs(⇠) and the Jacobian J(r)
COMPUTE f(⇠)=r(⇠)·t(⇠)
IF f  tol

CONVERGENCE�! STORE PAIR INFORMATION
BREAK

ELSE
d⇠=-f(⇠)/J(r)
⇠=⇠+d⇠

NEXT

x

s

SLAVE

MASTER

g

r(⇠)r(⇠0)

t(⇠0)

t(⇠)

Figure 6.11 Projection algorithm: initial and final configurations are depicted in
blue and red, respectively.
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failure occurs in a facet, it is automatically switched to another stored

facet;

• The increments d⇠ during the first iterations are scaled in order reduce

the oscillation between facets if not necessary;

• The solution ⇠ at the ith is stored and employed as initial guess for

the subsequent contact steps.

6.3.3 Residual, Sti↵ness and Assembly routines

Once we got the information about the contact pair, all the sti↵ness and

residual contributions need to be computed and assembled into the global

data structure. Both sti↵ness and residual computations follow the stan-

dard structure of penalty-based frictionless contact formulation [143]. The

sti↵ness and residual contributions at the gauss point level are then pro-

jected and assembled at the degree of freedom level (the complete descrip-

tion of the data structures can be recovered in [146]).

In order to improve the accuracy and e�ciency of the contact algorithm

the following add-ons are implemented:

• The penalty constraint has been substituted with the augmented

Uszawa algorithm [143]. In this way a sensitive increase of gap ac-

curacy has been achieved with a little additional e↵ort (see section

6.4.1).

• The driver data structure has been modified in order to use the FEAP

contact assembly routine.
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6.4 Numerical examples

In this section, the proposed IgA contact driver is tested by means of a set of

simple numerical tests with increasing complexity. Subsequently, we move

toward real-life applications including stent geometries, simplified artery

models and inelastic constitutive models.

6.4.1 Preliminary tests

At first, we perform a simple benchmark in which FEA and IgA should

attain the same results. In particular, a 3D, displacement-based, cube-cube

contact test is implemented with trilinear shape functions both for FEA and

IgA (see Fig. 6.12). Both tests employ a penalty-based regularization (" =

1012) and linear elastic constitutive models (E = 104MPa and ⌫ = 0.3).

The IgA test employs the proposed KTS approach while the FEA one uses

the FEAP built-in NTS driver. The results show perfect agreement both

in terms of convergence rate and gap magnitude (see Table 6.1). The slight

di↵erence of computational times is due to the di↵erent implementation of

FEA and IgA FEAP.

(a) (b) (c) 

Figure 6.12 3D Cube-Cube contact test: a) undeformed configuration; b) y-
displacement contour plot; c) �yy contour plot
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In order to test the projection capability of the contact driver, other two

tests are performed. They are both characterized by the need to project

into a curved master surface. The first one is the so-called Cube-Cylinder

contact test, in which the rigid slave cube body (discretized with a trilinear

element) comes in contact with the master cylinder body (four quadratic-

linear-linear elements) by means of a displacement-controlled analysis. In

particular, the cube-cylinder contact is imposed both at internal knot loca-

tion and tied boundary location, in order to address the capability of the

contact driver to recover correctly all the data structures also after a node

tie process. The results, depicted in Fig. 6.13, show that the contact driver

is invariant to tied surfaces. Another test is the so called Cylinder-Cylinder

contact test (both cylinders are discretized with 16 quadratic-quadratic-

linear elements) , in which both master and slave surfaces are curved (see

Fig. 6.14). This test mimics the expansion of a cylindric-shaped structure

inside another one with the same topology, recalling the typical environ-

ment of simulations applied to vascular biomechanics. Moreover, this test

investigates the improvements introduced by the implementation of the

Uszawa algorithm (" = 103, number of augmenting iterations = 3). In par-

ticular some results and computational indexes are compared with respect

to the original penalty (" = 103) formulation (see table 6.2). In particular,

the employment of the Uszawa algorithm leads to a significant improve-

ment of computational accuracy and gap magnitude with a slight increase

Model IgA FEA
Avg iteration number/step 2 2
Gap magnitude [mm] 10�5 10�5

CPU time [s] 0.56 0.34

Table 6.1 Cube-cube test: IgA versus FEA.

171



Advanced Modeling of Stents

of iterations number and computational times.

Figure 6.13 Cube-Cylinder contact test: contour plot of the x-displacement. The
plot is symmetrical respect to tied surfaces.

Figure 6.14 Cylinder-Cylinder contact test: displacement vectors plot and radial
displacement contour plot.

Model Penalty Uszawa
Avg iteration number/step 3 7
Gap magnitude [mm] 10�5 10�9

CPU time [s] 33.16 73.64

Table 6.2 Cylinder-Cylinder contact test: Penalty vs. Uszawa formulation
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6.4.2 Toward real-life applications

The ultimate goal of the present study is to provide an robust contact

framework to evaluate the contact forces between a complex geometry, i.e.,

a stent and a deformable surface like a catheter or an artery, resorting to

a reduced number of DOF. In this aspect, the objective of this section is

to develop a multi-patch double-side contact driver (both cylinder-stent

and stent-vessel) in order to get an innovative tool suitable for real life

applications. In particular, we explored three illustrative examples applied

to a carotid stent portion, i.e., expansion, crimping and deployment on a

deformable pipe resembling a real carotid model.

Stent expansion and crimping simulations

The first test aims at simulating the expansion of a carotid stent ring. Stent

expansion has a crucial role in determining the implant performance in

coronary stenting but has no clinical application in carotid artery stenting.

However, virtual expansion is often employed in the literature in order to

obtain the expanded stent model when only information on the crimped

stent is available [20, 67].

Concerning to stent crimping, it represents the step before stent deploy-

ment and activation of the contact between stent and vessel.

The stent models (Fig. 6.15-a and 6.16-a) are obtained with the same

procedure described in Section 5.2.1. The stent resembles a portion of a

Bard ViVEXX Carotid Stent (C. R. Bard Angiomed GmbH & Co., Ger-

many), it is composed by 18 NURBS patches and it is modeled as a Neo-

hookean material (E=15000 MPa, ⌫=0.3). The crimper is composed by one

cylindrical NURBS patch and is modeled as a rigid body. The boundary

conditions include displacement conditions on the crimper to impose the
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radial expansion, and the minimal stent constraints to avoid rigid body mo-

tions. For the expansion simulation, the stent is expanded from its crimped

configuration (radius equal to 0.6 mm) to its final expanded configuration

(radius equal to 3.5 mm). For the crimping simulation, the stent undergoes

under a 55% radius reduction. The contact constraint is regularized using

the Uszawa algorithm (" = 103, number of augmenting iterations = 3). The

contour plots for the displacement and Von Mises stress solutions for the

stent expansion simulation and stent crimping simulation are depicted in

Fig. 6.15-b and c and in Fig. 6.16-b-c, respectively.

(a) (b) (c) 

Figure 6.15 Stent expansion test: (a) undeformed configuration; (b) radial dis-
placement contour plot ; (c) Von Mises Stress contour plot.

Stent deployment simulation

The last numerical test of this Chapter aims at investigating the interaction

between a carotid stent (Fig. 6.17-b) and an idealize stenotic artery with

a 25% lumen reduction (Fig. 6.17-a). As in many other works of our

group, we perform a two-step simulation procedure [20, 68]. The first step

corresponds to the crimping simulation described in the previous section,

i.e., the diameter of the stent is decreased simulating the loading phase
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(a) (b) (c) 

Figure 6.16 Stent crimping test: (a) undeformed configuration; (b) radial dis-
placement contour plot ; (c) Von Mises Stress contour plot.

of the stent into the delivery system 6.17-c. Subsequently, the catheter

expands again in order to place the stent into the target lesion 6.17-d. For

this simulations we consider the Souza model presented in Chapter 2, using

the same material parameters employed in Chapter 5, for the stent and a

Neohookean model for the stenotic artery (E=1 MPa, ⌫=0.3). The contour

plots of displacement and Von Mises distributions for both vessel and stent

are depicted in Fig. 6.18. This preliminary analysis confirms the results

obtained by Auricchio et al. [55].
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(b) (a) 

(c) (d) 

Figure 6.17 Stent deploymend test: (a) vessel model; (b) stent model; (c) De-
formed configuration after crimping; (d) Deformed configuration after deploymend.
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(a) (b) 

(c) 

Figure 6.18 Stent deploymend test: (a) Vessel Von Mises contour plot; (b) vessel
radial displacement contour plot ; (c) stent Von Mises Stress contour plot.

6.5 Summary

In the present study a novel IgA-based contact driver able to simulate

complex contact interaction between stents and arterial vessel is presented

and described. Our preliminary results suggest that KTS contact driver is

able to represent the computational domain and also able to get reasonable

results within a novel IgA framework. This is the first step to obtain a ro-

bust and accurate KTS contact driver to simulate real-life, clinical relevant

implant simulations.
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Chapter 7

Final remarks

Each piece, or part, of the whole of nature is always merely an approxima-

tion to the complete truth, or the complete truth so far as we know it. In

fact, everything we know is only some kind of approximation, because we

know that we do not know all the laws as yet. Therefore, things must be

learned only to be unlearned again or, more likely, to be corrected.

The Feynman Lectures on Physics (1964)

In recent years, the employment of in silico (i.e., computational) methods

in the medical device sector has become an important tool for both device

manufacturers and clinical researchers.

From the industrial point of view, computational tools allow to investigate,

prior to device manufacturing, di↵erent experimental scenarios including

design modifications, new materials, and working conditions that are dif-

ficult to reproduce with the traditional experimental approach. Moreover,
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numerical tools are employed, within the concept of predictive medicine, to

simulate di↵erent “what-if” clinical scenarios with the aim of tailoring the

best combination of medical device and procedure strategy for a specific

patient morphology.

From a practical viewpoint, the reliable application of these methodolo-

gies in the industrial and clinical practice needs to fulfill the following re-

quirements: i) reliable description of the material behavior of the involved

components; ii) accurate geometric representation of the computational

model with respect to the real component; iii) appropriate reproduction of

the real working conditions within the computational model.

Within this context, Finite Element Analysis (FEA) is widely used as a

reliable and accurate tool to develop the scopes described above. However,

even if FEA is already a widely employed and well assessed simulation tool,

it presents some limitations that can a↵ect both the geometrical accuracy

of the domain under investigation and the regularity of the approximated

solution. In particular, the typical low-order and low-regularity FEA basis

functions used to discretize the continuum domain do not allow, in general,

to accurately represent complex geometries unless extremely fine meshes are

adopted. At the same time, FEA basis functions do not allow, in general,

to properly approximate the solution without resorting to a high number

of degrees of freedom.

In this aspect, Isogeometric analysis (IgA), has been recently proposed

as an exact-geometry, cost-e↵ective alternative to classical FEA. The idea

of IgA is that NURBS basis functions used for geometry representation in

CAD can be employed both for the geometry description and the solution

framework in a isoparametric fashion. This approach allows to bypass the

meshing process and to merge the model for design and analysis into one.

Moreover, the high regularity provided by the IgA shape functions extends
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the benefits provided by this innovative method to all the boundary value

problems where high continuity plays a preeminent role.

The doctoral research described in this dissertation is collocated within

this framework, since we aimed at integrating advanced constitutive mode-

ling and innovative computational mechanics techniques to e�ciently eval-

uate the main mechanical features of di↵erent shape memory alloy (SMA)

carotid stent designs. In particular, the present doctoral research can be

subdivided as follows: i) identification and implementation of robust and

accurate SMA constitutive models; ii) set up of a “traditional” FEA-based

computational framework for the computation of carotid stent sca↵olding;

iii) set up of an innovative IgA-based computational framework for the eval-

uation of carotid stent flexibility; iv) performance comparison between IgA

and FEA with respect to solution accuracy and computational e�ciency; v)

extension of the proposed IgA framework to take into account frictionless

contact modeling for stent implant simulations.

Accordingly, we first investigated the peculiar issues and techniques re-

lated to SMA material constitutive modeling. In particular, we presented

a brief overview of the SMA mechanical features we need to take in ac-

count for the applications object of this dissertation. Subsequently, we de-

scribed the continuous model and the discrete implementation of two widely

employed SMA constitutive models, i.e., Souza model [21] and Auricchio-

Taylor model [22]. Thereafter, the two models were implemented and tested

with several FEA-based SMA boundary value problems in order to confirm

the e↵ectiveness of such models into the description of complex mechanical

behaviors typical of several real life applications. The results demonstrated

that both models are able to accurately reproduce the main behavior of

di↵erent boundary value problems with increasing complexity, e.g., large

deformations and contact. Moreover, both models were not very e↵ective
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in a simulation involving constant loads and thermal cycles. We remark that

this unexpected result is inherently related to the model structure for the

Souza model, while it has not a clear explanation for the Auricchio-Taylor

model, even if this aspect has been already investigated in the literature.

Following the reliable characterization of both SMA models, we moved

toward the investigation of an important SMA carotid stent feature, i.e.,

vessel sca↵olding, through patient-specific FEA. In particular, we measured

the cell area of four di↵erent SMA stent designs deployed in a realistic

carotid artery model. The results showed that, after the deployment, the

cell area changes along the stent length in function of the vessel tapering.

On one hand this result, widely expectable, demonstrates that the conclu-

sions withdrawn from the free-expanded configuration appear to be quali-

tatively acceptable and our method is able to catch the same information.

On the other hand, free-expanded cell area measures should be carefully

handled since they do not take into account the variability a↵ecting the

cell area distribution after the implant. Our approach can be used as basis

for comparative studies on the device behavior in implanted configurations,

using di↵erent data, i.e. variability values, as index of critical behaviors,

such as fish scaling e↵ect, that can lead to intimal disruption and stent-

ing implant fail. The results confirmed the capability of dedicated FEA

simulations to provide useful information about complex stent features.

As previously introduced, FEA presents some drawbacks that can be

overcome with the employment of innovative NURBS-based IgA. Thus, in

order to investigate the IgA benefits over FEA within the objectives of

this doctoral research, we implemented a novel computational framework

based on IgA to evaluate another important SMA carotid stent feature,

i.e., flexibility. We performed stent bending flexibility analyses involving

large deformations using both IgA and classical FEA for two carotid artery
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stent designs. The results suggested that, for a given level of accuracy,

IgA attains a better performance with at least one order of magnitude

fewer degrees of freedom than classical FEA. As a consequence, for the

same level of accuracy, IgA showed a significant enhancement also for the

computational times with respect to traditional FEA. These aspects are

even more pronounced when we consider a particular design inducing local

buckling e↵ects. Moreover, it is remarkable to observe how low regularity

and low interpolation order in FEA basis functions can lead to a reduced

capability of catching the physics of the problem under investigation.

Eventually, given the promising results obtained with the IgA flexibil-

ity simulations, we aimed at extending the proposed IgA framework to

include the contact modeling in order to numerically reproduce important

experimental benchmarks, e.g., radial strength evaluation, or, more in gen-

eral, to simulate the carotid stent implant for pre-operative planning. We

focused on the application of NURBS-based isogeometric analysis to 3D

frictionless contact problems between deformable bodies undergoing large

deformations. In particular, starting from the works of De Lorenzis et al.

[106, 146], we presented the knot-to-surface (KTS) contact driver imple-

mented in the IgA package for FEAP. Moreover, for each driver portion,

several add-ons were proposed in order to improve computational e�ciency

and robustness. Several basic numerical tests were implemented and the re-

sults showed that the proposed computational framework provides promis-

ing results with reduced DOF number with respect to classical FEA. More-

over, we extended the proposed framework to more complex applications,

including stent geometry and non linear constitutive models to simulate the

double-sided contact typical of stent implant simulations. The preliminary

results demonstrated the capability of the proposed framework to reproduce

complex real life problems.
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7.1 Future developments

The results of our doctoral research proved the capability of computational

modeling to e�ciently reproduce a set of experimental benchmark to eval-

uate the mechanical behavior of endovascular stents.

From the computational viewpoint, we demonstrated the huge impact that

IgA can provide within this topic, both in terms of geometrical representa-

tion and cost-e↵ective accuracy. Our results can be the first step for several

developments, both in terms of technological improvement and possible in-

dustrial applications. In the following, the main future developments for

the present work are summarized.

• IgA computational e�ciency: even if the IgA results showed an im-

proved e�ciency and accuracy with respect to linear FEA, it is im-

portant to remark the following aspects: (i) the current FEAP IgA

package does not include parallel implementation; (ii) all performed

IgA tests employed the classical FEA p + 1 Gauss quadrature which

is not the best solution, given the large support of NURBS shape

functions (in this aspect several solutions have been investigated in

the literature [84, 85] and need to be explored);

• Advanced NURBS mesh generation: the procedure proposed in Chap-

ter 5 (and extended to vascular structures in Appendix B) provides

accurate models from a geometric point of view. However, the ma-

jority of CAD models employ boolean operators and/or trimming

techniques to build arbitrary topologies bypassing the NURBS ten-

sor product nature. Unfortunately, these approaches keep the orig-

inal NURBS parametrization unchanged, leading to a discrepancy

between the CAD model and the IgA-suitable NURBS structure. In
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this aspect, the research is moving in two main directions: (i) di↵e-

rent technologies to perform IgA using trimmed surfaces are under

development [147, 148]; (ii) novel parametrizations, e.g., T-splines

[109, 110], hierarchical B-splines [111] and LR- B-splines [112], can

overcome the tensor product limitation;

• From research to industrial design: the results of this doctoral re-

search, coupled with the technological improvements mentioned in

the previous point provide a promising framework for di↵erent ap-

plications. As example, the three stent mechanical tests, i.e., vessel

sca↵olding, flexibility and radial strength could be integrated within a

simplified CAD software to rapidly prototype new stent designs (Fig.

7.1).
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Figure 7.1 Future developments: integrated CAD-IgA software for stent design
evaluation.

186



Appendix A

Abaqus/Standard solution control

parameters

Solution control parameters can be used to control:

• nonlinear equation solution accuracy;

• time increment adjustment;

These solution control parameters need not be changed for most analyses.

In di�cult cases, however, the solution procedure may not converge with

the default controls or may use an excessive number of increments and

iterations. After it has been established that such problems are not due

to modeling errors, it may be useful to change certain control parame-

ters. Control parameters can modify di↵erent aspect of FEA and, for our

analyses, we chose to include control modifications on time incrementation

parameters. Solution control parameters can be used to alter both the con-

vergence control algorithm and the time incrementation scheme. The time

incrementation parameters and are the most significant since they have a

direct e↵ect on convergence. They may have to be modified if convergence is
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(initially) nonmonotonic or if convergence is nonquadratic. Nonmonotonic

convergence may occur if various nonlinearities interact; for example, the

combination of friction, nonlinear material behavior, and geometric nonlin-

earity may lead to nonmonotonically decreasing residuals. Nonquadratic

convergence will occur if the Jacobian is not exact, which may occur for

complex material models. We implemented time incrementation controls

with the following syntax:

*CONTROLS, PARAMETERS=TIME INCREMENTATION

** Relax checks on rate of convergence:

** IO IR IP IC IL IG IS IA

** 16 , 18 , 20 , 40 , 30 , 6, 12, 20

where

• IO number of equilibrium iterations (without severe discontinuities)

after which the check is made whether the residuals are increasing in

two consecutive iterations;

• IR number of consecutive equilibrium iterations (without severe dis-

continutities) at which logarithmic rate of convergence check begins;

• IP number of consecutive equilibrium iterations (without severe dis-

continuities) after which the residual tolerance RP is used instead of

RN ;

• IC upper limit on the number of consecutive equilibrium iterations

(without severe discontinuities), based on prediction of the logarith-

mic rate of convergence;
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• IL number of consecutive equilibrium iterations (without severe dis-

continuities) above which the size of the next increment will be re-

duced;

• IG maximum number of consecutive equilibrium iterations (without

severe discontinuities) allowed in consecutive increments for the time

increment to be increased;

• IS maximum number of severe discontinuity iterations allowed in an

increment;

• IAmaximum number of cutbacks allowed for an increment;

For a detailed description of the *CONTROLS command see [149].
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Appendix B

NURBS-based surface mapping for

vascular biomechanics

B.1 Problem definition

CVD are the main cause of death in western countries and it is responsible

for hundreds of thousands of early deaths all over the world. CVD are not

only a major threat to individuals’ lives and their quality of life but it is

also a major economic cost to all European countries [1]. Several treat-

ment options are nowadays available for managing many CVD but, thanks

also to the encouraging outcomes achieved in the coronary district, the ap-

plication of percutaneous minimally-invasive techniques, such as stenting,

grafting and angioplasty procedure, are also applied to other peripheral

districts. Device design, development and performance assessment of these

minimally-invasive procedures are the natural application field of computa-

tional biomechanics, which applies the principle of mechanics to investigate

biological systems and their interaction with artificial implants. In par-

ticular, patient-specific modeling has been proposed in recent years as a
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new paradigm in surgical planning support based on computational tools

[121, 150, 151].

Moreover, Isogeometric Analysis (IgA) has recently emerged as a cost-

e↵ective alternative to classic isoparametric Finite Element Analysis (FEA)

[17]. The main feature of the method consists of using typical CAD basis

functions for both geometric description and variable approximation. This

implies the ability to describe exactly the computational domain geometry

throughout the analysis process, including, at the same time, the chance

to control the basis functions continuity. These features led to a wide va-

riety of approaches able to treat e�ciently many critical aspects of FEA

(e.g., analysis of nearly incompressibile solids and novel contact formula-

tions [95, 106] ). Starting from these results, the aim of this work is to

create a computational workflow able to convert the information coming

from vascular patient-specific DICOM images into a IgA-suitable geomet-

ric structure and to perform a preliminary analysis resembling a minimal-

invasive procedure i.e., carotid angioplasty, using an an extension of FEAP,

a numerical solver widely adopted for research in FEA, to IgA [125].

B.2 Materials and Methods

The main objective of this work is to provide, given the vascular medical

images, a geometrical structure IgA-suitable. This task can be achieved

through the following steps:

• Image processing: the set of DICOM medical images need to be pro-

cessed in order to get a finite number of point able to describe the

vascular surface;
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• Mapping: starting from a given NURBS parametrization (primitive

surface) and the set of points previously extracted (reference surface),

a least-square based mapping procedure is implemented in order to

obtain two patient-specific NURBS surfaces, resembling the inner and

outer vascular wall, respectively;

• FEAP-suitable block structure: the two NURBS surface need to be

integrated in order to obtain a 3D IgA solid structure suitable for the

solver FEAP;

The proposed framework includes all the other ingredients needed by IgA

(boundary conditions, material definition) and, as a preliminary analysis,

a displacement-control simulation of angioplasty procedure has been per-

formed.

B.2.1 Image processing

The vessel model considered in this study reflects the geometry of a patient-

specific carotid artery, derived from DICOM images of a neck-head Com-

puted Tomography Angiography (see Fig.B.1-a). After a segmentation step

(Fig. B.1-b), the vascular surface was splitted into its main branches (Fig.

B.1-c) using the vascular model toolkit VMTK. The final pre-processing

step consist on the skeletonization of the surfaces and the subsequent points

extraction (Fig. B.1-d). These points represent the reference surface for

the subsequent mapping procedure.

B.2.2 Mapping procedure

In order to obtain a IgA-suitable NURBS structure starting from a set of

points representing the vascular geometry, we implemented the mapping
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Figure B.1 Image processing step: 3D volumetric reconstruction from CTA im-
ages (a); vascular STL surface and centerline (b); vascular surfaces after branch
splitting (c); sampled sections after skeletonization process (d).

procedure proposed by Morganti [124], that has been successfully applied

to aortic root geometries. A generic NURBS surface defined in R3 can be

described with the following relation:

S( , ⌘) =

P
i

P
j Ni ,p( )Mj ,q(⌘)BijwijP

i

P
j Ni ,p( )Mj ,q(⌘)wij

(B.2.1)

where Bij and wij represent the i,j-th control point coordinates and weight,

respectively, and Nj ,q and Mi ,p are the i-th j-th shape functions of order

p and q respectively, related to each parametric direction. Assuming con-

stant weights, after some simple algebraic manipulations, eq.B.2.1 can be

rearranged in order to get the following matricial form

ST
r = C ⇤Br

vec (B.2.2)
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where ST
r represents the r-th cartesian nodal component of the sam-

pling points belonging to the reference surface, Br
vec is the r-th cartesian

component of the control points ordere in vectorial form and C roughly

contains the products between shape functions values in both parametric

directions. It is immediate to observe that eq.B.2.2 represents a linear sys-

tem which can be solved (in the least-square sense) in order to obtain the

r-th component of the mapped control points.

The proposed approach can be used to map a primitive cylinder with a pre-

defined parametrization onto each of the carotid artery branch (Fig. B.2).

B.2.3 IgA structure and preliminary analysis

After the mapping procedure, the three NURBS patches, one for each vessel

branch, need to be refined and integrated in a single vessel geometry, defined

by 3D solid elements. This task is achieved by means of an in-house Matlab

code (The Mathworks Inc., Natick, MA, USA) that includes a refinement

step, both h and p, and several routines for the management of some criti-

cal geometrical aspects, as the interpach continuity at the bifurcation level.

In the last part of the code the NURBS structure is exported in a for-

mat compatible with the isogeometric package for FEAP. The Matlab code

takes advantage of the routines given by the NURBS toolbox and by some

customized routines from the software tool GeoPDEs [152]. As preliminary

analysis, a simulated angioplasty (AP) procedure for the carotid artery has

been performed. From the clinical perspective AP is defined as the tech-

nique of mechanically widening narrowed or obstructed arteries, typically

being a result of atherosclerosis. This task is achieved by mean of a ballon
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‘Mapped’ 
cylinder 

Nurbs surface (red) 
VS STL 

Primitive 
cylinder 

Figure B.2 IgA mapping procedure: left primitive surface and parametrization;
center mapped internal carotid IgA surface; right overlap of the IgA vascular sur-
face with the original stl file.
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catheter that is passed into the narrowed location and then inflated to a

fixed size and subsequently deflated and withdrawn. From the computa-

tional viewpoint AP can be roughly simplified as a displacement-controlled

analysis with a finite-strain regime and (non)linear elastic constitutive be-

havior associated with the vessel model. The mechanical response of the

vessel is reproduced assuming a Neohookean hyperelastic material model,

defined by the two parameters E=2 MPa and ⌫=0.45. The ballon expansion

is simulated by mean of a displacement field applied to the vessel inner wall

control points. The displacement values were structured as the di↵erence

between the expected configuration and the reference configuration

Figure B.3 Ballon expansion simulation (one branch example): reference NURBS
structure (a); expanded NURBS structure (b).
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B.3 Results and discussion

The von Mises stress distribution after the AP simulation is depicted in

Fig. B.4. The results show, in a simplified way, the interaction between

the expanded balloon and the vessel wall, exhibiting higher stress values

in the stenotic region. This information, after a necessary refinement of

the model features, can be associated with di↵erent clinical issues, such as

vessel damage after AP and restenosis risk. It is important to note that

this simulation was performed using only 3600 degrees of freedom, at least

one order of magnitude less than typical FEA meshes for similar purposes

[121, 150] . However, in order to ensure a fair comparison between FEA and

IgA and to get a valuable tool for di↵erent cardiovascular applications, i.e.,

stenting and endografting, some more sophisticated tools, such as stable

contact driver and complex constitutive models, need to be included.

B.4 Conclusions

In the present study we present a novel computational framework able to

integrate medical information and computational tools in order to perform

IgA for vascular biomechanics. The results suggest that it is possible to

obtain an IgA-suitable structure in a reasonable number of steps. More-

over, a preliminary analysis has been performed in order to make the point

about the capability of the workflow to reproduce, in a simplified way, a

minimally-invasive procedure present in the clinical practice. In order to ob-

tain a valuable tool for a wider range of clinical procedures, such as stenting

and grafting, some more sophisticated components (such as stable contact

driver,pressure elements, biologic materials constitutive models etc.) need

to be included. We think that IgA for vascular biomechanics represents
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Figure B.4 von Mises stress distribution of the ballon expansion simulation: com-
plete vessel structure (a); clipped structure in order to visualize the stress at the
lumen level (b).
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a big challenge both from computational and model design viewpoint and

can give, in the next future, a crucial contribution to the integration of

medicine and numerical analysis.
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