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Claim:	
  Cp-­‐1	
  space	
  economical	
  p-­‐refinement	
  



Problem:	
  	
  
True	
  w.r.t.	
  DOFs,	
  but	
  ignores	
  solu6on	
  cost	
  



Goal:	
  Understand	
  solu=on	
  cost	
  

  u = 0

  u = 1

  n̂ ⋅∇u = 0  elsewhere

Record	
  for	
  direct	
  solver	
  (MUMPS):	
  
• 	
  Solve	
  =me	
  	
  
• 	
  Required	
  memory	
  	
  
while	
  varying	
  polynomial	
  order	
  
and	
  con=nuity	
  of	
  discre=za=on	
  

Canonical	
  Laplace	
  problem	
  on	
  unit	
  cube	
  



Par==on	
  mesh	
  into	
  elements	
  

There	
  are	
  p+1	
  func=ons	
  of	
  order	
  p	
  assigned	
  to	
  an	
  element	
  

Isogeometric	
  finite	
  elements	
  



MUMPS:	
  Mul=-­‐frontal	
  direct	
  solver	
  
Solu=on	
  strategy	
  split	
  into	
  2	
  parts:	
  
1.  Sta=c	
  condensa=on	
  of	
  fully	
  assembled	
  dofs	
  
2.  LU-­‐factoriza=on	
  of	
  remaining	
  problem	
  (skeleton	
  problem)	
  

C 0 	
  1D	
  finite	
  	
  
element	
  matrices	
  

Element	
  Local	
  Matrix	
  

Removed	
  by	
  sta=c	
  condensa=on	
  

Resul=ng	
  problem	
  size	
  reduced!	
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C0	
  B-­‐spline	
  
spaces	
  	
  

Increasing	
  polynomial	
  order	
  increases	
  sta=c	
  condensa=on	
  work,	
  
but	
  skeleton	
  problem	
  is	
  limi=ng	
  cost	
  and	
  remains	
  fixed!	
  

p=7	
  	
  
commensurate	
  

to	
  p=1	
  



Computa=onal	
  es=mates	
  of	
  cost	
  for	
  C0	
  spaces	
  

   

• Bubbles in ea. element: p −1( )3 ⇒ Elimination time O p −1( )3( )3 ≈O p9( )
 Ne  (# elements)≈O Ndof / p3( ) ⇒ Static condensation time O Nep9( )

• Squeleton problem: 

 Ne  # elements ⇒ Nf  (# faces) = 3Ne  ⇒Size: Nf p
2 = 3Nep2

 Average bandwidth O p −1( )2( )
⇒ Elimination time:  O 3Nep2( )2

p −1( )2( ) ≈O Ne
2p6( )

• Total problem complexity estimate:

time = O Nep9( ) +O Ne
2p6( ) + lower order terms

⇒ for Ndof squeleton problem cost is O Ndof
2( )

⇒ for Ndof O p6( )  then static condensation time squeleton problem

• Total problem memory usage estimate: O Np3( ) +O N4/3( ) + lower order terms



The	
  high	
  price	
  of	
  con=nuity	
  



   

• Elimination problem: 

 Ne  # elements ⇒ Size: Ne p +1( )3

 Average bandwidth O p +1( )3( )
⇒ Elimination time:  O Ne p +1( )3( )2

p +1( )3⎛
⎝⎜

⎞
⎠⎟
≈O Ne

2p9( )
• Total problem complexity estimate:

time = O Ne
2p9( ) + lower order terms ≈O N2p6( )

• Total problem memory usage estimate: O N4/3p2( ) + lower order terms

Computa=onal	
  es=mates	
  of	
  cost	
  for	
  Cp-­‐1	
  spaces	
  



The	
  high	
  price	
  of	
  con=nuity	
  

Increasing	
  
Con3nuity	
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Higher	
  con=nuous	
  basis	
  result	
  in	
  element	
  s=ffness	
  matrix	
  blocks	
  
overlapping,	
  causes	
  performance	
  loss	
  of	
  mul=-­‐frontal	
  algorithm	
  



Goal:	
  Understand	
  value	
  of	
  con=nuity	
  

  u = 0

  u = 1

  n̂ ⋅∇u = 0  elsewhere

Canonical	
  Laplace	
  problem	
  on	
  unit	
  cube	
  



The	
  value	
  of	
  con=nuity?	
  



The	
  value	
  of	
  con=nuity?	
  



Isogeometric-­‐Specific	
  	
  
Mul=-­‐Frontal	
  Solver	
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Construct	
  mul=ple	
  	
  frontal	
  
matrices	
  s.t.	
  they	
  sum	
  up	
  to	
  
the	
  full	
  matrix	
  

Variables	
  must	
  be	
  split	
  	
  
into	
  parts	
  

N0,1	



N1,1	



N2,1	



N3,1	



N4,1	



N5,1	



N6,1	



  N0,1   N1,1   N2,1    N3,1   N4,1    N5,1   N6,1	



E.g.,	
  contribu=on	
  of	
  	
  

b(N2,1;N3,1)	
  

Mul=-­‐frontal	
  algorithm	
  



First	
  all	
  frontal	
  matrices	
  are	
  constructed	
  

Mul=-­‐frontal	
  algorithm	
  



•  Assemble	
  frontal	
  matrices	
  1	
  and	
  2	
  into	
  new	
  3x3	
  frontal	
  matrix	
  

•  Rows	
  1	
  and	
  2	
  are	
  fully	
  assembled	
  

+	



Mul=-­‐frontal	
  algorithm	
  



+	



Column	
  1	
  eliminated	
  using	
  first	
  row	
  

	
  	
  =>	
  	
  	
  	
  2nd	
  row	
  =	
  2nd	
  row	
  –	
  [1/h2]	
  *	
  1st	
  row	
  

Mul=-­‐frontal	
  algorithm	
  



+	



2nd	
  row	
  =	
  2nd	
  row	
  –	
  [1/h2]	
  *	
  1st	
  row	
  

Mul=-­‐frontal	
  algorithm	
  



Assemble	
  frontal	
  matrices	
  3	
  and	
  4	
  into	
  new	
  frontal	
  matrix	
  

Only	
  row	
  2	
  is	
  fully	
  assembled	
  

+	

 +	



Mul=-­‐frontal	
  algorithm	
  



Change	
  of	
  the	
  ordering	
  

+	

 +	



Mul=-­‐frontal	
  algorithm	
  



+	

 +	



Eliminate	
  entries	
  	
  in	
  column	
  1	
  below	
  row	
  1	
  

	
  	
  	
  2nd	
  row	
  =	
  2nd	
  row	
  –	
  [1/h2]	
  /	
  [-­‐2/h2]	
  *	
  1st	
  row	
  

	
  	
  	
  3rd	
  row	
  =	
  3rd	
  row	
  –	
  [1/h2]	
  /	
  [-­‐2/h2]	
  *	
  1st	
  row	
  

Mul=-­‐frontal	
  algorithm	
  



+	

 +	



Eliminate	
  entries	
  below	
  the	
  diagonal	
  

2nd	
  row	
  =	
  2nd	
  row	
  –	
  [1/h2]	
  /	
  [-­‐2/h2]	
  *	
  1st	
  row	
  

3rd	
  row	
  =	
  3rd	
  row	
  –	
  [1/h2]	
  /	
  [-­‐2/h2]	
  *	
  1st	
  row	
  

Mul=-­‐frontal	
  algorithm	
  



Recursevely	
  eliminate	
  remaining	
  frontal	
  matrices	
  

…	
  

+	

 +	

 +	



Mul=-­‐frontal	
  algorithm	
  



All	
  frontal	
  matrices	
  are	
  generated	
  at	
  the	
  same	
  =me	
  

Procesor	
  1	
  	
  	
  	
  	
  	
  Procesor	
  2	
  	
  	
  	
  	
  Procesor	
  3	
  	
  	
  	
  	
  	
  	
  Procesor	
  4	
  	
  	
  	
  	
  	
  	
  Procesor	
  5	
  	
  	
  	
  	
  Procesor	
  6	
  

Mul=-­‐frontal	
  algorithm	
  



Assembly	
  and	
  elimina=on	
  are	
  executed	
  concurrently	
  over	
  
pairs	
  of	
  frontal	
  matrices	
  

+	

 +	

 +	



Procesor	
  1	
  	
  	
  	
  	
  	
  Procesor	
  2	
  	
  	
  	
  	
  Procesor	
  3	
  	
  	
  	
  	
  	
  	
  Procesor	
  4	
  	
  	
  	
  	
  	
  	
  Procesor	
  5	
  	
  	
  	
  	
  Procesor	
  6	
  

Mul=-­‐frontal	
  algorithm	
  



+	

 +	

 +	



Procesor	
  1	
  	
  	
  	
  	
  	
  Procesor	
  2	
  	
  	
  	
  	
  Procesor	
  3	
  	
  	
  	
  	
  	
  	
  Procesor	
  4	
  	
  	
  	
  	
  	
  	
  Procesor	
  5	
  	
  	
  	
  	
  Procesor	
  6	
  

Concurrent	
  assembly	
  and	
  elimina=on	
  executed	
  over	
  different	
  
pairs	
  of	
  frontal	
  matrices	
  

Mul=-­‐frontal	
  algorithm	
  



+	
   +	
   +	
  

Algorithm	
  recursively	
  repeated	
  un=l	
  root	
  of	
  the	
  tree	
  is	
  reached	
  

It	
  results	
  in	
  upper	
  trianguler	
  matrix	
  stored	
  in	
  distributed	
  manner	
  

Computa=onal	
  complexity	
  =	
  height	
  of	
  the	
  tree	
  =	
  log(Ndof)	
  

Procesor	
  1	
  	
  	
  	
  	
  	
  Procesor	
  2	
  	
  	
  	
  	
  Procesor	
  3	
  	
  	
  	
  	
  	
  	
  Procesor	
  4	
  	
  	
  	
  	
  	
  	
  Procesor	
  5	
  	
  	
  	
  	
  Procesor	
  6	
  

+	
  

node	
  
+	
  
root	
  

Mul=-­‐frontal	
  algorithm	
  



• 	
  	
  NVIDIA	
  CUDA	
  

• 	
  	
  GeForce	
  GTX	
  260	
  
• 	
  	
  Mul=processors	
  x	
  Cores/MP	
  =	
  	
  

• 	
  	
  Cores:	
  24	
  (MP)	
  x	
  8	
  (Cores/MP)	
  =	
  192	
  (Cores)	
  

• 	
  	
  Memory:	
  896MB	
  

Numerical	
  results	
  



Numerical	
  results	
  



Numerical	
  results	
  



Numerical	
  results	
  



Numerical	
  results	
  



Numerical	
  results	
  



Numerical	
  results	
  



Numerical	
  results	
  



Flood	
  Modeling	
  

Joint	
  work	
  with:	
  	
  
N.O.	
  Collier,	
  H.	
  Radwan,	
  G.	
  Stenchikov,	
  and	
  W.	
  Tao	
  



Overview	
  

•  Mo=va=on:	
  
– KAUST	
  and	
  Jeddah	
  flood	
  
– Model	
  Problem:	
  Manning’s	
  model	
  

•  Applica=on	
  to	
  KAUST	
  topographic	
  data	
  
– Numerical	
  results	
  



Diffusive-­‐Wave	
  Approxima=on	
  

where	
  

•  Strong	
  Form	
  

•  Weak	
  Form	
  



1D	
  Results	
  



Relevant	
  Topography	
  



Relevant	
  Topography	
  (Zoom	
  in)	
  



2D	
  	
  
Results	
  



Discon=nuous	
  	
  
Petrov-­‐Galerkin	
  Method	
  

Joint	
  work	
  with:	
  	
  
N.O.	
  Collier,	
  L.	
  Demkowicz,	
  J.	
  Gopalakrishnan,	
  
I.	
  Muga,	
  A.H.	
  Niemi,	
  D.	
  Pardo,	
  and	
  	
  J.	
  Zitelli	
  



Towards	
  Discre=za=on	
  without	
  	
  
Numerical	
  Dispersion	
  

•  Mo=va=on	
  
– Model	
  Problem	
  

– Dispersion/Phase	
  error	
  -­‐	
  Pollu=on	
  effect	
  
•  DPG	
  framework	
  
– Features	
  and	
  Characteris=cs	
  

•  Applica=on	
  to	
  the	
  Helmholtz	
  Equa=on	
  
– Numerical	
  results	
  

•  DPG	
  formula=on	
  details	
  



Wave	
  Propaga=on	
  

    

• Equation governing wave propagation (at speed c):  Δp −
1
c2

∂2p
∂t 2 = 0

• Assuming time-harmonic dependance: p x,t( ) = exp iω t( )p x( )
• ω is the angular frequency

• Helmholtz equation (second order formalism):

Δp + k 2p = −ikf in Ω
∂np + ikp = 0 on ∂Ω

⎧
⎨
⎪

⎩⎪
( )

•  k =
ω
c

is the wave number

•  p x( ) = exp ikv ⋅x( )  are particular solutions to ( )
 (time-harmonic wave trains)



Dispersion	
  Analysis	
  

   

After discretization and numerical 
solution of ( ), wave trains with discrete 

wave-number  kh ≠ k( )   are obtained

Dispersion analysis: analysis of wave-number error 

Linear approximation case	



Spectrum analysis is equivalent to 
dispersion analysis in the regime 

where kh is real	



Duality principle	





Pollu=on	
  Effect	
  

  

• Mathematical characterization of dispersion

• Given exact solution p ∈U  and its discrete approximation ph ∈Uh ⊂U

p − ph

p
≤C k( )

wh ∈Uh
inf

p −wh

p

where C k( ) = C1 +C2k
β kh( )γ

   
p x( ) = exp ik x1 cosθ + x2 sinθ( )( )

2D	
  numerical	
  
evidence	
  



Discon=nuous	
  Petrov-­‐Galerkin	
  Method	
  

Objec=ve	
  
  Eliminate	
  pollu=on	
  error	
  in	
  mul=-­‐dimensions	
  

Features	
  
  Hermi=an	
  posi=ve	
  definite	
  algebraic	
  systems	
  

  Uncondi=onal	
  stability	
  

Characteris=cs	
  
•  Discon=nuous	
  Galerkin	
  (DG)	
  method	
  
•  Petrov-­‐Galerkin	
  method	
  

•  Least-­‐squares-­‐type	
  Galerkin	
  method	
  



Discon=nuous	
  Petrov-­‐Galerkin	
  Method	
  

  Op=mal	
  convergence	
  rate	
  in	
  “energy”	
  norm	
  of	
  problem	
  irrespec=ve	
  
of	
  physical	
  parameters	
  

  Constructed	
  discrete	
  weigh=ng	
  space	
  guarantees	
  op=mal	
  
convergence	
  in	
  energy	
  norm	
  

  Uses	
  weigh=ng	
  test	
  func=on	
  space	
  fully	
  discon=nuous	
  
  Discrete	
  varia=onal	
  problem	
  is	
  local	
  to	
  each	
  element	
  
  Local	
  problems	
  are	
  symmetric	
  and	
  are	
  solved	
  approximately	
  

using	
  standard	
  Galerkin	
  method	
  
  Ayrac=ve	
  for	
  problem	
  with	
  strong	
  dependence	
  on	
  physical	
  

parameters	
  
  Parametric	
  dependence	
  complicates	
  computa=on	
  of	
  

op=mal	
  basis	
  func=ons	
  
  Discrete	
  approxima=on	
  of	
  field	
  variables,	
  traces,	
  and	
  fluxes	
  



1D	
  Result	
  

  
p x( ) = exp ikx( )Six	
  linear	
  elements	
  per	
  wavelength	
  



1D	
  Result	
  

Ra=o	
  between	
  error	
  and	
  best	
  approxima=on	
  error	
  as	
  a	
  func=on	
  of	
  k	
  



2D	
  Result	
  

   
p x( ) = exp ik x1 cos π

4
+ x2 sin π

4
⎛
⎝⎜

⎞
⎠⎟

⎛

⎝⎜
⎞

⎠⎟

Standard	
  FEM	
   DPG	
  

Error	
  magnitude	
  



0.995	
  

0.996	
  

0.997	
  

0.998	
  

0.999	
  

1	
  

1.001	
  

1.002	
  

1.003	
  

1.004	
  

1.005	
  

1	
   10	
   100	
  

2D	
  Result	
  

Ra=o	
  between	
  error	
  and	
  best	
  approxima=on	
  error	
  as	
  a	
  func=on	
  of	
  	
  

   
p x( ) = exp ik x1 cosθ + x2 sinθ( )( )

4	
  bilinear	
  elements	
  per	
  wavelength,	
  pure	
  impedance	
  boundary	
  cond.	



 
θ =

π
4

 
θ =

π
6

  
k

2π

 Δp = 2, flux degree = 2, trace degree = 2

 θ = 0

  k / 2π

 

Error
Ratio



Steady	
  Transport	
  Problem	
  
•  Mo=va=on	
  for	
  DPG	
  framework	
  
– Design	
  discre=za=on	
  such	
  that	
  
•  Trial	
  space	
  grants	
  approximability	
  
• Weigh=ng	
  space	
  grants	
  stability	
  

•  Parameter-­‐free	
  convergence	
  rate	
  

•  Applica=on	
  to	
  the	
  Transport	
  Equa=ons	
  
– Numerical	
  results	
  



Advec=on-­‐Diffusion-­‐Reac=on	
  in	
  1D	
  

   

• Conservative second order form:

s x( )u x( ) + a x( )u x( ) −κu x( )′⎛
⎝⎜

⎞
⎠⎟
′
= f x( ) in a,b⎤⎦ ⎡⎣

u a( ) = ga, u a( ) = ga

⎧

⎨
⎪⎪

⎩
⎪
⎪

where

 κ > 0 is the constant diffusion coefficient

 a x( ),s x( )  smoothly varying coefficients (advection velocity, reaction term)

 f x( )  source term

• Equivalent first order form:

σ x( ) − a x( )u x( ) −κu x( )′⎛
⎝⎜

⎞
⎠⎟
= 0 in a,b⎤⎦ ⎡⎣

s x( )u x( ) +σ x( )′ = f x( ) in a,b⎤⎦ ⎡⎣

⎧

⎨
⎪⎪

⎩
⎪
⎪



Ultra	
  Weak	
  Formula=on	
  

   

• Discontinous Petrov-Galerkin formalism (ultra weak form):

 Integration by parts over K = xk ,xk −1( ),  
      where a = x0 < x1 < ...< xN = b

0 = τ σ −au( )dx
xk−1

xk

∫ − τ ′κ u dx
xk−1

xk

∫ +κ τ u
xk−1

xk

+ v s u − f( )dx
xk−1

xk

∫ − v ′σ dx
xk−1

xk

∫ + v σ
xk−1

xk

for all test functions v,τ ∈H1 xk ,xk −1( )
 Let σ̂,û denote traces of σ,u, which are independent variables 



Ultra	
  Weak	
  Formula=on	
  

   

• The resulting abstract ultra weak form is:
Find u = σ,u,σ̂,û{ }∈U s.t. b v,u( ) = l v( ) ∀v ∈V

where

b v,u( ) = τ − v ′( )σ dx
xk−1

xk

∫ + −τ ′κ −aτ + sv( )u dx
xk−1

xk

∫ + v σ̂ −κ τ û( )
xk−1

xk
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪k =1

N

∑

l v( ) = v f dx
xk−1

xk

∫
k =1

N

∑
 and 

U = L2 a,b( ) × L2 a,b( ) × RN+1 × RN+1

V =WN ×WN

WN = w :w
xk ,xk−1( ) ∈H1 xk ,xk −1( ), k = 1,2,...,N{ }



Computa=onal	
  Considera=ons	
  

   

• Fields σ,u{ }  approximated using Bernstein polynomials of order p 

 Optimal weighting space computed on an enriched polynomial space 
 Enrichment: uniform Δp degree elevation to pe = p + Δp

 Discrete variational problem develops exponential boundary layers
 Using p-FEM recipes, boundary layer mesh of size peκ  is added

 C0  and Cpe −1 B-splines are used 

Subgrid	
  within	
  each	
  element	
  (boundary	
  layer	
  mesh)	
  

  xk −1   xk −1 + peκ  xk + peκ  xk



Model	
  Transport	
  Problem	
  

  

u x( ) −κu x( )′′′′′⎛
⎝⎜

⎞
⎠⎟
′
= 0 in 0,1⎤⎦ ⎡⎣

u 0( ) = 1, u 1( ) = 0

⎧

⎨
⎪⎪

⎩
⎪
⎪

⇒ u x( ) =
1− exp x −1

κ
⎛
⎝⎜

⎞
⎠⎟

1− exp −1
κ

⎛
⎝⎜

⎞
⎠⎟

  Four elements,    κ = 10−1, Δp = 2



  Four elements,  κ = 10−3, Δp = 2

Model	
  Transport	
  Problem	
  

  

Four elements, 
κ = 10−6, Δp = 2



Hemker’s	
  
	
  Transport	
  
Problem	
  

  Eight elements,    κ = 10−3, Δp = 2

  

xu x( ) −κu x( )′′′′′⎛
⎝⎜

⎞
⎠⎟
′
=κπ 2 cos π x( ) + π x sin π x( ) in 0,1⎤⎦ ⎡⎣

u −1( ) = −2, u 1( ) = 0

⎧

⎨
⎪⎪

⎩
⎪
⎪

⇒ u x( ) = cos π x( ) +
erf x

2κ

⎛
⎝⎜

⎞
⎠⎟

erf 1
2κ

⎛
⎝⎜

⎞
⎠⎟



Hemker’s	
  Transport	
  Problem	
  

  

Eight elements,  
  κ = 10−3, Δp = 2

  

Eight elements,  
  κ = 10−7, Δp = 2



Advec=on-­‐Diffusion-­‐Reac=on	
  in	
  2D	
  

    

• Conservative second order form:

s u +∇ ⋅ au −κ ∇u( ) = f , in∇

u = g, on ∂Ω

⎧
⎨
⎪

⎩⎪

where

 κ > 0 is the constant diffusion coefficient

 a x( ),s x( )  smoothly varying coefficients (adv. velocity, reaction term)

 f x( )  source term

• Equivalent first order formalism:

σ − au −κ ∇u( ) = 0 in Ω

s u +∇ ⋅σ = f in Ω

⎧
⎨
⎪

⎩⎪



Ultra	
  Weak	
  Formula=on	
  

    

• Discontinous Petrov-Galerkin formalism:

 Integration by parts over a single element K  in a mesh Ωh  

0 = τ ⋅ σ −au( )dx
K
∫ − ∇ ⋅ τκ u dx

K
∫ + κ n ⋅ τu

∂K
∫

+ v s u − f( )dx
K
∫ − ∇v ⋅ σ dx

K
∫ + v n ⋅ σ

∂K
∫

for all test functions v ∈H1 K( ), τ ∈H div,K( )
 Let σ̂n,û denote traces of n ⋅ σ, u, which are independent variables
  The functional setting is not trivial

û ∈H0
1/2 ∂Ωh( ), σ̂n ∈H0

−1/2 ∂Ωh( )



   

• Discrete Trial-to-Test operator:
Find vA

h ∈V h+ s.t.

vA
h,wh( )

V
= b NA,wh( ) ∀wh ∈V h+

⎧
⎨
⎪

⎩⎪
where: 
• V h+ is an enriched (h and p) finite element space, 

      not in infinite dimensional (continuous) V
 3 × 3-spline grid constructed analogously to the 1D case

• NA  is each trial basis function
 σ,u are approximated using L2-conforming piecewise 

            Bernstein polynomials of degree p
 σ̂n,û are approximated using H1/2- and H -1/2-conforming 

           piecewise Bernstein polynomials of degree p +1 on 
wireframe (continuous/discontinuous)

Varia=onal	
  Crimes	
  



Advec=on	
  Skew	
  to	
  Mesh	
  

  5 × 5 mesh,  p = 1,  κ = 10−4, Δp = 2



Advec=on	
  Skew	
  to	
  Mesh	
  

  20 × 20 mesh,  p = 2,  κ = 10−4, Δp = 3



Advec=on	
  Skew	
  to	
  Mesh	
  

  5 × 5 mesh,  p = 1,  κ = 10−6, Δp = 2



Advec=on	
  Skew	
  to	
  Mesh	
  

  5 × 5 mesh,  p = 1,  κ = 10−6, Δp = 3



Advec=on	
  Skew	
  to	
  Mesh	
  

  5 × 5 mesh,  p = 1,  κ = 10−6, Δp = 4



Advec=on	
  Skew	
  to	
  Mesh	
  

  5 × 5 mesh,  p = 1,  κ = 10−6, Δp = 5



Advec=on	
  Skew	
  to	
  Mesh	
  

  5 × 5 mesh,  p = 1,  κ = 10−6, Δp = 6



Advec=on	
  Skew	
  to	
  Mesh	
  

  5 × 5 mesh,  p = 1,  κ = 10−6, Δp = 7



Conclusions	
  
Helmholtz	
  	
  
  DPG	
  for	
  mul=D	
  Helmholtz	
  has	
  best	
  approxima=on	
  property	
  

  Pollu=on/Dispersion	
  effects	
  are	
  significantly	
  reduced	
  for	
  
discrete	
  approxima=on	
  (numerical	
  evidence)	
  

  Robust	
  methodology	
  for	
  small	
  perturba=on	
  problems	
  

  Advec=on-­‐diffusion,	
  Helmholtz,	
  thin	
  structures,	
  etc.	
  

Steady	
  Transport	
  
  Studied	
  numerically	
  the	
  approxima=on	
  of	
  advec=on-­‐diffusion-­‐

reac=on	
  problems	
  using	
  the	
  discon=nuous	
  Petrov-­‐Galerkin	
  method	
  
with	
  Bernstein	
  polynomials	
  and	
  B-­‐splines	
  

  Constructed	
  robust	
  algorithm	
  based	
  on	
  op=mal	
  test	
  space	
  norm	
  
and	
  element	
  subgrid	
  enrichment	
  for	
  resolving	
  weigh=ng	
  func=ons	
  

  Smooth	
  B-­‐splines	
  yield	
  some	
  computa=onal	
  saving	
  when	
  
compu=ng	
  weigh=ng	
  func=on	
  space	
  


