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Abstract

In a world where human needs are continuously evolving, science and technology are un-

ceasingly pushed to advance b eyond their limits. Shap e-memory materials, i.e. p eculiar

materials which can recover their shap e when exp osed to a certain external stimulus,

are an advanced answer to the highly demanding to day's market. Indeed, their amaz-

ing shape-memory e�ect , together with other advantages such as, e.g., high workability

for shap e-memory p olymers and sup erelasticity for shap e-memory alloys, o�ers a wide

variety of opp ortunities in many �elds, as aerospace (morphing wings, deployable struc-

tures), biomedicine (stents, catheters, �exible surgical instruments, �lters), construction

(sensors, damp ers), mechanics and automotive (actuators, switches, valves, gripp ers). For

this reason, research studies and applications on shap e-memory materials are continuously

increasing.

A widely adopted instrument used to chase the frontiers of engineering is represented by

virtual simulations. In fact numerical to ols allow to decrease the pro duct development

and manufacturing time and cost, for instance replacing exp ensive prototyping and test-

ing campaigns. Therefore, e�ective constitutive mo dels able to accurately repro duce the

new various industrial and biomedical applications are gaining more and more imp ortance.

This is the reason why I devoted my PhD studies mostly to the development and numerical

testing of advanced constitutive mo dels for shap e-memory alloys and shap e-memory p oly-

mers. The mo dels are here rep orted in b oth a continuous and a discrete time framework;

the corresp ondent implementation in the FEM environment is also presented, with several

computational simulations run using commercial and academic software.

After an intro duction in Chapter 1, the present dissertation is divided in two parts, the

�rst one devoted to shap e-memory alloys and the second one dealing with shap e-memory
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p olymers. Chapter 2 presents a detailed review of the biomedical applications of shap e-

memory alloys; Chapter 3 describ es the Souza-Auricchio model , a macroscopic constitutive

material mo del which represents one of the starting p oints of my work; Chapter 4 rep orts

a study on the explicit numerical implementation of the Souza-Auricchio model ; Chapter

5 investigates the variational structure of the Souza-Auricchio model ; Chapter 6 presents

a new constitutive mo del for shap e-memory p olymers which I develop ed during the last

year of my PhD; Chapter 7 rep orts a pro cedure for the semi-automatic generation of

UMAT/VUMAT subroutines for the software Abaqus. Finally, App endix A includes a

study which I b egan during my stay at Harvard University, on obtaining tunable phononic

crystals made from shap e-memory p olymers, and App endix B rep orts the description of

exp erimental tests on the self-sensing phenomenon in shap e-memory alloys.
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Sommario

In un mondo in cui i bisogni dell'uomo sono in continua evoluzione, la scienza e la tec-

nologia sono costantemente chiamate a sup erare i propri limiti. I materiali a memoria di

forma, ovvero materiali che p ossono recup erare una particolare forma quando sottop osti

a determinati stimoli esterni, sono una risp osta tecnologicamente avanzata a un mercato

sempre piú esigente. Infatti il loro stup efacente e�etto a memoria di forma unito ad altri

vantaggi tecnologici, quali alta lavorabilitá p er i p olimeri a memoria di forma e sup erelas-

ticitá p er le leghe a memoria di forma, o�re una vasta gamma di opp ortunitá in svariati

campi, ad esempio aerospaziale (ali trasformabili, strutture ripiegabili), biomedico (stents,

cateteri, strumenti chirurgici �essibili, �ltri), edilizia (sensori, smorzatori), meccanica ed

automotive (attuatori, interruttori, valvole, manip olatori). Per tutte queste ragioni, le at-

tivitá di ricerca e le applicazioni riguardanti le leghe a memoria di forma sono in continuo

aumento.

Uno strumento ampiamente utilizzato p er spingersi ai limiti delle frontiere dell'ingegneria

é rappresentato dalle simulazioni numeriche in ambiente virtuale. Infatti gli strumenti nu-

merici p ermettono di abbattere i tempi ed i costi di svilupp o e realizzazione dei pro dotti,

ad esempio sostituendosi a costosi test e prototipazioni. Pertanto i mo delli costitutivi che

siano in grado di ripro durre in maniera accurata le nuove e sempre piú varie applicazioni

industriali e biomediche stanno acquisendo un'imp ortanza crescente. Queste sono le ra-

gioni p er le quali ho dedicato i miei studi di Dottorato allo svilupp o ed ai test numerici in

ambiente virtuale di mo delli costitutivi p er le leghe ed i p olimeri a memoria di forma. I

mo delli di seguito rip ortati sono stati sviluppati sia in temp o continuo che in temp o dis-

creto; é inoltre presentata la corrisp ondente implementazione in ambiente FEM, con varie

simulazioni computazionali svolte utilizzando software commerciali ed accademici.

Dop o un'intro duzione nel Capitolo 1, la dissertazione di suddivide in due parti, la

prima incentrata sulle leghe a memoria di forma e la seconda riguardante i p olimeri a
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memoria di forma. Il Capitolo 2 presenta una spiegazione dettagliata delle applicazioni in

camp o biomedico delle leghe a memoria di forma; il Capitolo 3 descrive il mo dello di Souza-

Auricchio , un mo dello costitutivo macroscopico p er i materiali a memoria di forma, che rap-

presente uno dei punti di partenza del mio lavoro; il Capitolo 4 rip orta un'implementazione

numerica esplicita del mo dello Souza-Auricchio; il Capitolo 5 investiga la struttura vari-

azionale del mo dello Souza-Auricchio; il Capitolo 6 presenta un nuovo mo dello costituivo

p er i p olimeri a memoria di forma, che ho sviluppato durante il mio ultimo anno di Dot-

torato; il Capitolo 7 contiene una pro cedura p er la generazione semi-automatica delle

UMAT/VUMAT subroutines p er il software Abaqus. Per �nire, l'App endice A include

uno studio, che ho iniziato durante la mia p ermanenza all'Universitá di Harvard, relativo a

cristalli fononici regolabilirealizzati con p olimeri a memoria di forma; l'App endice B rip orta

la descrizione di prove sp erimentali sul fenomeno del self-sensing nelle leghe a memoria di

forma.
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Chapter 1

Intro duction

Shap e-memory materials display the p eculiar prop erty to recover the original shap e after

deformation, in presence of the prop er external stimulus: this feature is called shap e-

memory e�ect. Such b ehavior is often sided by other useful characteristics and resp onses,

varying from one material to another, which make shap e-memory materials go o d candidates

for cutting edge applications in di�erent engineering areas.

Probably the most studied shap e-memory materials are shap e-memory alloys (SMAs)

and shap e-memory p olymers (SMPs); the present work is devoted to these two groups. In

particular, the main p ortion of this thesis rep orts the results of my studies and research

pro jects on SMA mo deling and applications: Chapter 2 presents a review on the biomedi-

cal application of SMAs; Chapter 3 describ es a widely used phenomenological constitutive

mo del for SMAs, which has b een improved and enhanced: in Chapter 4, an explicit algo-

rithm for such mo del is presented, and in Chapter 5, a variational reformulation of the fully

coupled thermomechanical problem is prop osed. Chapter 6 deals with SMPs and presents

a new three-dimensional phenomenological mo del for thermo-resp onsive SMPs. Finally, in

Chapter 7 I prop ose a pro cedure to generate in a semi-automatic way UMAT and VUMAT

subroutines for Abaqus. An App endix is also provided, including part A, where the mo del

prop osed in Chapter 6 is used to simulate SMP phononic crystals with the aim to obtain

tunable frequency band gaps, and part B, which rep orts the results of exp erimental tests

on SMAs self-sensing abilities.
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1.1 Shap e-memory alloys: phenomenology and applica-

tions

SMAs are a group of metallic materials exhibiting unique prop erties and, accordingly,

drawing the interest of scienti�c communities and of industries. Following References [291,

203], the �rst study that op ened the do or to the future discovery of SMAs was made in 1932,

when a Swedish researcher, Arne Ölander, observed sup erelasticity in Au-Cd alloys. In the

end of the 30ies, Greninger and Mo oradian [116] describ ed the formation and disapp earance

of a martensitic phase, by resp ectively decreasing and increasing the temp erature in Cu-

Zn and Cu-Sn alloys. It is, however, only a decade later that the shap e-memory e�ect,

and its dep endency on the thermo-mechanical material conditions, were �nally rep orted

and widely describ ed by Kurdjumov and Khandros in 1949 [173] and by Chang and Read

in 1951 [64]. Nonetheless, the �rst e�ective step toward industrial use of SMA was the

discovery of shap e-memory e�ect in equiatomic NiTi alloys, p erformed in 1962 by Buehler

and its team at the U.S. Naval Ordnance Lab oratory, naming, therefore, the alloy as Nitinol

(Nickel Titanium Naval Ordnance Lab oratory, patent US 3174851 - 1965). Moreover,

Raychem Corp oration manufactured the �rst Nitinol industrial application during the 60ies

in aeronautics, consisting in hydraulic tub e couplers for F-14 �ghter planes.

Similarly, the earliest use of Nitinol for medical purp oses was rep orted in the 70ies, when

Andreasen made the �rst implant of a sup erelastic ortho dontic device (patent US 4037324

- 1977). Unfortunately, high pro duction costs and bio compatibility concerns prevented

commercial spreading of Nitinol medical devices until the 80ies [223], while nowadays Niti-

nol, thanks also to the fact that it was the �rst available functional biomaterial, is a widely

accepted material for medical use. The ever-increasing exploitation of SMAs in medical

devices is proved by the strong ascending trend of publications and patents pro duced on

the sub ject during the last decades, as it is easy to verify through statistic data concerning

publication and patent evolution through classical databases such as "Scopus" (see Figure

1.1) and "QPAT" (see Figure 1.2).

The two main e�ects presented by SMAs are sup erelasticity (SE) and shap e-memory

e�ect (SME). Sup erelasticity, also known as pseudo elasticity, is the capability of undergoing

large deformations during mechanical loading and of recovering the original shap e during

unloading; shap e-memory e�ect is, instead, the ability of a deformed SMA material to
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Figure 1.1: Histogram representing the numb er of publications p er year, since 1975

to 2012. The research was p erformed using the keywords "shap e AND memory

AND alloy AND *medical" in Scopus database (consultation: February 2013).

The trend is strongly increasing, demonstrating the great interest in SMAs raised

in the medical �eld during the last decades.

Figure 1.2: Histogram representing the numb er of patents p er year, since 1975 to

2012. The research was p erformed using the keywords "shap e AND memory AND

alloy AND *medical" in QPAT patents database (consultation: February 2013).

Also for the patents, the trend is ever increasing.
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recover the original shap e up on heating. A graphical representation of the two b ehaviors

is provided in Figure 1.3 (left side).

Figure 1.3: Sup erelasticity (a) and shap e-memory e�ect (b).

The explanation of such unique prop erties relies on the crystallographic structure of

SMA. Two distinct phases can, in fact, b e identi�ed: the austenite (or parent) phase,

which is stable at higher temp erature and has higher symmetry; the martensite (or daugh-

ter phase), which is stable at lower temp erature and has lower symmetry. Moreover, the

martensite can b e present in di�erent variants, which can b e organized either in the form of

twinned or multi-variant martensite or in the form of detwinned or single-variant marten-

4



site, with a graphical sketch of the p ossible crystallographic situations provided in Figure

1.3 (right side).

A phase transformation b etween the two describ ed phases can b e induced controlling

the material temp erature and the state of stress. For the case of no stress, the temp er-

ature over which the conversion of martensite into austenite is complete is the so-called

austenite �nish temp erature, traditionally indicated as A f , while the temp erature b elow

which the conversion of austenite into martensite is complete is the so-called martensite

�nish temp erature, traditionally indicated as M f (Figure 1.4). The phase transformation

temp erature range is comprised b etween these two values.

Figure 1.4: Martensite fraction � versus temp erature. M f is the martensite �nish

temp erature, M s is the martensite start temp erature, A f is the austenite �nish

temp erature and As is the austenite start temp erature.

With the few basic concepts intro duced so far, it is p ossible to give a full explanation

of the SE and SME prop erties and a clear connection b etween the macroscopic e�ect and

the crystallographic features. When the alloy is mechanically loaded at a temp erature

higher than the austenite �nish temp erature A f and the value of the applied stress is

su�ciently high (i.e. over a value indicated as � AM in Figure 1.3), austenite to martensite

transformation is induced. Up on unloading, inverse martensite to austenite transformation

o ccurs (b ecause the austenite is the only stable phase at temp erature ab ove A f ), and the

original shap e is recovered, therefore inducing the sup erelastic e�ect. It can b e noted that

when the direct and inverse transformations take place, the stress remains mainly constant

over a wide range of deformations, originating resp ectively an upp er plateau and a lower
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plateau, which are of high interest in several biomedical applications, as discussed later on.

When the material is mechanically deformed at a temp erature lower than the martensite

�nish temp erature M f , a transformation from multi-variant to single-variant martensite

o ccurs, if the stress is higher than a determinate value (i.e. over a value indicated as � MM

in Figure 1.3). Up on unloading, a residual deformation is pro duced. When the material is

heated ab ove the austenite �nish temp erature A f , the transformation from martensite to

austenite allows shap e recovery, inducing the shap e-memory e�ect.

Another unique material feature, which makes SMA extremely attractive in terms of

practical applications, is the p ossibility to mo dify and adjust the material phase transfor-

mation regions and thermo-mechanical characteristic parameters through variations in the

alloy comp osition and/or through prop er thermo-mechanical treatments [70, 235]. As an

example, the material can rememb er a desired manufactured shap e, which can b e set to

b e di�erent from the original or natural shap e. In fact, following Reference [46], SMAs can

b e pro cessed by "rolling or forging the alloy under heat, then by a series of cold working

phases, and �nally by a carefully controlled heat treatment to 450� 550� C for 1 � 5 min

during which the alloy is constrained on a mandrel or �xture to form desired shap es. This

pro cess is referred to as shap e training". Once the shap e training has b een p erformed,

whenever the material is heated over the transformation temp erature range, it recovers the

manufactured shap e.

Moreover, under sp eci�c and more complex thermo-mechanical treatments, SMAs may

also show a two-way shap e-memory e�ect [191], i.e., the ability to thermally cycle b etween

two di�erent induced shap es, also if the amount of shap e recovery up on co oling is usually

signi�cantly lower with resp ect to the e�ect obtained up on heating.

Among the wide variety of SMA applications, there are, for instance [142]: NiTi ther-

movariable rate (TVR) springs (Figure 1.5), where the material is used as b oth sensor and

actuator; Bo eing's variable geometry chevron (Figure 1.6); SMA-actuated autofo cus for a

miniature camera by Actuator Solutions GmbH; a �ying rob ot by Festo AG & Co. KG

[105], including NiTi muscles.
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Figure 1.5: NiTi thermovariable rate (TVR) springs [142 ].

Figure 1.6: Bo eing's variable geometry chevron [142 ].

Figure 1.7: SMA-actuated autofo cus for a miniature camera by Actuator Solutions

GmbH [38 ].
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Figure 1.8: BionicOpter is a �ying rob ot manufactured by Festo AG & Co. KG

[105], with 4 out of 13 degrees of freedom actuated with SMA muscles.

1.2 Shap e-memory p olymers: phenomenology and ap-

plications

SMPs are named after their ability to store a temp orary shap e and recover their original

(parent, or p ermanent) shap e up on an external stimulus. The p ermanent shap e is given to

the p olymer during pro cessing (e.g. injection moulding and extrusion) and is determined

by the crosslinks (i.e. the junctions) in the macromolecular network that are not a�ected

by variations of the external environment conditions; whereas the temp orary shap e is a

deformation imp osed to the comp onent which is retained thanks to physical or chemical

links, dep ending on the p olymer typ e [342].

Thanks to their p eculiar features, SMPs are go o d candidates to b e used in advanced

applications. They are currently utilized for, e.g., heat-shrinkable tub es, wraps, foams, self-

adjustable utensils [342], and they are addressed in numerous research studies on biomed-

ical devices, on deployable space structures and microsystems [186, 341], on smart sensors

and actuators [41]. In fact, even if SMPs present lower recovery stresses, they display

higher recoverable deformation than metallic and ceramic shap e-memory materials. Other

advantages of SMPs with resp ect to other shap e-memory materials are lower cost, eas-

ier manufacturing pro cess, with a consequent higher p ossibility of creating devices with

complex geometries, material lower density, and p ossible bio degradability [186].

Shap e recovery in SMPs can b e induced by di�erent mechanisms: thermally, electri-
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Figure 1.9: Fastener made with Diaplex, by SMP Technologies [309 ].

Figure 1.10: SMP morphing wing [342 ].

Figure 1.11: SMP comp osite re�ector [342 ].

Figure 1.12: Design of a SMP stent [359].
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cally, chemically (through immersion in water or other solvent), through light, through

electric/magnetic �eld; however, the most common are thermo-resp onsive SMPs. The

thermally-induced shap e-memory e�ect is asso ciated with a transition temp erature which

dep ends on the typ e of the p olymer; the appropriate SMP material to use is therefore

chosen according on the temp erature range of the application [65].

The typical shap e-memory cycle in thermo-resp onsive SMPs generally consists of a

shap e-�xing (or shap e-programming) pro cedure, followed by a shap e-recovery up on heat-

ing. Particularly, two typ es of shap e-�xing proto cols can b e p erformed [179, 341]: (i) a

heating-stretching-co oling pro cess or (ii) a cold drawing; in the following, we will refer

to as high-temperature and low-temperature shap e-�xing, resp ectively. In case of a shap e-

memory cycle with high-temp erature shap e-�xing, the material is �rst heated ab ove the

transition temp erature range, then deformed, co oled while keeping the constraint to main-

tain the deformed shap e, and �nally re-heated, after the constraint release, to recover the

original shap e (see Figure 1.13). In case of a shap e-memory cycle with low-temp erature

shap e-�xing, the p olymer is �rst deformed while at lower temp eratures than the transition

range, then unloaded, and �nally heated to recover the original shap e (see Figure 1.14).

The high-temp erature shap e-�xing is the most common pro cedure and is applied, for in-

stance, to p olyurethane-based p olymers [287]; however, the low-temp erature shap e-�xing

is advantageous since it do es not require an additional heating-co oling step to achieve the

temp orary shap e [276]. It is p erformed on p olymers with suited mechanical prop erties

for loading at low temp eratures (e.g., a low enough mo dulus at ro om temp erature to en-

sure deformation by cold-drawing), such as p oly(DL-lactic acid)-based p oly(urethane urea)

[323] or p oly( � -caprolactone) p olyurethane [182] SMPs.

Figure 1.13: High-temp erature shap e �xing and recovery up on heating.

SMPs can b e classi�ed according to their shap e-�xing and shap e-recovery abilities [187],
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Figure 1.14: Low-temp erature shap e �xing and recovery up on heating.

as displayed in Figure 1.15, where schematic shap e-memory cycles are shown in extension

(or strain) versus temp erature diagrams. For an ideal material, the recovery happ ens

exactly in corresp ondence of a single temp erature value, so that the recovery curve is

sharp, as shown in Figure 1.15a. In the reality, the recovery is not instantaneous and takes

place over a wider temp erature range, so that the recovery curve is smo oth, as represented

in Figure 1.15b. If the shap e-�xing is not ideal, a certain amount of deformation will b e

"lost" up on unloading (see Figure 1.15c); if the shap e-recovery is not ideal, the original

shap e will not b e recovered completely (see Figure 1.15d). Imp erfect shap e-�xing and

incomplete shap e recovery can also take place together. Exp erimental evidences showing

imp erfect shap e-�xity and incomplete shap e-recovery in SMPs can b e found, for instance, in

[337, 332, 330]. As an example, researches on the long-term characteristics of p olyurethane

SMP foams rep orted that the shap e-�xity and shap e-recovery b ecome imp erfect [331].
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Figure 1.15: Classi�cation of SMPs by their shap e-�xing and shap e-recovery abil-

ities. (a) Ideal SMP. (b) Non-ideal SMP, with p erfect shap e-�xing and complete

shap e-recovery, but �nite sharpness of the recovery curve. (c) Non-ideal SMP, with

imp erfect shap e-�xing and complete shap e-recovery. (d) Non-ideal SMP, with p er-

fect shap e-�xing and incomplete shap e-recovery. Figure inspired to [187 ].
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Chapter 2

Review of SMA applications for human

health

In the �rst p erio d of my PhD studies, I collected detailed information on the biomedical

applications of SMAs. The result of such activity has b een the publication of two chapters

in a b o ok devoted to the description of the characteristics and of the uses of SMAs in

engineering [33, 34]. The two reviews are rep orted (in an adapted version) in the following.

The �rst one contains a wide review of all the biomedical applications of SMAs in some of

the main �elds of medicine. The second one is instead fo cused on the cardiovascular appli-

cations of SMAs and on the computer-based design of such devices, which has encountered

strong advancements in the last decades.

2.1 SMA biomedical applications

2.1.1 Preliminaries

Nowadays, the great ma jority of SMA medical devices are pro duced using NiTi alloys,

thanks to the material go o d workability in the martensite phase, go o d resistance to corro-

sion and fatigue, Fo o d and Drug Administration (FDA) approval, go o d compatibility with

magnetic resonance imaging and computer tomography scanning, [92].

Besides exploiting either sup erelastic or shap e-memory e�ects dep ending on the sp e-

ci�c biomedical application, NiTi is also frequently adopted due to a closer similarity to

biological tissue mechanical resp onse than conventional medical materials, such as stainless
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Table 2.1: Prop erties of di�erent bio compatible materials.

Material Density [g=cm3] Young's mo dulus [GP a]
NiTi 6:45 EA = 53:5;EM = 29:2

Stainless Steel (316 L) 7:95 193
Ti-6Al-4V 4:43 113:8

Bone 1:7 � 2 0:2 � 19:4

steel; for example, NiTi is less dense and with a lower elastic mo dulus if compared to other

standard biomedical materials (see Table 2.1). Moreover, human b o dy o�ers an isothermal

environment, p erfectly centered on the necessary conditions for sup erelastic b ehavior or

shap e-memory e�ect to o ccur.

Despite NiTi alloys usually consist of a binary nearly equiatomic concentration of Ni

and Ti, the p ossibility of adding ternary elements (e.g., Fe, Cu and Nb) is often explored to

in�uence the material b ehavior, for example in terms of hysteresis (shallower hysteresis for

Fe and Cu, wider for Nb), transformation temp eratures and mechanical prop erties, partic-

ularly fatigue resp onse [99]. Clearly, a careful control of the austenite �nish temp erature

is crucial to commercial and medical applications [46].

Nitinol bio compatibility

Bio compatibility is obviously a critical asp ect for any material to b e used in medical appli-

cations, esp ecially in the case of NiTi, which brings the fear of p ossible Ni release, proven to

cause toxic, carcinogen and immune-sensitizing e�ects. Potential users of NiTi in medical

applications have in fact often rejected their use, b eing afraid of high Ni release in corrosive

environments, such as the human b o dy. This concern was just due to p o or knowledge on

NiTi alloys; indeed, bio compatibility prop erties of NiTi alloy are very di�erent if compared

to Ni alone, b eing instead comparable to Ti alloys, which are extremely stable. In fact,

starting from the work of Wever, [350], the bio compatibility of NiTi was assessed and com-

pared to materials conventionally adopted in clinical applications (e.g., stainless steel and

pure titanium), proving the NiTi go o d corrosion resistance and go o d tissue compatibility.

In particular, the extensive study of Ryhänen in 2000, [291], used human osteoblast and

�broplast cell cultures to assess NiTi primary cytotoxicity and corrosion rate, showing no

toxic e�ects and no inhibition of cells growth and proliferation. Furthermore, NiTi and

stainless steel intramedullary nails were also used to �x femoral osteotomies in rats and
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b one healing was evaluated, not only with NiTi nails showing b etter p erformance in terms

of higher numb er of healed b one unions than stainless steel, but also with corrosion ma-

terial alterations more evident in stainless steel than NiTi. Accordingly, Ryhanen's study

started to fully demonstrate that NiTi is suitable for medical uses, p erforming similarly or

b etter than stainless steel and Ti-6Al-4V alloy.

Moreover, as rep orted by Jackson in 2007, [344], also several in vivo studies conducted

in the last decade "disclosed no allergic reactions, no traces of alloy constituents in the

surrounding tissue and no corrosion of implants".

In Reference [118], exp erimental investigations showed that Nitinol genotoxicity is

equivalent to the one relative to 316L stainless steel, and is less severe than the one pro-

duced by cigarette smoking.

Es-Souni [99] overviews the bio compatibility studies on NiTi and a�rms that that "NiTi

shap e-memory alloys are generally characterized by go o d corrosion prop erties, in most cases

sup erior to those of conventional stainless steel or Co-Cr-Mo based biomedical materials.

The ma jority of bio compatibility studies suggest that these alloys have low cytotoxicity

(b oth in vitro and in vivo) as well as low genotoxicity. The release of Ni ions dep ends on the

surface state and the surface chemistry. Smo oth surfaces with well-controlled structures

and chemistries of the outermost protective TiO2 layer lead to negligible release of Ni ions,

with concentrations b elow the normal human daily intake".

Clearly, bio compatibility is an imp ortant issue for all ortho dontic-based applications,

since the mouth o�ers a particularly corrosive environment [44]. Corrosion of metals in

the oral cavity dep ends up on various factors, among which device morphology, saliva pH

value, alloy comp osition. Researchers have often used di�erent pro cedures to assess bio-

compatibility in vitro and in vivo for dental applications, so quantitative results are not

comparable [218]. However, many studies have b een carried out in the last decades to

evaluate bio compatibility and corrosion characteristics of SMAs in ortho dontic applica-

tions (e.g. [144], [44], [168]). These studies demonstrated that Nitinol is in general even

more bio compatible than stainless steel, also for ortho dontic appliances [218].

Nitinol surface prop erties

One of the reasons for the go o d bio compatibility of NiTi alloys relies on the fact that

Ti is more rapidly oxidized than Ni, with p ositive consequences on surface prop erties:

generally, the outer protective TiO2 �lm formed by Ti passivation is su�cient to provide

15



corrosion resistance, acting as an e�ective barrier to Ni ions release [99]. In other cases,

since the surface exp osed to b o dy �uids is much higher (such as in p orous NiTi biomedical

applications), or is exp osed to highly corrosive environments, formation of Ti oxide layer

may not b e enough and corrosion may bring to Ni ions release. In these cases NiTi devices

need to b e treated with ad-ho c surface mo di�cation techniques, to provide more e�ective

barriers and, thus, enhance surface protection from corrosion, leading to implant safe

conditions. Surface mo di�cation can have various depths, from nanometers to micrometers,

and they can b e p erformed through various pro cedures; among them, we recall mechanical

treatments, etching in solutions, electrop olishing, heat treatments, ion b eam treatments,

conventional and plasma ion immersion implantations, laser melting, bioactive coating

dep osition [300]. Recently TiN (already successfully used in biomedical applications) has

b een prop osed for the improvement of bio compatibility of ortho dontic archwires, showing

go o d results in the exp erimental environment [144].

Nitinol fatigue

A last feature of SMAs, worth mentioning in terms of biomedical application, is the material

ability to outp erform other conventional metals in strain-controlled environments, whereas,

in stress controlled environments, SMAs may fatigue rapidly. Most fatigue environments in

the b o dy are a combination of the two conditions, creating di�culties in making previsions

ab out fatigue b ehavior. However, Duerig a�rms that, usually, "the very compliant nature

of biological materials tends to push in the direction of strain-controlled fatigue, where

Nitinol will excel", [91]. A drawback concerning fatigue is represented by the fact that

NiTi alloys exhibit non-standard fracture and fatigue resp onses, if compared with common

engineering metals, due to their stress-induced and/or thermally induced microstructural

evolutions and to the complexity of the various phases [286]. As a consequence, well

known theoretical mo dels and standard fatigue testing pro cedures cannot b e applied, and

a universal description of Nitinol fatigue b ehavior remains an op en issue even to day (see

[286], [133], [255]). As a consequence, no standard fatigue tests for Nitinol have b een

de�ned yet [261]. However, advancements in Nitinol pro cessing [303], [285] and recent

studies aimed at optimization of the appliance geometry (for example [135]), allowed latest

applications to b e more fracture-resistant than in the past and to present a satisfactory HCF

(High Cycle Fatigue) b ehavior. An imp ortant example of cyclic strain-controlled Nitinol

application is the self-expanding stent, used to treat b o dy conduit stenosis of various typ es,
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whose fatigue life is strongly in�uenced by the pulsating blo o d resp onse and by everyday

life activities [135] as well as by the small sizes of the devices [286]. In fact, stents can

exp erience up to 40 million loading cycles each year, making the fatigue lifetime a ma jor

design criterion of the stent. To this purp ose, some exp erimental campaigns on stent

comp onents are available in op en literature, e.g. [334, 254, 255, 367]. Another example

is represented by the pace-maker leads, requiring a conductive material that can undergo

very high numb ers of strain-controlled �exing motions without failing. The sup eriority of

Nitinol with resp ect to other materials was demonstrated for this application [91].

2.1.2 Ortho dontics

As rep orted by Thompson in 1999, [327], the �rst medical use of Nitinol was in the or-

tho dontic �eld. In fact, in 1971 Andreasen and Hilleman intro duced for the �rst time

NiTi ortho dontic archwires, [208], observing that Nitinol was able to pro duce constant and

lighter forces, b eing therefore much more e�ective than traditional stainless steel wires.

Accordingly, since the seventies, extensive research has b een published in materials sci-

ence and ortho dontics journals, spreading knowledge on Nitinol prop erties and allowing

e�ective clinical uses of such a material, see e.g. [327, 103]. Nowadays, even if SMAs are

more di�cult and exp ensive to manufacture than conventional materials, they are among

the most common materials used for ortho dontic devices and several pro ducers are active

in the dental market, providing a large variety of appliance choices for many di�erent

application �elds. Currently, archwires (Figure 2.1) and palatal expanders (Figure 2.2)

are the most imp ortant SMA-based ortho dontic applications, taking advantage of sup ere-

lasticity features. The motivation for such a successful exploitation of SMA materials is

connected to the material ability to apply to the teeth almost constant forces during den-

tal rep ositioning, obtained as a consequence of the b one remo deling pro cess. In fact, the

optimal way to induce physiological dental movements without damaging the underlying

tissues and with the minimum patient discomfort, i.e., the optimal to oth movement, is

achieved by applying forces low in magnitude and continuous in time, while forces with

high magnitude and discontinuous in time can cause hyalinization, a deleterious pro cess

caused by tissue disintegration. These considerations exactly explain the success of SMAs

in ortho dontic applications; in fact, due to the almost constant oral cavity temp erature,

SMAs can pro duce prop er constant springback forces over a large range of deformations,
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making these materials more e�ective compared to classical alloys, [327]. Such a high

biological and clinical e�ectiveness allows also for less frequent re-adjustments by the at-

tending ortho dontist, who may p erform few visits p er year instead of one visit each 3-4

weeks usually needed for re-tensioning of stainless steel wires as well as for a reduction of

patient pain during the whole treatment p erio d. The phase transformation temp erature

range is clearly very imp ortant when assessing the quality of an archwire for a sp eci�c

ortho dontic treatment; for a go o d clinical application, the temp erature range of the ma-

terial transformation should oscillate b etween slightly b elow or close to the temp erature

in the oral cavity, i.e. from 35

�
C to 37

�
C. Clearly, di�erent SMA archwires can b e used

during the various phases of the ortho dontic treatment, to achieve a b etter forces control.

Although archwires represent the most known Nitinol application in ortho dontics, other

devices are equally useful in simplifying and improving ortho dontic clinical practice. An-

other example is represented by dental drills for ro ot canal pro cedures (Figure 2.3), [220].

In fact, Nitinol p erforms exceptionally well at high strains in strain-controlled environ-

ments and this ability is exploited in dental drills, which can undergo quite severe b ending

and still accommo date high cyclic rotations, with go o d fatigue resistance and high elastic-

ity preventing undesirable failure during ro ot canal pro cedures, [252]. Another signi�cant

ortho dontic application is represented by �xators for mounting bridgework (Figure 2.4),

[344]. Fixators are in general based on a small SMA element, notched on b oth sides; as

the temp erature rises, the notched area expands, causing a p ermanent hold of bridgework.

These �xators can also b e used to prevent a lo ose to oth from falling out. Following a

concept similar to the one just describ ed, SMAs have also b een exploited for dental pros-

theses and implants, for example, in the form of endosseous blade typ e implants (Figure

2.5). The implants are manufactured to have op en blades when in the austenite phase,

i.e. over the transformation temp erature; at ro om temp erature, when the material is in

the martensite phase, the implants are deformed to obtain �at blades, to b e installed with

a simple incision, thus facilitating insertion. After installation, thanks to b o dy temp er-

ature, the implant is heated up over austenite transformation temp erature, to allow the

recovering of a customized shap e and the anchoring into the b one. When a single to oth

has to b e replaced, Nitinol p erio-ro ot-typ e dental implants are also available (Figure 2.6):

they are cylinders which, installed in replacement of a missing to oth and heated ab ove

transformation temp erature, p erfectly �t the seat without the need for adhesives, [340].

The opp ortunity to re-use dental devices has also b een investigated, since Nitinol is more
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exp ensive than conventional materials, due to higher pro duction costs; an obstacle for this

p ossibility is created by the higher ions release of recycled devices with resp ect to brand

new ones. Anyway, various contributions highlighted that the amount of ions release is far

b elow the toxic limit, [218]. In the literature it is also p ossible to �nd attempts to provide

ortho dontists with to ols able to help in the choice of the prop er typ e of appliance and in

therapy planning; these are in general to ols based on the development of computational

mechanics software, able to virtually repro duce the b ehavior of SMA ortho dontic devices

(e.g., see [10, 352]). The continuously changing conditions into the mouth and the fact

that geometric parameters are strongly patient sp eci�c make it di�cult to forecast the

ortho dontic appliance b ehavior, so the role of simulations can b e very imp ortant in the

design as well as in the therapy planning.

Figure 2.1: Ortho dontic NiTi archwires: treatment sequence, [338].

2.1.3 Orthop edics

To obtain an e�ective soldering or union b etween two disjoint b one segments, essential

asp ects are a stable �xation and a prop er compression action b etween the two segments.

Accordingly, fractured b ones are treated with a �xation device, which should strengthen

the b one and keep the correct alignment during healing, b eing at the same time su�ciently

stable; moreover, the �xation should b e minimally invasive, bio compatible, and induce a

biologically-appropriate compression to enhance optimal fracture healing, [324]. SMAs can

provide all these requirements in a very e�cient way, as demonstrated by several pap ers

present in literature as well as by many SMA-based orthop edic devices as discussed in the
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Figure 2.2: Ortho dontic palatal expander, [259 ].

Figure 2.3: Flexibility of NiTi dental drills.
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Figure 2.4: NiTi �xator for mounting bridgework.

Figure 2.5: SMA endosseous implants, [338 ].
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Figure 2.6: Perio ro ot typ e implant, [338 ].
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following. The simplest �xation device is the SMA staple (Figure 2.7). At ro om tem-

p erature, b eing the material in the martensitic phase, the staple can b e easily shap ed to

facilitate insertion; when installed and maintained at b o dy temp erature, the staple tends

to close and to compress the two disjoint b ones (i.e., inducing a constrained shap e recov-

ery), taking advantage from the material transformation into austenite, hence from the

presence of an unloading stress-strain plateau. Clear clinical evidences are discussed in

several medical pap ers, concerning, e.g., the treatment of intra-articular fractures, [77],

mandible and face b one fractures, [178], spinal deformities treatments, [302]. In particular,

the device simplicity allows a reduction in op eration time with apparent advantage also

from the clinical p ersp ective (e.g., [178]). Similar conceptual devices are exploited in SMA

plates (Figure 2.8), �xed with screws to maintain b one alignment and placed on fractured

regions where external cast cannot b e easily p erformed (e.g., facial area, nose, jaws), [123].

Many other surgical Nitinol �xators with di�erent shap es have b een also investigated and

pro duced for the treatment of b one fractures (Figure 2.9). For example, the embracing

�xator, [361], has b een clinically investigated since the 90ies to treat fractures of femur,

humerus, radius and ulna. It consists of a b o dy with saw to oth arms (Figure 2.10) and

a con�guration allowing, up on heating, to embrace the b one ab out 2/3 of the circumfer-

ence. Moreover, this device applies an axial compression stress which, as already p ointed

out, is b ene�cial for healing. Reference [361] rep orts seventeen long b one fracture cases

treated with the embracing �xator from 1990 to 1993, showing satisfactory results. An-

other shap e-memory orthop edic �xation device is represented by the intramedullary nail,

a metal ro d �xed into the medullary cavity of the b one, used to treat long b ones fractures,

[139]. Shap e-memory e�ect is exploited to facilitate insertion: indeed, the implant is de-

formed in the desired shap e when in martensite phase and after implantation it is heated

over austenite transformation temp erature, to obtain tight �xing. A particular typ e of

NiTi intramedullary nail, evaluated in a rat mo del, was presented in Reference [169], ex-

ploiting sup erelasticity after implantation to pro duce controlled force acting on the b one.

An intramedullary NiTi nail for ankle surgery, called DynaNail

TM

(Figure 2.11), has b een

intro duced by MedShap e Inc. (Atlanta), [204]; it contains an internal NiTi element and it

can b e used to help patients su�ering from soft-tissue damage in their lower extremities,

resulting in debilitating ankle pain (e.g., diab etic patients). A device worth mentioning

is the Nitinol Patellar Concentrator, [69], which is an internal �xator, mo deled to b e as

similar as p ossible to a human patella, b oth from the anatomical and the biomechanical
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p oint of view, and "consisting of two basis patellae claws, three ap ex patellae claws, and a

conjunctive waist", as rep orted by Chuncai and colleagues in [69]. The device is designed

for the treatment of every typ e of patellar fracture, esp ecially for severely comminuted

fractures, and clinical studies, [69], have shown that it is a go o d alternative to partial

and total patellectomy. Sp ecial NiTi devices have also b een designed for the treatment of

spine damage or deformities. In Reference [157], a technique based on a Nitinol �xation

device is intro duced by Kim and colleagues, as an option for the treatment of atlantoaxial

instability, a condition in which there is abnormal movement or instability in the cervical

spine. The instability derives by laxity of muscles and ligaments around atlas and axis and

allows abnormal b ending b etween the two b ones, which causes compression of the spinal

cord. The Nitinol �xation device is a simple treatment, technically less demanding when

compared to more traditional screw and ro d �xation, as well as less dangerous in terms of

vertebral artery or nerve injury risk. As an example, the spinal vertebrae spacer (Figure

2.12) is a device for the treatment of scoliosis, inserted b etween two vertebrae to assure

spine lo cal reinforcement and to prevent traumatic motion during the healing pro cess. The

material sup erelastic resp onse allows the application of a constant load regardless of the

patient p osition, so that the patient preserves some degrees of motion, [194]. For the case

of severe and progressive scoliosis o ccurring in still growing young patients (with the clear

need of preserving b one growth due to the young age), Reference [292] explores, through

exp eriments on rats, the use of a NiTi wire, which is attached to the spine and acts as

a correction device, by applying a constant springback force. Another spinal device used

for the treatment of scoliosis is represented by the Nitinol correcting ro d. Kuong and col-

leagues p erformed in [172] a comparison b etween traditional titanium and novel NiTi ro ds

on 23 patients with adolescent idiopathic scoliosis; the result showed a safe, gradual cor-

rection p erformed by Nitinol ro ds, which pro duced "b etter coronal and sagittal alignments

compared to traditional ro ds". In Reference [345], an evaluation is presented of Nitinol

ro d ability in correcting di�erent scoliosis typ es, by the follow-up of 38 scoliosis patients

treated with Nitinol ro d-assisted scoliosis correction. The reviewed patients showed no

neurologic or vascular complications and no abnormalities due to the correction device,

such as screw pullout, lo osening or metal fracture; therefore, it was concluded that this

technique is safe and excellent for three-dimensional scoliosis correction. Among its ad-

vantages there are use easiness, decreased screw failure and p ossibility to b e utilized for

severe scoliosis. Taking again advantage of the fact that healing of b one fracture can b e
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enhanced by mechanical stimulation, [43], in 2013 Pfeifer, [264], presented a novel idea to

obtain mechanical stimulation using a shap e-memory implant, prop osing to use contact-

less induction heating in order to mo dify the features (such as the sti�ness) of a metallic

shap e-memory implant within the human b o dy. In 2008, Morawiek and colleagues, [222],

presented NiTi rings (Figure 2.13) used to mo del malformed cranium. After b eing �xed to

the osseous margins, the sup erelastic rings expand, reshaping the cranium vault; very go o d

clinical results were obtained on very young children. Up to this p oint, we only consid-

ered bulk NiTi devices, but also p orous NiTi should b e taken into account as a promising

candidate for orthop edics. In fact, p orous NiTis combine the b ene�ts of shap e-memory

and sup erelasticity e�ects and of its p orous structure, providing high osseointegration and

osteo conductivity. As a consequence, shap e-memory and sup erelastic prop erties provide

all the already describ ed installation and functional advantages, while the op en-p orosity

structure provides low density, high p ermeability and high surface area, thus enhancing

b one ingrowth and �uids transp ortation. Moreover, p orous NiTi acts as a receptive scaf-

fold for tissue ingrowth, so it can b e considered a bioactive material. Researches on p orous

NiTi as b one implant material b egan in 1995 in Russia, [307], using an animal mo del to

assess the material b ehavior in vivo. According to [169], the �rst application of p orous

NiTi is a device for intervertebral fusion, intro duced by Silb erstein in 1997. In Reference

[7], a sheep mo del was used to make a comparison b etween a new p orous NiTi device

for intervertebral fusion and traditional intervertebral fusion cages packed with autologous

b one. It was rep orted that the ungrafted p orous NiTi implant had signi�cantly b etter

fusion characteristics than conventional intervertebral fusion cages. Moreover, nickel con-

tent in tissue adjacent to p orous NiTi was equivalent to the control group value and no

signi�cant increase in blo o d nickel content was rep orted. All the studies carried out on

p orous NiTi demonstrated go o d bio compatibility prop erties, without any cytotoxicity and

genotoxicity reaction: it was rep orted that its bio compatibility is comparable to conven-

tional implant materials (e.g. Ti), [43, 169]. Among its advantages for medical use there

are also high strength, imp ortant to prevent deformation or fracture, and relatively low

sti�ness (Young's mo dulus lower than 20 GPa), useful to minimize stress shielding risk.

Shap e recovery b ehavior, as already mentioned, facilitates implant insertion and ensures

go o d mechanical stability within the host tissue: it was shown, indeed, that NiTi foams

show b etter osseointegration than titanium, [183]. Another useful feature is the excellent

compatibility of p orous NiTi with magnetic resonance imaging and computer tomography
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scanning, compared e.g. to Co and stainless steel. Moreover, Zhu and colleagues, [365],

rep orted that p orous NiTi shows b etter osteo conductivity and osseointegration than bulk

NiTi. Disadvantages are instead represented, for example, by the need for surface treat-

ments to avoid Ni release (toxic), since nickel release in unavoidable when high surface

area is exp osed to biological corrosive environment, leading to high pro duction cost. In-

tervertebral fusion devices, used in spine surgery, are one of the p ossible applications for

p orous NiTi. A commercial application of this kind is Actip ore (by Biorthex, Canada), an

interb o dy fusion material that allows b one cell growth and �uid transp ortation into the

isotropic interconnected p ores for a rapid and solid integration with b one structure without

the need for b one grafting or cement, [240].

Figure 2.7: Sup erelastic staple, [338 ].

Figure 2.8: Sup erelastic plates, [338 ].

2.1.4 General surgery

Another �eld taking signi�cant advantage of SMA unique features is endoscopic surgery.

Endoscopic surgery, also called Minimally Invasive Surgery (MIS), is a mo dern surgical
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Figure 2.9: Nitinol surgical �xators.

Figure 2.10: Nitinol embracing �xator.
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Figure 2.11: DynaNail

TM

(courtesy of MedShap e Inc., Atlanta), [204 ].

Figure 2.12: SMA vertebrae spacer, [338 ].

Figure 2.13: Cranioplasty with NiTi ring, [222 ].
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technique in which diagnosis and disease treatment are p erformed through small inci-

sions or natural b o dy op enings. As easily inferable, minimally invasive pro cedures provide

patients with several b ene�ts, such as less p ost-op erational complications, reduced pain,

faster recovery, reduction of infection risk, [154]. However, surgical endoscopic pro cedures

require devices able to access and op erate into intricate regions, i.e., instruments which are,

as much as p ossible, stretchable, kink resistant, hinge-less and able to apply constant forces

over a large deformation range. In this resp ect, a great advantage of SMAs with resp ect

to stainless steel and other conventional materials is that lower size of the comp onents is

needed, since sup erelastic and shap e-memory e�ects provide higher �exibility, improving

e�ectiveness in narrow cavities. Furthermore, sup erelasticity provides high strain recov-

ery and a wide constant stress plateau over a large range of strains. These unique SMA

characteristics have led, during the last decades, to the design and manufacturing of novel

optimized instruments, esp ecially suited for minimally invasive surgery, examples of which

are ablation devices, tongs, suture passers, gripp ers, de�ectable grasp ers and scissors. Such

improvements in surgical instruments have also led to con�gurations which are even more

versatile than the one obtainable with conventional endoscopic to ols, thus providing more

dexterity and ease to the surgeon, even enhancing surgery accuracy. Among the �rst appli-

cations of SMA devices in endoscopic surgery, there are for example various NiTi to ols for

laparoscopy, which b egan to b e develop ed since the early 90ies. As an example, Cuschieri,

[76], discussed a new generation of SMA instruments, whose functioning goal was to curve

in a controlled fashion after intro duction into the op erating �eld as well as to b e straight-

ened or retracted inside a restraining cannula b efore withdrawal from the p eritoneal cavity.

As an example, a curved spatula was manufactured and evaluated; during the spatula pro-

duction, the op erating end of the instrument was "memorized" to outline a semicircle by

shap e-setting the alloy at high temp erature. The "deformed" curved functional end could

b e retracted inside a stainless steel tub e exhibiting an external diameter of 5 mm. The

op erating end had a sharp, curved cutting tip and blunt sides. A small p erforation near the

tip enabled the instrument to b e used to pass a suture or ligature around tubular structures.

The closed instrument can b e intro duced, through a standard cannula with a 5 mm inside

diameter, inside the p eritoneal cavity; once it is within the op erative �eld, the functional

end can b e extruded to the desired curvature, which can b e adjusted in order to suit the

individual requirements of a particular op eration. The pseudo elastic curved spatula was

evaluated in six exp eriments conducted on cross-bred Large White/Landrace pigs and the
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conclusion was that the use of the sup erelastic curved spatula had considerably facilitated

dissection of the cystic artery, cystic duct and common bile duct, and that shap e-memory

pseudo elastic instruments provide a considerable advantage over pre-curved stainless steel

instruments. An early application of NiTi in general surgery is represented by the RITA

radiofrequency tissue ablation device. This instrument is comp osed of a straight tro car

and Nitinol tub es. The tub es are shap e set into a curved con�guration and are kept inside

the cannula until the correct p osition for op eration is reached. Then the Nitinol tub es are

deployed and the ablation pro cedure is p erformed. Nitinol comp onents can b e withdrawn

into the cannula, moved to another p osition and deployed again as many times as required,

[252]. Another SMA surgical instrument is the retrieval basket (Figure 2.14) used to re-

move stones from bile ducts and kidneys: it is inserted into the conduit in a constrained

form and it is op ened through heating only when the prop er p osition is reached. Many

such pro ducts are available on the market, such as ZeroTip

TM

and Escap e

TM

(by Boston

Scienti�c, Natick, MA, USA). Similar to baskets, in terms of functionality, are the Nitinol

snares, used to retrieve foreign b o dies from internal ducts, in a quick, go o d controlled and

safe fashion, [62]. In the pap er by Nakamura and colleagues, [227], a new typ e of active for-

ceps for laparoscopy was prop osed. The presented forceps consisted of SMA pip es, whose

temp erature was controlled by water circulation within the gaps b etween the pip es. In

Reference [195] an active b ending electric endoscop e p owered by SMA coil actuators has

b een presented. The di�erence b etween the prop osed design and the traditional one is

that the entire shaft is soft, since it uses a SMA actuator instead of a traction wire. As

a consequence, accurate observation of deep small intestine area can b e easily p erformed

without the patient su�ering pain. SMAs have also found application in single-incision

laparoscopic surgery (SILS), another area of active research, which has gained extensive

interest in recent years; it is a novel minimally invasive surgical pro cedure through which

surgeons op erate exclusively through a single entry p oint. Being one of the less invasive

technique, SILS decreases even more p ost-op erative pain and complications, reduces recov-

ery time and provides b etter cosmetics, [67]. Traditional instrumentations are very hard to

form suitable op erational triangle during SILS and risk to obstruct each other. Surgeons

can have di�culty to distinguish depth and distances during the op eration b ecause the in-

struments are parallel to the light axis, a fact that can cause surgeon weariness. Moreover,

existing articulated instruments can b e di�cult to assemble and can b e di�cult to clean

and sterilize. Therefore, new ergonomic instruments with more degrees of freedom and
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simpler design are needed to satisfy SILS requirements. SMA surgical instruments allow

multi degrees of freedom transmission with only one comp onent, so that multiple devices

can go in and out a single incision simultaneously, achieving at the same time b etter resis-

tance of the instruments and dexterity of the surgeons. A prop osal for such an application

is given by Cheng and Song, [67], who presented a virtual prototyp e of a �exible driv-

ing mechanism to create instruments with multiple degrees of freedom, able to meet the

�exible requirements of SILS op eration and to promote the development of minimally in-

vasive technologies. The idea was to replace the conventional transmission typ e consisting

of rop e and pulley with a new driving mechanism consisting of a small diameter cylinder

with double helix gro oves, able to undergo severe b ending during transmission of motion.

Another example has b een presented by Tognarelli and colleagues, [333], who develop ed

and tested a novel endoluminal rob otic platform designed for Natural Ori�ce Translumenal

Endoscopic Surgery. The platform is comp osed of a miniaturized camera rob ot coupled

with a SMA actuated anchoring frame, attached to the ab dominal wall through the use of

p ermanent magnets, conceived to assure appropriate stability of the rob otic system inside

the ab dominal cavity during surgical op eration. Sp eaking ab out surgery, it is necessary

to mention Nitinol guidewires, another fundamental and widely used SMA application,

which provides a more versatile and e�ective deployment of a medical device with re-

sp ect to conventional devices, made for example of stainless steel. Their kink-resistance

and steerability allow for accurate and safe p ositioning inside narrow cavities, enhancing

dexterity of the surgeon and reducing the op eration time. As an example, we may cite

Nitrex

TM

guidewires (by Covidien, Dublin, Ireland). Also SMA actuated active catheters

are available, for a more versatile insp ection of human cavities. More detailed information

ab out guidewires and catheters will b e provided in the next chapter, dedicated to cardio-

vascular SMA applications, since the use of such devices is mostly related to cardiovascular

�eld. The most celebrated medical applications of Nitinol are probably the self-expandable

stents: they consist of a tubular Nitinol mesh, p ossibly coated, which can b e intro duced

in b o dy conduits to treat dangerous obstructions. Nitinol self-expandable stents �nd their

ma jor application in cardiovascular surgery, so they will b e di�usely describ ed in the next

chapter, but they are also successfully used for the treatment of obstructions in various

b o dy canals, such as biliary, intestinal and esophageal conduits, [75, 289, 322, 170]. When

ducts are strongly damaged, a stent graft may often b e necessary: it is a prosthetic de-

vice consisting of a stent covered by a p olymeric material, with the function of replacing
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the damaged conduit, [259]. In the course of years, several evaluation studies on stent

treatment of digestive system obstructions were carried out. For example, in Reference

[289] a multicenter study on 240 patients demonstrated the long term e�ectiveness of Niti-

nol stents in the treatment of malignant biliary obstructions. Again, in Reference [322]

a multicenter study on 37 patients su�ering from malignant strictures of the esophagus

was carried out, using Nitinol self-expanding stents as a treatment. Results showed that

fully covered Nitinol self-expanding stents exhibit an improvement in dysphagia scores,

but also caused various complications, such as stent malfunction or migration, therefore

showing that further improvements in stent design are necessary to limit long term failure

of the treatment in esophageal applications. Finally, the study carried out by Kujawski,

[170], can b e cited; 46 patients su�ering from esophageal cancer and treated with coated

Nitinol stents were followed up, resulting in the conclusion that covered self-expandable

stent o�ers a safe, fast and e�ective palliative dysphagia treatment of neoplastic esophageal

stenosis. A last simple but imp ortant SMA application which is worth citing is represented

by Nitinol clips. Self-closing NiTi clips for suturing tissues in minimal-access surgery were

intro duced in 1999, [169], initially having the function to enhance suturing in cardiovascu-

lar surgery (U-CLIP

TM

, Medtronic, Minneap olis, MN, USA), but then their use extended

to the other surgery �elds. An application in laparoscopic surgery, concerning sutures of

the anterior wrap in laparoscopic gastric banding, is rep orted by Lirici, [184]. Another

example is rep orted in Reference [176], where Nitinol compression clips were used for gas-

trointestinal anastomosis. Authors agree on the conclusion that Nitinol clips allow faster

suturing, since the time consuming task of knot tying can b e avoided, and moreover they

provide continuous homogeneous pressure up on the joint tissues.

Figure 2.14: Sequence of deployment of a Nitinol retrieval basket, [194 ].
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2.1.5 Colorectal surgery

In surgery there is often the need to expand soft tissue without causing any damages. For

example, Liu, [185], explains that, in transanal endoscopic microsurgery, expansion of the

cavities is required in order to clearly exp ose the lesions. CO 2 insu�ation was initially

prop osed, but the medical community has not accepted it due to the p eritoneal cavity

contamination risk; accordingly, other insu�ation techniques not involving CO 2 and at

atmospheric pressure were studied and rep orted by many research groups. However, these

metho ds allowed only small expansion and were just manually controllable, causing the

risk to p erforate the rectal wall. An alternative p ossible solution could b e represented

by NiTi, which is a promising material for cavities expansion, since it is bio compatible,

highly �exible and controllable. Liu and colleagues, [185], indeed, presented an expansion

device, develop ed for transanal endoscopic surgery, consisting of a drive part and an execute

part. After having inserted the device in the rectum, the drive part, consisting of a NiTi

spring, exploits the shap e-memory e�ect to compress and generate a recovery stress which

b ends six sup erelastic strips. The execute part is actually represented by the sup erelastic

strips, which pushes against the rectal wall, causing tissue expansion. Finally, when the

drive part is p owered o�, it co ols down and the sup erelastic strips push back the spring

regaining a straight con�guration, which allows extraction of the device from the rectum,

[185]. Another recent application of NiTi in colorectal surgery is represented by a device for

sutureless anastomosis, which is, as explained by Zbar, [363], a technique aimed at creating

"gastrointestinal anastomosis with serosal app osition without the long-term insertion of

foreign material transgressing the b owel wall", [363]. The advantages that SMA technology

can bring to sutureless anastomosis are due to its greater �exibility and stability in design,

intro ducing the capability to automatically adjust for variable tissue thickness of the b owel

wall ends. The SMA based device for compression anastomosis (Figure 2.15), accepted by

the FDA since 2006, is called ColonRing (Innomedicus AG, Cham, Switzerland), [138], and

is used in the colon and rectum for the creation of end-to-end and end-to-side anastomoses

in b oth op en and laparoscopic colorectal surgeries. ColonRing is similar to a circular

traditional stapler, but it relies on a ring and anvil mechanism, well describ ed in Reference

[198]. Maso omi clearly explains that ColonRing "is comprised of 2 main parts: an applier

and an implanted compression element. The compression element is comp osed of a plastic

anvil ring and a metal ring including Nitinol leaf springs. When �red, the device holds
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the 2 ends of tissue together with circumferentially placed barb ed p oints, which p enetrate

through the tissue, holding it to the plastic ring. The NiTi ring is released, creating

equal compression b oth radically and longitudinally around the ring. The device has a

circular blade that cuts the tissue within the ring, creating patent anastomosis. The tissue

heals around the circular edges that are held within the ring, and the device along with

the compressed tissue is intended to slough o� over the following 8 to 10 days, at which

p oint the ring is exp elled from the b o dy with a later b owel movement. The result is a

full circumferential, hemostatic-sealed anastomosis without any retained foreign material".

Furthermore, Maso omi presented the clinical data of 1180 patients who underwent end-

to-end anastomosis using the ColonRing device, taken from a multinational (16 countries)

and multicenter (178 centers) data registry provided by NiTi Surgical Solutions (Netanya,

Israel). The examined data demonstrated that the use of the ColonRing device is feasible

and safe and represents a go o d alternative technology for end-to-end colorectal anastomosis.

A p ost-marketing study on the ColonRing was also made by D'Ho ore, [87], based on

evaluations p erformed by 266 patients, b etween 2009 and 2011. The device was rated

very easy and easy in 97.4 % of cases and the study also allowed to conclude that the

Nitinol compression anastomosis device is e�ective and safe, [87]. As a last example,

we may cite one of the few NiTi medical applications exploiting two-way shap e-memory

e�ect. Two way shap e-memory e�ect can b e for example applied to situations in which

a valve-like b ehavior is necessary, such as in arti�cial sphincter design. In case of severe

muscle dysfunction, transplantation can b e attempted, but the success rate is still not high

enough. The p ossibility to replace the damaged tissue with arti�cial muscles is a valuable

alternative which may b e o�ered by SMAs and may provide relief for patients with fecal

incontinence, who su�er from b oth physical and psychoso cial problems. Fecal incontinence

may b e caused by pub orectalis muscle dysfunction: Wu and colleagues, [355], presented

a design of a NiTi actuated device, with the function to assist human pub orectalis. The

authors also conduced preliminary exp eriments at b o dy temp erature in order to evaluate

the deformation and mechanical prop erties of the prototyp e and he demonstrated the

promising e�ectiveness of the prop osed device.
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Figure 2.15: ColonRing compression anastomosis device (courtesy of InnoMedicus

AG, Cham, Switzerland), [138].

2.1.6 Otolaringology

SMAs have b een also investigated in otolaryngology, a surgery �eld which involves op er-

ation in deep cavities with complex shap e, e.g. ear canals. A successful application is

represented by stap es prosthesis (Figure 2.16), used to replace natural stap es when stap es

fo otplate is �xed in p osition, rather than b eing normally mobile, resulting in a conductive

hearing loss. Many stap es prosthesis have b een prop osed and assessed in last decades,

[147, 160, 277, 39, 171, 134]: all the authors agree that Nitinol prostheses are sup erior to

conventional ones b ecause they improve the quality of the interface with the long pro cess

of incus and allow to reduce the duration of the implanting pro cedure. Thanks to shap e-

memory e�ect, Nitinol stap es pistons allow to eliminate manual crimping, which is thought

to b e a ma jor cause of incomplete p ostop erative elimination of conductive hearing loss and

p ostop erative recurrences of conductive hearing loss. For example, in Reference [277] pre-

liminary results are collected through evaluation of Nitinol stap es prosthesis implanted in

patients with otosclerosis and it is suggested that self-crimping Nitinol prosthesis overcomes

the drawbacks of manual crimping of conventional pro cedures. Another evidence of the

b ene�ts of SMA prosthesis is given in Hornung's pap er, [134], where a new NiTi prosthesis

for stap es surgery (Smart

TM

Piston, Gyrus ENT, Bartlett, TN, USA) is presented and

assessed through implantation in 85 ears. When heated over 45

�
C, the prosthesis crimps

itself around the long pro cess of the incus, allowing to eliminate manual manipulation,

thus facilitating implantation pro cedure and providing rep eatability of the qualitatively
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high results. NiTi has another application in the treatment of patients su�ering from mi-

crotia, which is a defect of a smaller than normal and usually malformed auricle and a�ects,

according to Chi, [68], "approximately one in every 7000 to 8000 infants in the general p op-

ulation". Since the auricle is one of the most complex three-dimensional structures of the

b o dy, reconstruction of a congenitally absent ear is a great challenge to the plastic surgeon.

Chi used �fteen New Zealand white rabbits as animal mo dels to explore the p ossibility of

a NiTi SMA framework in ear reconstruction in vivo. The author rep orts that NiTi SMA

implant was well tolerated with fewer complications. The NiTi frame exhibits, indeed, a

mesh structure which facilitates �brovascular ingrowth, providing go o d results and demon-

strating that NiTi alloy can represent a valid alternative for ear reconstruction implants.

A certainly more critical supp orting frame, which can represent a further p ossible �eld of

application for SMAs, is trachea cartilaginous framework, which is fundamental in main-

taining structural integrity of airway: "when it is damaged, airway can collapse during

breathing, leading to dyspnea", [192]. Surgical reconstruction of trachea is a challenging

op eration, since end-to-end anastomosis technique is not always p ossible, for example in

cases when the resected segment would involve more than half the total length of the tra-

chea, cases in which the lesion involves b oth the larynx and trachea, cases in which the

defect is very close to the glottal area, and cases in which previously attempted resection

and end-to-end anastomosis has failed. An alternative metho d to treat tracheal stenosis

is homografting (i.e. use of autologous materials such as costal or nasal cartilage), but, as

Luo, [192], explains, "the pro cess of obtaining the graft intro duces a new site of injury and,

furthermore, the shap e of the cartilage is often not ideal for the recipient site; so homo-

grafting is not recommended as a primary treatment", [192]. So other materials to replace

trachea framework are required: Nitinol stents, already mentioned for the treatment of

other b o dy canals injuries, are then prop osed for trachea reconstruction. Luo, [192], used

mesh patch of NiTi as extraluminal stents in 8 exp erimental animals for reconstruction of

a surgically created trachea stenosis. Since the op eration had go o d results in animals, it

was then successfully used by Luo to repair a tracheal wall defect in a human victim of a

tra�c accident.
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Figure 2.16: Nitinol stap es piston.

2.1.7 Neurosurgery

Since the middle 90ies, SMAs found various applications in neurosurgery, mainly in the

form of stents, coils, microguidewires and optimized surgical microinstruments. Small

dimension requirements of neurosurgical settings are p ermanently pushing researchers to-

wards investigation of new materials and novel instruments design: among the b ene�ts

provided by SMAs there is the p ossibility to miniaturize the instruments and to reduce

the numb er of the comp onents needed, since simpler design can b e p erformed. In Refer-

ence [117] the need for small and �exible surgical instruments for the strongly con�ned

and complex op eration environment of neurosurgery is addressed. The pap er describ ed

the designing and manufacturing of NiTi based microforceps (Figure 2.17) for endoscopic

neurosurgery, with no need for mechanical joints, thanks to the sup erelastic b ehavior.

Another SMA neurosurgical instrument description is provided by Reference [158], where

the b ending characteristics and fatigue prop erties of two SMA brain spatulas and a con-

ventional copp er spatula were compared. The two SMA spatulas resulted to b e less sti�

and more fatigue-resistant than the existing copp er spatula. At present, challenging con-

ditions of intracranial surgery make it di�cult for the surgeon to remove brain tumors

completely using traditional surgical to ols. In References [131] and [132] a highly dexter-

ous, small cross section, MRI-compatible rob ot is prop osed, using two antagonistic SMA

wires for the motion of each joint, so that each joint can b e controlled separately through

a temp erature feedback which pro duces relative SMA wire b ending. Magnetic resonance

compatibility of the designed to ol is really imp ortant b ecause intraop erative magnetic res-

onance imaging improves the surgeon's capabilities by providing an excellent soft-tissue

contrast, traducing in less damage to surrounding healthy tissue. Since aneurysm rupture

and consequent cerebral hemorrhage are among the ma jor causes of death in the o ccidental
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countries, many studies have addressed SMA devices able to treat aneurysm, [358], [53],

[108]. Among the devices for aneurysm treatment there are coils, ball-shap ed wires p osi-

tioned into the aneurysm to induce clotting, in order to avoid rupture. Coils are usually

made of platinum, but recently a mixture of platinum and Nitinol has b een used by Ev3

Neurovascular (Irvine, CA), in order to achieve less stretching and b etter resistance to

compaction, [259], [358]. In addition to coils, Nitinol stents can b e used for the treatment

of intracranial aneurysms, esp ecially when the aneurysm has a large neck: once the coil

has b een lo cated into the aneurysm, a stent can b e released in the corresp onding zone of

the artery to prevent coil migration, [53, 259]. Moreover, in 1996 a tiny SMA-actuated

microgripp er, as small as a grain of sand, has b een develop ed, [316], intended to b e used

as a grasping device in brain aneurysms treatment. Nitinol micro-guidewires are another

example of a SMA device successfully exploited in the intricate spaces of neurosurgery

environment. In aneurysm treatments and in angioplasty �exible Nitinol micro-guidewires

even smaller than 0.5 mm are required to form a guide for the advancement and p ositioning

of other devices (such as angioplasty ballo ons, stents, �lters), by following tortuous paths

without kinking. Because of their high steerability and torquability, high strain recovery

and resistance to torsion and kinking, NiTi wires cause fewer problems in b ending than

conventional materials, [259], reducing the op eration time and improving the ease of the

surgeon. SMA guidewires have b een also investigated for the p ossible use in minimally

invasive electro corticogram recording, a test which provides b ene�cial information for clin-

ical diagnosis, in particular in neurosurgery, but which still requires invasive pro cedures

such as craniotomy in order to b e p erformed on the wide brain area, [360]. A minimally

invasive metho d to deploy the electro des, based on a SMA guidewire, is indeed prop osed

in Reference [360]. A monkey was used for testing: the electro de array was inserted in

the sub dural space from an 8 mm hole made on the skull, and the electro des were de-

ployed to the desired p osition, p erforming a minimally invasive pro cedure allowing correct

measurement of the somatosensory evoked p otential.

2.1.8 Ophtalmology

Since advances towards MIS are particularly strong in ophthalmic surgery, esp ecially in

cataract surgery, [238], several SMA applications have b een investigated. In Reference

[239] a preliminary study is made to demonstrate the o cular bio compatibility of Nitinol.
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Figure 2.17: Microforceps for brain surgery, [296].

The exp eriments were p erformed on Yucatan mini-pigs, using a 30-gauge prototyp e injec-

tor to attach the Nitinol clips to the iris. The Nitinol clip prototyp e was well tolerated

and showed no toxicity in the short-term. Moreover, the injectable delivery system was

15 times faster and technically less challenging than conventional suture techniques. Fur-

thermore, Olson, [238], details the design and testing of a microsurgical injector which

delivers a SMA clip for wound closure. Testing was p erformed on enucleated p orcine eyes,

simulating di�erent surgical settings, where new SMA clip suture demonstrated a clear

advantage over conventional suturing techniques (using Nylon stitches), b oth in terms of

surgical time and wound strength. In terms of suturing p erformance in space-con�ned

surgical settings, deployment of the SMA clip was 16 times more rapid in pupilloplasty

and 20 times more rapid in intrao cular lens �xation surgery; moreover, the app osition of

the tissue was qualitatively equal or sup erior to traditional suturing in all the p erformed

pro cedures. Since usually shorter surgical times correlate with less endothelial damage,

NiTi clips can b e considered less invasive with resp ect to conventional suturing. Moreover,

NiTi clips demonstrated to b e more resilient and reliable than conventional ones; indeed, a

recovery of the original shap e o ccurred even when pushed to leak, unlike conventional su-

ture which, if pushed to failure, breaks irreparably. Through other exp eriments p erformed

on p orcine eyes, Olson, [238], also concluded that the injectable shap e-memory suture clips

assure a decreased risk of late suture failure, which is a main cause of complications o c-

currence in intrao cular lens �xation. The author p oints out that a p ossible use of this new

suturing pro cedure is in surgical settings where suturing is "di�cult and time intensive,

such as during glaucoma extrao cular drainage device placement". Another example of a

novel SMA device for ophthalmology is presented in Reference [153], where a bio compatible

synthetic implant for the surgical treatment of high-complicated myopia, called dynamic

plug, is presented. NiTi based alloy is a well suited choice for the implant, which has to
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b e non-traumatic, easy to use and provide a determinate level of compression over a long

p erio d of time. The author explains in the pap er that "the application of this device allows

low-traumatic correction of the shap e of the p osterior eye p ole and strengthening of the

sclera" and describ es tests p erformed over 20 eyes of chinchilla rabbits, showing promis-

ing results. A commonly known SMA application is sup erelastic eyeglass frames (Figure

2.18); di�erently from conventional frames, they press against the head with constant and

comfortable stress, thanks to the constant stress exhibited by the alloy over a large range

of strains. Moreover, they can b e twisted and deformed, undergoing an unconstrained

recovery of their original shap e up on unloading.

Figure 2.18: Shap e-memory eyeglass frame.

2.1.9 Urology

Among SMA applications in urology, �exible, steerable and kink-resistant urethral and

prostatic stents (Figure 2.19) for treatment of urinary duct o cclusions have b een inves-

tigated and prop osed. In Reference [202], 15 patients with prostatic hyp erplasia, who

showed no recovery up on administration of Î±-1 blo ckers, were treated with a urethral

stent (MEMOKATHÂ®) made of NiTi. Exams showed that the MEMOKATHÂ® was ef-

fective and improved the quality of life in all patients in the early phase of treatment.

An op en issue is present regarding urethral sphincters: Muller, [224], a�rms that "the

commercially available arti�cial urethral sphincters do not mimic natural muscle function

and therefore have met with only limited success". As already mentioned in the case of

the pub orectalis assisting device, SMAs have b een investigated to �ll this gap: at present,

advanced prototyp es of SMA activated sphincters are available for animal exp eriments,
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[224].

Figure 2.19: RPS Allium (Round Posterior Stent) urethral stent, made of a Nitinol

framework with a p olymeric coating (courtesy of Allium Medical Ltd., Caesarea

Industrial Park South, Israel), [3 ].

2.1.10 Ginecology and andrology

Probably the �rst SMA minimally invasive pro duct to b e put on the market is the Homer

Mammalok, used by radiologists to lo cate breast tumors. It consists of a Nitinol wire

ho ok and a stainless steel cannulated needle: b efore insertion, the ho ok is withdrawn

into the cannula, then the needle is inserted into the breast through a small op ening and

adjusted until its tip is at the site of the tumor; afterwards, the Nitinol wire is advanced,

regaining a tight ho ok con�guration and allowing the marking of the tumor. If needed,

the ho ok can b e retired and the needle rep ositioned, [92]. Another application of Nitinol

in gynecological �eld is a p ermanent birth control device, named Conceptus (by Essure).

It is a sup erelastic Nitinol coil which, inserted into the fallopian tub es through the cervix

without incisions, encourage tissue ingrowth and acts like a barrier, with a success rate of

99.8 % in preventing pregnancy. The �rst patent where Nitinol was used in contraceptive

applications was released in 1971, [140]. The TUNA prostate ablation device is a SMA

device used in andrology, presenting a cannula with a curved tip, from which straight

Nitinol needles are elastically deployed. The needles can b e deployed for use, withdrawn

into the cannula, moved to another site and deployed again as many times as necessary,

[252]. A further clinical application of SMAs in andrology is related to p enile implants,
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[189], where Nitinol is used in the form of ro d or wires. Shap e-memory e�ect is exploited

in these devices in order to restore erection ability in damaged organs.

2.1.11 Physiotherapy

Shap e-memory e�ect is used also in physiotherapy of atrophied muscles. An example is

a glove activated by shap e-memory wires, repro ducing the activity of the muscles and

simulating the original hand motion (Figure 2.20). In this case, we have two-way shap e-

memory e�ect: when the glove is heated, wires b ecome shorter, while when the glove is

co oled the wires regain the former shap e, op ening the glove, [259]. Viscuso and colleagues,

[336], presented a device promoting spastic elb ow relaxation, based on two sup erelastic NiTi

elements put on the opp osite sides of the elb ow joint and connecting two shells to b e �xed to

the upp er arm and forearm (Figure 2.21). The novelty of the mechanism is that, di�erently

from conventional devices which �x the arm in a stable p osition, the NiTi element imp oses

a stable torque to promote stretching of the muscles. First clinical outcomes showed

promising results, with improvements in patients p ostures and high acceptability of the

device by the patients. Another example is provided by Pittaccio and Vicuso, [267], who

presented a passive assistive device for ankle dorsi�exion, to b e used in case of immobility

or spasticity of the ankle after stroke. The device is based on SMA actuation and its aim

is to train passively the immobilized joint, providing a rep eatable movement able to help

maintaining joint �exibility and normal muscle tone. A rob ot mask to assist physiotherapy

of a hemifacial paralyzed patient is presented in Reference [143]. This idea may op en the

do or to a novel range of physiotherapy devices, but signi�cant di�erences in the prop ortions

of human head among di�erent p eople demands customized design.

2.1.12 Other applications: active prostheses and rob ot-assisted

surgery

Shap e-memory characteristics of SMAs are promising for the creation of a light weight,

silent, dexterous anthrop omorphic hand. Much work has b een done in the last years

towards this ob jective, to provide motion and dimensions as close as p ossible to human

hand ones. At present, there are numerous commercially available prosthetic hands, such

as the i-Limb

TM

Hand, which was �rst launched in 2007 by Touch Bionics, the Otto Bo ck's

SensorHand

TM

Sp eed, and the Motion Control Hand, [146]. Usually DC motors are used in
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Figure 2.20: Shap e-memory glove for physiotherapy resp ectively at low temp era-

ture and at high temp erature, [259 ].

these applications, but the dimensions and weight of this kind of motors don't match with

human prop ortions, comp elling to decrease the numb er of degrees of freedom and making

the prosthesis uncomfortable for the end user. This gap encourages the development of

new design techniques, such as SMA actuation mechanism, which takes advantage of shap e-

memory e�ect, providing a motion similar to muscle b ehavior. Moreover, SMA actuators

show high p ower to weight ratio, therefore allowing for smaller dimensions of the prosthesis,

[146]. Several studies have rep orted e�orts towards the creation of an e�ective prosthetic

hand involving SMA actuators or wires, [310, 152, 201]. In Reference [146] the design of

a tendon-driven SMA actuated �nger is presented, with the aim to obtain a prosthetic

hand exploiting SMA actuation under an EMG (electromyography) signal. In Reference

[201] a new light and quiet prosthetic hand using SMA typ e arti�cial muscles has b een

presented. The exp eriments which were p erformed to examine the motion of the initial

prosthetic �nger demonstrated that it could grasp an ob ject, so a hand con�guration was

set up and tested, with the alimentation provided by a lithium battery, showing �nally that

the prosthetic hand could grasp di�erent kinds of ob jects and providing promising results

for further research on this topic. As previously describ ed, SMAs have strongly promoted

minimally invasive surgery, thanks to the p ossibility to develop smaller and more e�ective

surgical instruments. Impressive achievements in minimally invasive surgery have b een

also allowed by the p ersistent advances in rob otics, [113]. Shap e-memory e�ect has indeed

b een exploited using SMA wires and actuators to optimize rob otic arms op eration. In

MIS, the rob ot is required to provide a big output with the smallest volume. Having

lo cal, lightweight and p owerful actuators at end-e�ectors could help to simplify surgical
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rob ot design and to optimize the numb er of degrees of freedom: SMA actuator meets

these requirements b ecause it has high energy density, exhibits large recoverable strain

and is miniaturizable, [304]. Moreover, Shi, [304], showed that the electric resistance of

SMAs has approximate linear relationship with the strain, a fact which makes accurate

self-sensing p ossible. In the last years, many studies have b een carried out on the use of

SMAs in rob ot-assisted minimally invasive surgery. For example, in Reference [161] a novel

hybrid actuator is presented, in order to increase the numb er of degrees of freedom in MIS,

through the idea of a lo cal actuation of the end-e�ector, which consists, in this case, of a

5-mm-diameter laparoscopic needle driver. As already p ointed out, in the state of the art

of rob otic to ols for minimally invasive surgery (MIS), the numb er of degrees of freedom is

limited by the fact that the actuators used to activate the end-e�ectors are lo cated outside

the patient's b o dy, with the p ower transmitted by means of sliding link or tendon-driven

mechanisms: in these conditions the design of the wrist gets complicated. The prop osed

millimeter-scale hybrid actuator design consists of two stages: a dc micromotor stage and

an SMA actuator stage, whose limited dimensions allow lo cal actuation of the end-e�ector,

thus simplifying the design of the spherical wrists and increasing the numb er of DOFs.

In Reference [113] another SMA actuated rob otic application is presented, consisting of

a prototyp e MIS-rob otic to ol, using SMA-wires in an antagonistic tendon con�guration,

which results in low sti�ness. Moreover, the low weight (150 gr) of this to ol "makes it

suitable for most surgical op erations".

2.2 SMA cardiovascular applications and computer-based

design

The aim of this chapter is to provide a comprehensive overview of the application of

SMAs in the �eld of cardiovascular surgery, which represents the most signi�cant share

of the SMA medical market. In fact, the unique features of SMAs, and in particular of

Nitinol, which is the most used SMA in the biomechanical �eld, well �t with the needs of

current trend in cardiovascular surgery, i.e., the minimization of the device size and, at the

same time, the reduction of the pro cedural impact on the patient's recovery time. Such

an approach, commonly called minimally invasive surgery, is usually based on op erations

p erformed through small arti�cial incisions or natural b o dy op enings. In particular, for
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Figure 2.21: Sup erelastic device for spastic elb ow relaxation, [336].
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cardiovascular applications, minimally invasive surgery is usually lab eled as endovascular

surgery, b ecause the miniaturized devices are delivered by low-pro�le catheters, intro duced

through narrow vascular accesses running inside the cardiovascular system. The outlo ok

of SMA-based cardiovascular devices is promising not only b ecause medical pro cedures

are b ecoming less and less invasive, [115], but also b ecause the impact of cardiovascular

diseases (CVDs), which is the generic name given to the dysfunctions of the cardiovascular

system such as atherosclerosis, hyp ertension, coronary heart disease, heart failure or stroke,

steadily increases. In fact, CVDs are nowadays the leading cause of death in the Western

countries: a recent rep ort of American Heart Asso ciation (2011) states that, on the basis

of 2007 mortality rate data, more than 2200 Americans die of CVD each day, an average

of 1 death every 39 seconds, [339]. The same trend is also present in Europ e, where

CVDs are the ma jor death cause in almost every Europ ean country, causing over 4 mln

deaths, [232]. These data, integrated by a constant increase of the average life exp ectancy,

well explain the high impact of such pathologies on the economy of Western countries: in

Europ e, the estimated direct and indirect cost of CVDs are 196 bln EUR p er year, [326],

while the total direct and indirect cost of CVDs and stroke in the United States for 2008

is estimated to b e $297.7 bln, [339]. Given these considerations, in this chapter we review

the application of SMAs in the �eld of cardiovascular devices, with a sp ecial fo cus on the

device design and, in particular, on how advanced computer-based mo deling is used in this

context. For this reason the chapter will �rstly give a brief overview of the di�erent typ es

of SMA cardiovascular devices and then, for each of them, a literature review of the related

numerical simulation is prop osed.

2.2.1 Cardiovascular devices: an overview

Historically, of vascular diseases have b een treated combining op en surgery with medical

management. Since the �rst description of a p ercutaneous pro cedure, the use of endovas-

cular approaches has revolutionized the treatment of vascular disease. In the last decades,

endoluminal therapy of vascular diseases has expanded from simple dilatation of atheroscle-

rotic lesions to more complex acute lesions, assuming also a signi�cant role in the manage-

ment of aortic aneurysms or dissections. As already stated, these broadened indications for

endovascular therapy have b een supp orted by technological improvements in the concept,

design, and technologic content of endovascular devices. Among this advancement, the
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contribution of SMAs, and in particular of Nitinol, cannot b e ignored. The goal of this

section is to provide an overview of the SMA-based applications in cardiovascular surgery.

Given the constant growth of such a typ e of applications, the present review would not

b e exhaustive but it aims at assessing the main applicative sectors and the clinical tasks

targeted by the SMA features emb edded in the device. It is worth noting that most of

the applications describ ed in the following can b e used for endovascular surgery b ecause,

thanks to the pseudo elastic e�ect, they present as a primary feature the capability to b e

highly compressed within a low-pro�le delivery system and to recover the desired shap e

after the deployment. We have categorized the SMA cardiovascular devices in three main

families: i) catheters and guidewires; ii) emb olic �lters; iii) stents and stent-grafts. While

the �rst category represents the basic elements of endovascular approach, emb olic �lters

were the �rst SMA-based devices in cardiovascular �eld, [259]; �nally, stents and stent-

grafts represent the ma jor share of the SMA cardiovascular market, [92, 115]. Nevertheless,

we have collected in a supplementary, generic category (i.e., Other cardiovascular devices)

all the remaining applications.

Catheters and guidewires

The pseudo-elastic e�ect of Nitinol is exploited in two fundamental comp onents of the

endovascular pro cedure to olkit: the guidewire and the catheter. As easily understandable

from its name, the purp ose of a guidewire is to create a pathway in the vascular system up

to the target lesion (Figure 2.22). The guidewire can b e thought as the rail on which the

catheter runs. The catheter is basically a low-pro�le hollow tub e, aimed at delivering in

the target lesion a miniaturized device. The op erator has an indirect view of the system

through real-time X-ray images where the vascular tree visibility is enhanced by the injec-

tion of a contrast dye. In most endovascular pro cedures, guidewires have to achieve and

to keep the critical access across the target lesion along the entire pro cedure and must b e

signi�cantly long in order to reach vascular districts which are far from the endovascular

access. For instance, the carotid artery, which is lo cated in the neck, may b e reached from

a femoral access p oint, which is instead lo cated in the upp er part of the leg. Moreover, the

vascular path could b e characterized by a severe tortuosity and numerous side branches;

this is the reason why wires have to b e steerable and torquable, [92]. This issue also clearly

explains why even a small p ermanent deformation is undesired. In order to accomplish

such requirements, current guidewires are usually made of an inner core wire (mandrel)
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surrounded by an outer coil wrap. The core wire has a tap ered shap e in the distal part

which do es not extend to the guidewire tip, where a more �exible and ideally atraumatic

distal coil tip is instead p ositioned. Moreover, in order to improve lubricity, the guidewire

surface is coated with a hydrophilic p olymer. As already p ointed out by Duerig and col-

leagues in 1999, [92], guidewires were the �rst applications to take advantage of the kink

resistance (i.e., resistance of the wire to deformation) of Nitinol. In fact, the inner core

of guidewires was originally made of stainless steel. Later on, �exibility provided by the

unique prop erties of SMAs allowed the development of novel guidewires, able to enhance

the dexterity of the surgeon. Nowadays, b oth stainless steel and Nitinol are used for the

inner part of guidewires. Stainless steel provides the advantage of a go o d torque control-

lability, while Nitinol is more stretchable and steerable. Moreover, Nitinol is used also for

its "soft" end-user feel which allows precise placement and delivery through very tortuous

paths without losing a go o d torqueability and pushability of the device, [268]. Future de-

velopments are exp ected on micro-guidewires (diameter less than 0.5 mm), to b e used for

ab dominal blo o d vessels, p eripheral and cerebral arteries, in view of less and less invasive

surgical techniques, [236, 259]. Nitinol is also used to pro duce active catheter shafts: high

deformability, kink resistance, and capability to recover the original shap e make them far

more controllable than conventional devices and allow easy insertion and insp ection inside

the human b o dy. One of the app ealing applications of SMAs in this sector is the actuation

of the catheter, which can b e based on di�erent typ es of NiTi microactuators, providing

various motions, such as b ending, torsion and extension/contraction, and presenting dif-

ferent deformation mechanisms according to the requirements of the device. For example,

thin NiTi plates �xed along the side of the catheter, or NiTi wires emb edded in the catheter

b o dy, can provide the b ending motion when heated. Whereas, NiTi coils designed to twist

or untwist according to temp erature variation can provide torsional motion. Extension

motion can b e instead provided by NiTi coils acting as an extending or contracting spring.

Moreover, sti�ness control can also b e provided by equipping the catheter with further

SMA coils, which b ecome sti�er when heated, thanks to the phase change from martensite

to austenite. The activation mechanism usually relies on Joule e�ect, pro ducing heat by

the application of an electric current, [125].
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Figure 2.22: Guidewire route through aorta.

Emb olic �lters

Emb olic �lters (Figure 2.23) are another successful example of the use of pseudo elastic

e�ect for endovascular surgery. In fact, the basic mechanism exploited in such a typ e

of application is the capability to expand inside the lumen, starting from a low-pro�le

shap e. The device, compressed within the catheter, is delivered inside the vessels and

deployed thanks to pseudo elastic e�ect. Once the �lter is op en, it has the aim of capturing

small clots �oating within the blo o d stream. When the basket �lter is full, it is retrieved

usually by a pull-back mechanism, which reduces the device pro�le to the compressed

con�guration allowing thus the endovascular navigation. A numb er of design variants have

b een prop osed for this class of SMA-based devices, [148, 193], but their e�cacy is still a

matter of clinical debate, [225, 137]. In this context, a sp ecial mention should b e given

to the venous Simon �lter, which can b e considered the �rst vascular SMA application,

[306, 259]. This pioneering �lter, still used in the clinical practice, [278], is used to prevent

emb oli in patients unable to tolerate anticoagulants and exploits the shap e-memory e�ect.

The device, manufactured in the op en con�guration with a NiTi alloy having austenite

�nish temp erature (Af ) equal to the b o dy temp erature, is preloaded into a catheter while

in the martensitic state. The device is then easily crimp ed on the catheter thanks to the
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residual deformation due to the martensitic transformation, which is kept through a chilled

saline solution �owing in the catheter during the insertion of the �lter into the b o dy. Once

the catheter is in place, the �lter is released, the �ow of chilled saline solution is stopp ed,

and the device is warmed by the surrounding blo o d, thus recovering its pre-de�ned �ower-

like shap e.

Figure 2.23: On the left, illustrative sketch of di�erent carotid emb olic �lters

adapted from Kasirjian et al., [148], (A) AccuNet, (B) AngioGuard, (C) Filter-

Wire EX, (D) Interceptor, (E) IntraGuard, (F) NEURhield (Emb oShield). On the

right, Simon Nitinol Vena Cava Filter manufactured by Bard.

Stents and stent grafts

The term stent derives from Dr. C.T. Stent, a dentist who in the late 1800's develop ed

an ortho dontic device to assist in fanning an impression of teeth, [288]. Such a term is

nowadays generally given to an expandable tub e-like device, which is inserted into a nat-

ural conduit of the b o dy to mechanically enlarge a disease-induced lo calized narrowing of

the duct (Figure 2.24). Although some stents are made by p olymers, most of them are

metallic. In endovascular surgery, stents are usually used to enlarge the so-called stenosis,

i.e., an abnormal narrowing of arterial lumen due to a lo cal disease-induced thickening of

the vessel wall. The metallic frame of the device can b e (partially) covered by a p olymeric

skirt to form a hybrid vascular prosthesis called stent-graft. Such devices are normally

used to diverge the arterial blo o d �ow within pathologic vascular anatomies; for instance,

stent-grafts are used to reduce the pressurization of aneurysmatic sac or to exclude the

p erfusion of false lumen in a dissected artery, [205]. The real success of stents rose from

their use in the treatment of coronary stenosis. In fact, the intravascular stent drew the

interest of the medical community from 1994, when the stainless steel Palmaz-Schatz Coro-
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nary Stent was launched, [150], to integrate p ercutaneous transluminal angioplasty (PTA),

a pro cedure exploiting the in�ation of low-pro�le ballo on to enforce the stenosis enlarge-

ment. The sole PTA provided an immediate gain of the lumen patency but a signi�cant

part of the patients exp erienced restenosis within a year and need further treatment. For

this reason, the placement of a stent immediately after PTA was included in the p ercuta-

neous pro cedure leading to a signi�cant decrease of the acute re-o cclusion; this innovative

device transformed the practice of interventional cardiology, selling one mln units in less

than two years and creating a $700 mln annual market nearly overnight. It is worth noting

that the mechanisms underlining the Palmaz-Schatz stent and its o�spring is based on

the lo cal plastic deformation o ccurring during the ballo on in�ation at the hinge p oints

of the design; in this manner, the stent remains in an op en con�guration also after the

ballo on de�ation, counteracting the arterial elastic recoil. As so on as the use of stenting

started to extend to p eripheral vessels, characterized by long lesion, tortuous anatomies

and complex kinematics, such plastic deformations showed undesired drawbacks and the

Nitinol features app eared as a key factor to build a new typ e of devices, the so called self-

expanding stents. The idea of using Nitinol to make self-expanding cardiovascualr device

is not certainly recent; in fact, in the 80s, Charles Dotter used Nitinol coils as sca�olds for

arteries, showing the promising functional qualities of Nitinol for endovascular treatments.

Unfortunately, at that time, the manufacturing pro cedures were not advanced enough and

mechanical qualities of Nitinol had not b een completely understo o d yet, so it to ok many

years b efore the �rst Nitinol stents b egan to b e marketed, [206]. This is the reason why at

the b eginning of the 90ies Nitinol was just available in wire form, so Nitinol stents were not

very successful. In the mid-90ies, laser cutting b egan to b e p erformed on Nitinol tub es.

The availability of Nitinol tubing made this material the �rst choice for self-expanding

stents and stent-grafts, [297]. Bard released the Memotherm in 1997, and Cordis released

the SMART stent in 1998. The SMART stent b ecame the dominant design in the en-

dovascular marketplace, and remains the leader to day. The success of the SMART stent

design was largely due to its very �ne mesh structure that o�ered exceptional contouring,

�exibility, and app osition characteristics. It is estimated that Nitinol stents now comprise

60% of the endovascular stent market. Nitinol stents also dominate non-vascular markets

including urologic, upp er and lower gastrointestinal, and trachea-bronchial applications,

[55]. Currently, there is a numb er of self-expandign Nitinol stents which have b een mar-

keted or are under development, [51]. Generally, stents for endovascular applications are
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made of V-shap ed struts forming circumferential rows, linked together by bridges. This

ring con�guration o�ers indeed a go o d compromise b etween �exibility, strength, and ca-

pability of the design to get small diameter to accomplish the accommo dation within the

low-pro�le catheter. There are various designs showing di�erent link typ es b etween struts.

The two main con�gurations of ring typ e stents are the op en-cell and the closed-cell ones.

Struts can b e connected through p eak-to-p eak, p eak-to-valley or mid-strut connections.

Virtually every combination of p eak, valley, and mid-strut connections has b een designed,

and even hybrid connections have b een provided. The overall mechanical features of the

stents are in�uenced b oth by geometrical design details, such as the typ e of ring "bridges",

strut width, lenght, thickness, shap e, and by the material pro cessing, as well explained by

Sto eckel et al. and Bonsignore on 2003, [317, 55]. In this context, it is worth mention-

ing the app ealing iniziative of an op en-source design to ol for self-expanding stent recently

prop osed by Bonsignore and colleagues, [241], who has resumed their exp erience of stent

designers in a practical guide and resource for design and analysis of a generic Nitinol stent.

The ma jority of self-expanding Nitinol stents is cut from tubing, but there are some excep-

tions, including wire-based and sheet-based manufacture. For example, NexStent (Boston

Scienti�c), for use in patients with carotid artery disease, is made from a laser cut Nitinol

sheet. The sheet is tightly rolled up for delivery into the catheter and can b e deployed to

adjust to a variety of diameters. Another exception is the IntraCoil (Sulzer IntraThera-

p eutics Inc.), a wire coil stent for the treatment of sup er�cial femoral artery and p opliteal

artery lesions, based on the same principle of �rst Dotter's exp eriments, [206]. Some stents

made of wire coil are also available, but they never met with great success in vascular

applications b ecause they usually present a larger diameter in the constrained state than

ring typ e designs. Instead, wire coil stents are generally used in non-vascular applications

(e.g., prostrate and urethral stenting) b ecause they are usually fully retrievable after weeks

or months since implantation, [55]. The main manufacturing metho d for Nitinol tub es is

laser micromachining, but also photo chemical etching has b een demonstrated to b e a viable

pro cedure. It is worth mentioning nano-manufacturing, a metho d implying high vacuum

sputtering in order to build metallic implants in an additive fashion, [55]. To appreciate

the imp ortance of the stent-related market and the corresp onding economical and so cial

impact, we rep ort in the following some data ab out that. Coronary artery disease is a ma-

jor cause of death around the world, so coronary stenting is a widely used technique. The

global market for coronary stent devices reached $7.1 bln in 2011. By 2016, it is exp ected
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that total market value will reach $10.6 bln. The Americas region dominated coronary

stent device revenues for 2011 with a 40% share. This segment was worth $2.8 bln in 2011

and is pro jected to reach $4.3 bln by 2016. Europ e is the second largest shareholder with

37% of the market for coronary stent devices. Its market size is exp ected to increase from

$2.6 bln in 2011 to $3.4 bln in 2016, [114]. The p eripheral angioplasty pro cedures are

exp ected to reach 3.3 mln pro cedures by 2016, while coronary angioplasty pro cedures are

estimated to reach 4.5 mln pro cedures by 2016. The ma jor driving factor for these markets

would b e the increasing demand for minimally invasive p ercutaneous endovascular treat-

ment. The stents used in interventional pro cedures represent the largest segment of the

market. Also the market of stent-graft app ears to b e promising. In fact, a research made

by Medtech Ventures rep orts that approximately 700,000 new cases of aortic aneurysms

are estimated to b e diagnosed every year in the develop ed world. Given this data, the

global market for aortic stent-grafts was estimated at $1.8 bln in 2012, a growth of 12%

over its 2011 level of $1.6 bln. The market has b een growing at an average annual growth

rate of 15% over the previous �ve years, [4].

Figure 2.24: Example of Nitinol self-expanding stent for cardiovascular applica-

tions, [315 ]. The device is partially deployed during a free-expansion deplyment:

while the distal part has gained the original expanded con�guration, the proximal

part is still compressed within the delivery system.

Others

Percutaneous valves

Another frontier of cardiovascular surgery is the minimally-invasive replacement of the

heart valves and in particular of the aortic valve. Also in this context, Nitinol and its

capability to recover the initial shap e after a severe deformation is playing a key role.

In fact, in 2002 Cribier p erformed the �rst clinical implant of a p ercutaneous ballo on-

expandable aortic valve at the level of the native valve while, in 2004, Grub e implanted for

the �rst time a self-expandable transcatheter valve. In the last decade, di�erent devices

have b een designed and submitted to clinical evaluation (Figure 2.25) con�rming that, on
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one hand, such an innovative technique represents a promising solution for aortic stenosis

even though, on the other hand, at present, it is still an immature pro cedure due to

limited follow-up data and durability evaluation. Two typ es of transcatheter devices are

currently available: cobalt chromium ballo on-expandable (Edwards Sapien XT) or nitinol

self-expandable stent (Medtronic Corevalve). In the case of ballo on-expandable devices, a

ballo on in�ation leads to the valved stent expansion which excludes and compresses the

native diseased lea�ets. In the case of self-expandable valve placement pro cedure is very

similar to the previous one except for the fact that self-expandable prostheses automatically

op en through a step-wise deployment when gradually extracted from the delivery catheter,

[17].

Figure 2.25: Transcatheter aortic valve prostheses currently used in clinical prac-

tice: the Medtronic CoreValve (left) and the Edwards SAPIEN XT (right). For

more details please refer to [17 ].

Coils

Coils are often used to treat cerebral aneurysms, i.e., lo calized dilations of the in-

tracranial arteries; they are wires which are p ositioned into the aneurysm in a ball-shap ed

fashion, with the aim to induce clotting reaction, eliminating the risk of rupture. Tradi-

tionally, coils are made of platinum, but recently a coil made with a mixture of platinum

and NiTi has b een pro duced (ev3 Neurovascular, Irvine, CA), resulting in less stretching

and b etter resistance to compaction with resp ect to other typ es of coils, [259].

Clips for cardiac surgery

Nitinol U-Clip (Coalescent Surgical, Inc, Sunnyvale, Calif ) is a device which can b e

used for vascular sutures, exploiting the sup erelasticity of Nitinol which provides an auto-
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matic closure of the clips. Studies on animal mo dels have b een p erformed and it has b een

demonstrated that Nitinol clips have the same e�ectiveness of conventional sutures when

used for anastomosis, with the advantage that the pro cedure is faster b ecause there is no

necessity to tie knots, [85, 130]. Another typ e of SMA clip used in cardiovascular surgery is

represented by the thermoreactive Nitinol clips, used for sternal closure after cardiac op er-

ations. Since healing complications after cardiac surgery, such as dehiscence, osteomyelitis,

mediastinitis and sup er�cial wound infection, often o ccur and pro duce a signi�cant mor-

tality, it is apparent that the technique of sternal closure is an imp ortant factor to analyze.

Thermoreactive Nitinol clips o�er an improved metho d for sternal closure, which results

in less p ost-op erational complications and improves osteosynthesis thanks to the lighter

forces pro duced on the sternum with resp ect to conventional closures, [234, 228, 63].

Occlusion devices

In order to treat Patent Ductus Arteriosus, or Atrial and Ventricular Septal Defects,

anomalies which can reduce life exp ectancy, self-expanding o cclusion devices made of Niti-

nol have b een develop ed (e.g., AGA Medical Corp., LEPU medical), which present single

or multiple lob es made of a �ne Nitinol mesh and which can b e intro duced in vessels

through a catheter by a minimally invasive pro cedure. The SMA o cclusion device, made

of SMA wires and a waterpro of �lm of p olyurethane, represents an alternative to op en

surgery, which is an extremely invasive treatment. The device is initially inserted through

the hole in the septum, by means of a catheter, and is partially deployed, so that it covers

the op ening in the septum. Then it is pulled against the op ening and is further deployed

from the catheter, creating a second cover on the other side of the op ening, [89].

Heart surgery instruments

Another cardiovascular application of Nitinol is an op en-heart stabilizer, used to prevent

regional heart movement while p erforming surgery. Sup erelasticity and constant force

plateau presented by SMAs are exploited also in the tissue spreader, used to spread fatty

tissue on the heart, [344].

Clamps

The clamp technique, used to arrest bleeding and to control blo o d �ow from the arteries,

is essential in any surgical op eration. SMA features allow a constant stress resp onse over

a large range of strains allowing thus innovative concept of clamping, able to guarantee a

b etter control on o cclusive pressure on the vessel wall, [364].
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Annuloplasty band

Mitral valve regurgitation is often due to structural defects of the valve, treatable

with surgical intervention. Mitral valve repair, when p ossible, is preferred to mitral valve

replacement, b ecause it is more e�ective and durable, and it do esn't require anticoagulant

drug therapy. Main mitral valve repair techniques involve securing a full ring or partial

band around the mitral annulus. Also this typ e of intervention can b e p erformed through

minimally invasive approaches as recently rep orted by Purser and colleagues, [273], who

develop ed a prototyp e ring comp osed of a NiTi SMA, a silicone sheath, and a p olyester

sewing cu�, which meets the requirement of b eing �exible enough to b e deployed through

an 8-mm tro car, but sti� enough to provide b ene�ts to the damaged mitral valve. The

trade-o� b etween �exibility and sti�ness is ful�lled by the NiTi core of the prototyp e,

which is �exible if maintained at lower temp eratures (in the martensitic phase), allowing

for simpler deployment, placement, and suturing, while it is semi-rigid over 37

�
C, i.e., at

normal human b o dy temp erature, providing the desired supp ort to the mitral valve. Ex

vivo trials p erformed by Purser and colleagues clearly demonstrated that the device could

b e easily implanted through rob ot-assisted surgery and showed a go o d durability and a

p ositive reduction e�ect on mitral valve regurgitation, [272, 273].

Prosthetic pump

An early patent, [271], rep orts the design of a prosthetic pump, intended for application

as an arti�cial heart, able to repro duce the natural movement of contracting and relaxing

muscles and whose contractile elements are formed of NiTi.

Nitinol blades for resecting calci�ed aortic heart valves

Calci�ed aortic heart valves are often replaced by equine or p orcine p ericardial valves on

a metal stent structure. However, the calci�ed layer may b e non-circular, causing leakage,

regurgitation and even distortion of the installed arti�cial valve, resulting in reduction of

e�ectiveness and durability of the implant. A device showing foldable Nitinol blades is

presented by Hauck and colleagues, [129], with the aim of resecting the degenerated aortic

valve, in order to leave a prop er circular geometry ideal for installation of the arti�cial

valve. The ob jective is not only the creation of b etter conditions for the arti�cial valve to

op erate, but also a reduction of the surgery intervention time and complications.

Snare

Conceptually simple SMA devices, called snares, have already b een cited in the previous
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chapter: indeed, they are used in various surgical �elds, among which the cardiovascular

one, to remove foreign b o dies in a minimally invasive fashion. Nitinol snares, thanks to

�exibility and radiopacity of the material, have b een demonstrated to o�er go o d torque

control and grasping capacity, b eing able to remove various foreign b o dies of di�erent size.

Such a device allows to eliminate in a quick and safe manner undesired obstructions from

vascular conduits, [62].

2.2.2 Examples of computer-based design

Finite element analysis (FEA) was develop ed over 70 years ago to solve complex elastic-

ity and structural analysis problems in civil and aeronautical engineering, [366]. Thanks

to the signi�cant advances of computational facilities, the use of FEA in biomechanics is

nowadays di�used and the application of various mo deling and simulation to ols in medicine

and clinical translational research has b een prop osed by a diverse group of investigators,

p osing the problem of the homogenization of metho ds and result rep orting, [98]. In this

scenario, the FEA-based simulation of SMA-based cardiovascular implants to assess the

structural p erformance of various typ es of devices is steadily increasing. In particular, the

simulations, in addition to traditional in-vitro techniques, are used to improve the design

and testing of medical devices, such as cardiovascular stents. In fact, to date, these devices

are mostly develop ed using a trial and error approach: a �rst prototyp e is manufactured

and physical tests are p erformed to check whether the design criteria are ful�lled. If this

is not the case, the design is adapted and a new prototyp e is manufactured and tested.

Unfortunately, this approach is time-consuming, exp ensive and often not able to fully ad-

dress the pro duct's p erformance and (bio)mechanical requirements. Moreover, p erforming

physical tests on these generally small devices is challenging. A promising strategy to de-

sign medical devices is virtual pro duct development, which enables the development and

optimization of novel designs and, consequently, reduces the costs and the time to market,

[78]. Starting from such considerations, the goal of the present chapter is to provide a

comprehensive overview of the use of structural FEA to analyze and optimize SMA-based

cardiovascular devices. We have organized the chapter categorizing the literature review

with resp ect to the vascular region treated by the analyzed devices. Nevertheless, a pre-

liminary section is instead dedicated to the collection of studies addressing the mechanical

resp onse of a given SMA-base device in a general environment. In conclusion, we discuss
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the research p ersp ective suggested by the review.

General purp ose studies

Most of the studies, addressing the use of FEA to predict or optimize SMA-based cardiovas-

cular devices, are fo cused on self-expanding stents. It is easy to understand that the steady

increase of the minimally-invasive approaches has led to an imp ortant commercial interest

in this sector, calling for engineering to ols supp orting the design of new and comp eting de-

vices. One of the pioneering works ab out Nitinol stent simulation is the study of Witcher,

[351], who, in 1997, prop osed the use of FEA to estimate the structural b ehavior of Boston

Scienti�c's Symphony stent, under in-vivo loading conditions. The study presents a lot of

simpli�cative assumptions, e.g., a von Mises-yield criterion elasto-plastic mo del is adopted

for the constitutive mo deling of Nitinol, while the in-vivo loading conditions are replicated

through the application of a pressure load on a stent p ortion, neglecting thus the inclusion

of the arterial mo del. Few years later, in 2000, Reb elo and Perry, [279], discussed the use

of FEA to simulate the expansion of Nitinol stent implementing, for the pseudo-elasticity,

the constitutive mo del originally prop osed by Auricchio and Taylor, [8, 9], and based on

the concept of generalized plasticity, [188]. In 2002, the study has b een extended to eval-

uate the fatigue resistance of the stent by Perry and colleagues, [257]. A further insight

on the fatigue of self-expanding stent comp onents was provided in 2003 by Pelton and

colleagues, [253], who quanti�ed the cyclic deformation b ehavior of sup erelastic Nitinol in

order to calculate design safety factors for medical devices. In particular, the study com-

bines exp eriments and numerical analysis: the authors p erformed displacement-controlled

fatigue testing on laser-cut stent-like devices, while the fatigue strains were calculated from

displacements with non-linear FEA metho ds. Surprisingly, the results demonstrate that

the oscillating strain amplitude is the main contributor to fatigue b ehavior. A more fun-

damental work regarding the constitutive mo deling of SMA was done in 2004 by Jung et

al., [145], and by Auricchio and Petrini, [11], who develop ed constitutive mo dels suitable

for numerical analysis, such as FEA, with a particular attention to the robustness of the

algorithms in order to facilitate the analysis of real industrial application like the design of

medical stents, [258]. A signi�cant attempt to tailor the design of a novel self-expandable

stent by the use of FEA has b een prop osed in 2006 by Theriault and colleagues, [326], who

discussed the development of a Nitinol stent with a progressive expansion device made of

p olyethylene, allowing smo oth and gradual contact b etween the stent and the artery's wall
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by creep e�ect. The Nitinol is mo deled with a sup erelastic law and the study presents

two simualtions: 1) the �rst simulation determines the �nal geometry of the stent laser

cut from a small tub e; 2) the second simulation examines the b ehavior of the prosthesis

during surgery and over the 4 weeks following the op eration. In 2008, Kim et al., [155],

discussed the mechanical mo deling of self-expandable stents fabricated using braiding tech-

nology. For this purp ose, they prop osed a �nite element mo del by coupling a prepro cessing

program for the three-dimensional geometrical mo deling of the braiding structure of the

stent. The Nitinol wires of the stent were assumed to b e sup erelastic and their mechanical

b ehavior was incorp orated into the �nite element software through a user material subrou-

tine employing a one-dimensional sup er elastic mo del. In 2010, given the growing interest

toward an exhaustive mo deling of SMA macroscopic b ehavior due to their extensive use

in a numb er of applications in many �elds of engineering, and in particular in biomedical

engineering, Auricchio et al., [12], reviewed the prop erties of a robust three-dimensional

mo del able to repro duce b oth pseudo-elastic and shap e-memory e�ect. In particular, the

mo del parameters are calibrated with resp ect to exp erimental data and, �nally, the mo del

is used to p erform the �nite element analysis of pseudo-elastic Nitinol stent deployment

in a simpli�ed atherosclerotic artery mo del (Figure 2.26). In 2011, Reb elo and colleagues,

[282], prop osed a comparative study which grounds its motivation on the statement that

FEA of Nitinol medical devices has b ecome prevalent in the industry. Starting from this

idea, the authors presented a study in which some commonly made assumptions in FEA of

Nitinol devices were veri�ed. The base mo del p ertains to the simulation of the fabrication

of a diamond shap e stent sp ecimen, followed by cyclic loading, [367], which is b eing used

by a consortium of several stent manufacturers fo cused on the assessment of fatigue-life

prediction for Nitinol devices. In 2012, Azaouzi et al., [36], prop osed a simpli�ed mo del

of a Nitinol stent, in order to p erform a FEA of the stent deployment as well as the pul-

satile loading inside the artery. The aim is to provide a to ol to forecast the fatigue life of

Nitinol stents and to optimize the design phase. Similarly, in the same year, Garcia and

colleagues, [109], studied the in�uence of the main geometrical parameters on the radial

force of a self-expanding stent. Using FEA, they p erformed a parametric analysis of a

commercial stent mo del (Acculink, Abb ot Vascular), develop ed to estimate the in�uence

of geometrical variables on the stent radial expansion force. The study prop osed as result

of the optimization a new stent design with variable radial sti�ness, which was virtually

implanted on b oth healthy and atheromatous vessels to evaluate its e�ectiveness. Other
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three recent studies target the stent design optimization using FEA. Khalil-Abad and col-

leagues, [197], prop osed a planar lattice free of stress concentrators for the synthesis of

a stent with smo oth cell shap es. The authors discussed a design optimization to mini-

mize the curvature and reduce the b ending strain of the elements de�ning the lattice cells,

resulting in a novel cell geometry with improved fatigue life and radial supp ortive force

suitable for Nitinol self-expandable stent-grafts. One year later, in 2013, Hsiao and Yin,

[135], prop osed the key-idea to shift the highly concentrated stresses/strains away from

the stent crown and re-distribute them along the stress-free bar arm by tap ering its strut

width. The authors used FEA to evaluate the mechanical integrity and pulsatile fatigue

resistance of the stent to various loading conditions proving an increase of the fatigue

safety factor when compared to the standard stent with constant strut width. In the same

year, Azaouzi, [37], and colleagues targeted the ob jective to optimize the stent design by

reducing the strain amplitude and mean strain over the stent, which are generated by the

cyclic pulsating load, prop osing an optimization based simulation metho dology, in order to

improve the fatigue endurance of the stent. The design optimization approach is based on

the Resp onse Surface Metho d, which is used in conjunction with Kriging interp olation and

Sequential Quadratic Programming algorithm. A more simpli�ed analysis has b een pro-

p osed by Nematzadeh and Sadrnezhaad, [229], who used FEA to investigate the e�ect of

crimping and Af of Nitinol on mechanical p erformance of Z-shap ed op en-cell. Their study

shows that low Af Nitinol has b etter mechanical and clinical p erformance due to small

chronic outward force, large radial resistive force, and appropriate sup erelastic b ehavior.

Figure 2.26: Simulation of self-expanding Nitinol stent expansion. Two di�erence

stent designs are virtually deployed by means of FEA in the same idealized stenotic

artery (on the right), inducing di�erent vessel wall solicitation (on the left), rep-

resented by contour-plot of computed von Mises stress for the arterial mo del. For

more details please refer to [12 ].

60



2.2.3 Carotid artery

The use of self-expanding Nitinol stents for the minimally-invasive treatment of carotid

stenosis represents an imp ortant share of the market of SMA-based medical devices. In

fact, the world market for carotid stent systems, which was valued at $150 mln in 2010,

is exp ected to double by 2015. Abb ott Vascular, Cordis, Boston Scienti�c, Medtronic

and Covidien have transformed the comp etitive landscap e of the market by bundling their

carotid stents with their emb olic protection devices as complete Carotid Stent Systems,

[60]. Despite such a signi�cant industrial interest in this sp eci�c sector, few studies are

addressing the use of FEA to design or optimize the carotid stent design. In fact, the �rst

study in this direction was done in 2007 by Wu et al., [354], who evaluated biomechanical

prop erties of Nitinol carotid stents and their interactions with carotid arteries through

FEA. Wu and colleagues adopted a geometrical idealization of the carotid bifurcation

simulating the implant of a segmented-design Nitinol stent, accounting also for the delivery

sheath. Few years later, in 2011, Auricchio and colleagues, [14], further extended the study

by Wu et al. to a patient-sp eci�c case. The authors used FEA to evaluate the p erformance

of three di�erent self-expanding stent designs in the same carotid artery mo del, based

on computed angiography tomography images. In particular, adopting the simulation

strategy presented in Reference [72], the authors de�ned six stent mo dels considering the

three designs in di�erent sizes and con�gurations (i.e., straight and tap ered), evaluating

the stress induced in the vessel wall, the lumen gain and the vessel straightening. The

study represents a �rst step towards a quantitative assessment of the relation b etween a

given carotid stent design and a given patient-sp eci�c carotid artery anatomy. The same

computational framework was subsequently exp erimentally validated, [73], and used to

assess the impact of the carotid stent design on its capability to sca�old the artery, [16],

with a particular attention to a realistic mo deling of the artery (Figure 2.27), [19].

2.2.4 Aorta

The rapid evolution of self-expandable stent-grafts in the last decade motivates the use of

FEA also in this emerging sector. One of the �rst investigations in this area was presented

in 2008 by Kleinstreuer et al., [159], who discussed a �nite element analysis of tubular,

diamond-shap ed stent grafts under representative cyclic loading conditions for ab dominal

aortic aneurysm (AAA) repair. In particular, the authors studied the mechanical b ehavior
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Figure 2.27: Elab oration of Computed Tomography Angiography images resulting

into the 3D reconstruction of b oth lumen of left carotid bifurcation and plaque (on

left). Results of simulation of carotid artery stenting; the stent crimp ed within the

catheter is virtually deployed by means of FEA in a patient-sp eci�c carotid artery

mo del. Adapted from [18 ].

and fatigue p erformance of di�erent materials found in commercially available stent-graft

systems, evaluating and comparing the e�ects of crimping, deployment, and cyclic pressure

loading on stent-graft fatigue life, radial force, and wall compliance through the numerical

simulations. More recently, De Bo ck and colleagues, [79], exp erimentally validated the use

of FEA to virtually deploy a bifurcated stent graft (Medtronic Talent) in a patient-sp eci�c

mo del of an ab dominal aortic segment. The authors mo deled the entire deployment pro-

cedure, with the stent graft b eing crimp ed and b ent according to the vessel geometry, and

subsequently released. The validation of numerical pro cedure was p erformed comparing

the simulation outcomes with the in-vitro data regarding the placement of the device in

a silicone mo ck aneurysm, imaged by high resolution CT (computed tomography). In the

same year, Demanget et al., [82], simulated numerically the b ending of two manufactured

stent-grafts (Aor�x by Lombard Medical and Zenith by Co ok Medical Europ e) using �nite

element analysis (FEA). The authors studied the global b ehavior of the stent-grafts by

assessing stent spacing variation and cross-section deformation. The study is motivated by

the p otential relationship b etween the clinical complications and the insu�cient stent-graft

�exibility, esp ecially when devices are deployed in tortuous arteries. The same authors val-

idated the numerical pro cedure in a subsequent study, [83], where the two commercially

available stent-grafts were sub jected to severe b ending tests and their 3D geometries in

undeformed and b ent con�gurations were imaged from X-ray microtomography. The im-
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ages were elab orated to set up stent-graft numerical mo dels, sub jected to the b oundary

conditions measured exp erimentally. The computational framework was further used to

numerically assess the �exibility and mechanical stresses undergone by stents and fabric

of currently marketed stent-graft limbs (Aor�x, Anaconda, Endurant, Excluder, Talent,

Zenith Flex, Zenith LP, and Zenith Spiral-Z), [84]. In 2013, Auricchio and colleagues,

[19], describ ed the use of a custom-made stent-graft to p erform a fully endovascular re-

pair of an asymptomatic ascending aortic pseudoaneurysm in a patient, who was a p o or

candidate for op en surgery (Figure 2.28). The authors also discussed the p ossible contri-

bution of a dedicated medical images analysis and patient-sp eci�c simulation as supp ort to

pro cedural planning. In particular, the authors have compared the simulation prediction

based on pre-op erative images with p ost-op erative outcomes. The agreement b etween the

computer-based analysis and reality demonstrated by this study further encourages the use

of FEA-based simulations not only as a to ol for device designers but also as a pro cedural

planning to ol for the physicians.

2.2.5 Intracranial artery

As in the case of other vascular districts, the endovascular treatment of cerebral aneurysms

using stents has advanced markedly in the last decade. Intracranial stents must b e very

�exible longitudinally and have low radial sti�ness: although there are a numb er of designs

of intracranial stents, there are really few studies examining the stress distribution and de-

formation of cerebrovascular stents using FEA and/or exp eriments. One of the pioneering

works in this �eld is the study by Shobayashi et al., [305], who investigated the relationship

b etween stent mesh patterns and the mechanical prop erties of di�erent variants of design

units of the stent, the so-called cells, evaluating several mesh patterns through FEA. It is

worth noting that the sup erelastic b ehavior of Nitinol was approximated by a homogeneous,

isotropic and elastic-plastic material using the Von Mises plasticity mo del. Moreover, the

adopted loading conditions were idealized, neglecting the actual conformation of the cere-

bral vascular anatomy. More recently, De Bo ck and colleagues, [80], overcame such a

limitation using �nite element analysis to p erform nine virtual stenting pro cedures, i.e.,

the virtual deployment of three di�erent Nitinol stent designs in three patient-sp eci�c cere-

bral aneurysmatic vessels. The authors evaluated the p erformance of the devices assessing

the p ercentage of strut area covering the aneurysm neck, the straightening induced on the
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Figure 2.28: Segmentation of pre- and p ost-op erative images regarding the implant

of self-expanding endograft in the ascending aorta. The pre-op erative images are

used as input for the simulation of the implant, which resemble the reality for b oth

the qualitative and quantitative p oint of view. For more details please refer to [19].

64



cerebrovasculature by the stent placement (i.e. the reduction of vessel tortuosity), and

stent app osition to the wall, quanti�ed as the p ercentage of struts within 0.2 mm of the

vessel.

2.2.6 Sup er�cial femoral artery (SFA) and renal artery

The SFA runs from the hip to the knee, through muscle and joints, b eing the main blo o d

supplier for the leg, so it undergo es severe changes in geometry asso ciated with leg move-

ment, [348]. As other vascular districts, also SFA and its branches, such as the p opliteal

artery, lo cated b elow the knee, can su�er atherosclerosis or develop aneurysm. Thanks to

the successful use of self-expanding Nitinol stents in other anatomical conduits, also SFA

has b een targeted as a candidate for revascularization through stenting. In fact, several

clinical rep orts and trials evaluated the e�ect of stents in the sup er�cial femoral artery

(SFA), proving that for long lesions the use of stents is b ene�cial compared to ballo on

angioplasty alone. This result has op ened the do or to a widespread employ of stents in

the SFA but, unfortunately, there are still concerns ab out the long-term results of the

implants b ecause of their non-negligible fracture rate (1.8% to 18%, see [226] and refer-

ences therein). In order to identify the p otential fracture risks of currently available or

new SFA stent designs, a numb er of theoretical, numerical and exp erimental studies have

b een p erformed (Figure 2.29). In the following, we just mention the most recent litera-

ture with a particular fo cus on the use of structural FEA as an investigation metho d. In

2009 Reb elo and colleagues, [281], p erformed simulations of p eripheral stenting, obtaining

realistic artery geometry from magnetic resonance imaging scans of a patient in the fetal

and supine p ositions, and comparing deformation of the stent deployed into the two dif-

ferent artery con�gurations. Despite the study accounts for the main issues of stenting

mo deling, the authors consider a small p ortion of the sup er�cial femoral artery far from

the p opliteal artery and consequently the con�guration change of the artery app ears to b e

fairly limited. In 2011 Harvey, [128], evaluated through FEA the fatigue p erformance of

two stent geometries. Two vessel mo dels were used: i) a constant diameter straight tub e;

ii) a segment of the sup er�cial femoral artery obtained from CTA (computed tomogra-

phy angiography) dataset. The author imp osed two typ es of loading to the stent mo del

through the vessel mo del. Although the study proves the utility of combining advanced

nonlinear �nite element simulations and fatigue predictions for the design of p eripheral
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Nitinol stents, the imp osed loading conditions are rather idealized. In 2012, Petrini and

colleagues, [260], presented an integrated numerical and exp erimental approach to foresee

Nitinol stent fatigue fracture, repro ducing also a wide range of in-vivo conditions. This

study was further integrated by Meoli and colleagues, [207], who used FEA coupled to

fatigue analysis to investigate two in vitro set-ups prop osed in the literature, [233, 226]

and to increase the understanding of fatigue b ehavior of commercial Nitinol stents. Their

results indicate that the two investigated testing conditions pro duce quite a di�erent fa-

tigue b ehavior b oth in terms of constant-life diagram and strain distribution in the stents

but, also in these studies, the imp osed loading conditions are rather idealized, leaving space

for further developments emb edding patient-sp eci�c loading conditions derived by medical

image.

Figure 2.29: Elab oration of Computed Tomography Angiography of the lower

limbs; in particular two scans are p erformed: one with the right leg in straight

and the other in b ent p osition. Such an imaging and the related corresp onding

image elab oration and analysis allows at reconstructing the con�guration change

of the limb arteries, such as the p opliteal artery. This data can b e used to simulate

the stent implant and calculate the device solicitation due to knee b ending. For

more details please refer to [74 ].

2.2.7 Heart valves

As discussed in the section 3, the recent developments in p ercutaneous implantation, to re-

place heart-valves in a minimally-invasive fashion through stent-mounted prosthetic valves,

have op ened another wide �eld of application for the unique features of Nitinol. Clearly,

also in this sp eci�c sector, structural FEA has b een used to assess and optimize new SMA-

based devices, as brie�y discussed in the following. In 2004, DeHerrera and colleagues,

[81], numerically investigated the mechanical adequacy of a new valve design, presenting
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a �at-sheet based stent, which would b e rolled up to ab out a 20 French (6.66mm outside

diameter, or OD) size and delivered p ercutaneously. The same research group prop osed

a similar approach to analyze a new p ercutaneously-delivered device, at that time under

development at Edwards Lifesciences, which induces mitral valve reshaping. The device

is intended to b e placed in the coronary sinus and is basically a spring with anchoring

stents at each end. In particular, the FEA study examined the mechanical b ehavior of

one of the anchoring stents, from its forming from a small diameter tub e to its deploy-

ment into the coronary sinus. Some years later, in 2013, Tzamtzis et al., [335], presented

a numerical study on the di�erent mechanisms resp onsible for the radial force exerted

on the aortic annulus by self-expanding and ballo on-expandable prostheses; in particular,

the authors simulated and compared the mechanical b ehavior of the Medtronic CoreValve

(self-expanding) and the Edwards SAPIEN (ballo on expandable) devices. The results in-

dicate that in the case of the self-expanding valve the radial force is essentially dep endent

on the diameter of the left ventricular out�ow tract, which is the heart region where the

valve is anchored. In the same year, Kumar et al., [270], published a study using compu-

tational mo deling and simulation to design a new Nitinol-based mitral valve stent and to

evaluate its crimpability and fatigue b ehavior. A self-expandable stent with new features,

addressing issues of valve migration and paravalvular leaks, was prop osed, and its expan-

sion, crimpability, deployment patterns, and fatigue b ehavior was simulated and analyzed.

Moreover, the prop osed simulations emb ed also cyclic cardiac muscle loading, cyclic blo o d

pressure loading, as well as cyclic valve lea�et forces in the fatigue life assessment for mitral

valves.

2.3 Conclusions

As it can b e deduced from the wide overview which has b een provided ab out the numerous

applications of SMAs in the biomedical �eld, SMA technology has b een deeply explored

during the last decades. Nevertheless, success of SMA in medicine is not ending: the ever-

increasing exploitation of SMAs in medical devices is indeed proved by the strong ascending

trend of publications and patents pro duced on the sub ject during the last decades, as it is

easy to verify through statistic data concerning publication and patent evolution.
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Chapter 3

Constitutive mo deling of SMAs

3.1 Intro duction

Several e�orts have b een made since the 1980ies to prop ose reliable constitutive mo d-

els for SMA, which can b e generally categorized as microscopic, macroscopic, or micro-

macro. Microscopic mo dels consider a detailed description of the fundamental phenomena

o ccurring at the crystallographic level, such as phase nucleation and interface motion.

Micro-macro mo dels (e.g., [50, 248]) are based on the micro-mo deling of a single grain

and averaging the results on a representative volume element (RVE) to describ e the b e-

havior of a p olycrystalline material. Both micro and micro-macro mo dels do not �nd

widespread use in industrial application development due to a signi�cant computational

cost and a high numb er of input parameters. On the other hand, macroscopic mo dels

(e.g., [181, 247, 25, 299, 319, 5, 174, 22, 56, 93, 250, 362]) are based on the principles of

continuum thermo dynamics and provide the phenomenological description of the material;

their numerical implementation is usually simple and entails a lower computational e�ort.

Given a simple and reliable mathematical SMA constitutive mo del, the development

of e�cient and robust integration schemes plays a crucial role in emb edding such mo dels

within a FEA framework.

In the present Chapter, a three-dimensional phenomenological mo del for p olycrystalline

SMAs, called the Souza-Auricchio mo del, will b e describ ed. Such mo del has b een widely

used in numerical studies, e.g. in engineering and medical �elds [31, 32], and implemented

in commercially available FEA software [1].
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3.2 Souza-Auricchio mo del

At �rst, a three-dimensional small strain phenomenological mo del for p olycrystalline shap e-

memory alloys has b een intro duced by Souza in [312], based on the framework of Gener-

alized Standard Materials. The mo del has b een then combined with �nite elements in

[24, 25, 26], originating the Souza-Auricchio mo del, and analyzed in [23]. The case of a

given, non-constant temp erature has b een discussed in [217, 214] whereas the full thermo-

mechanical coupling is investigated in [167, 166] in one space dimension. The reader is

referred to the recent survey [121] for details on the extension of the mo del to �nite strains

[100, 102, 106], residual plasticization [27, 28, 96, 120], asymmetric b ehaviors [29], mag-

netic e�ects [21, 20, 47, 48, 290], as well as for space discretization [215, 216] and control

[95, 97, 314].

The present section brie�y reviews the time-continuous framework for the three-dimensional

Souza-Auricchio mo del. The reader is referred to [312, 25] for further details ab out the

mo del formulation. In the following, we use the notation j · j to denote the Euclidean norm

and h · i to indicate the p ositive part function; notations ( · : · ) and ( · 
 · ) denote the

scalar and tensor pro duct, resp ectively [119].

Let u : 
 ! R3
b e the displacement from the reference con�guration 
 � R3

of the

b o dy. In the small-deformation regime, the linearized strain can b e expressed as

" = " (u ) =
r u + r u >

2
:

Let us intro duce the following decomp osition of the linearized strain:

" = " el + etr :

Here, " el = C� 1� � R3� 3
sym

corresp onds to the elastic part of the strain, C is the isotropic

elasticity tensor, and � is the stress. The tensor etr 2 R3� 3
dev

is the inelastic strain originat-

ing from the martensitic transformation and reorientation. In particular, etr
is assumed to

b e trace-free, as exp eriments suggest that martensitic transformations are approximately

iso choric [347]. The quantity jetr j serves as a measure of the martensitic content of the

sp ecimen and ful�lls jetr j � � L where � L is the maximal strain which is obtainable by

martensitic reorientation. On the other hand, etr =jetr j is an indicator of the lo cal orienta-
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tion of martensites.

The assumed control variables are therefore the total strain " and the absolute tem-

p erature � , while the transformation strain etr
is taken as internal variable. Following ex-

p erimental evidences, etr
is assumed to b e traceless, since the austenite-martensite phase

change is a di�usionless nearly iso choric solid-solid transformation [347]. The transforma-

tion strain satis�es the constraint:

jetr j � � L ; (3.1)

where � L is a material parameter corresp onding to the maximum transformation strain

reached at the end of the phase transformation during an uniaxial test.

The equilibrium of the medium is describ ed by the free-energy density

 (" ; etr ; � ) := c� (1� log� ) +
1
2

(" � etr ):C(" � etr ) +
H
2

jetr j2 + f (� )jetr j + I (etr ):

The parameter c > 0 stands for sp eci�c heat capacity. The second and third terms in  

corresp ond to the free-energy of linearized elastoplasticity with linear kinematic hardening.

In particular, H is a hardening parameter. A simplifying assumption is made that austenite

and martensite present the same elastic resp onse. The last two terms in  are instead

sp eci�c of the SMA mo del. The value f (� ) corresp onds to the martensite-to-austenite

equilibrium stress at temp erature � . Thermal expansion is here neglected as it app ears

often to b e small in applications. Finally, I is the indicator function enforcing the constraint

jetr j � � L and reads

I � L (etr ) =

(
0 if jetr j � � L

+ 1 otherwise

; (3.2)

As the transformation strain etr
is deviatoric, it is convenient to express the free energy

in terms of the decomp osition " = ( v=3)12 + e where v = tr " is the volumetric strain and

e = dev " is the deviatoric strain, resp ectively. In particular, we have

 =  (v; e; etr ; � ) = c� (1� log� ) +
K

2
v2 + Gje� etr j2

+
H
2

jetr j2 + f (� )jetr j + I (etr )

where K; G > 0 are here the bulk and the shear mo dulus, resp ectively.

Following standard arguments [119], the constitutive equations are derived.
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We classically obtain the constitutive relations from the variations of the free energy

with resp ect to its variables. In particular, we have that the pressure p, the deviatoric

stress s (so that, in particular, we can compute the Cauchy stress as: � = p12 + s ), the

entropy density s, and the thermo dynamic variable X asso ciated to the internal variable

etr
read

p = @�  = Kv; (3.3)

s = @e = 2G(e� etr ); (3.4)

s = � @�  = � f 0(� )jetr j + clog� � c; (3.5)

X = � @etr  = s � H etr � f (� )@jetr j � @I(etr ): (3.6)

The symb ol @indicate the classical partial di�erentiation. In particular:

@I(etr ) =

8
>>><

>>>:

0 if jetr j < � L ;

`
etr

jetr j
; ` � 0 if jetr j = � L ;

; if jetr j > � L

The internal energy density u can b e classically computed as

u = u(" ; etr ; � ) =  + �s

= c� +
K

2
v2 + Gje� etr j2 + ( f (� )� �f 0(� )) jetr j +

H

2
jetr j2 + I (etr ): (3.7)

To describ e phase transformation and inelasticity evolution, a classical Mises-typ e limit

function F = F (X ) is intro duced in the following form:

F = jX j � RY ; (3.8)

where RY is a p ositive material parameter corresp onding to the radius of the elastic domain

in the deviatoric stress space.

The evolution equation for the internal variable takes the form:

_etr = �
@F

@X
= �

X

jX j
; (3.9)
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where � is the non-negative consistency parameter. The mo del is then completed by the

classical Kuhn-Tucker conditions:

� � 0; F � 0; �F = 0 : (3.10)
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Chapter 4

Explicit formulation of Souza-Auricchio

mo del

The study presented in this chapter is included in a pap er which is in preparation [295].

4.1 Intro duction

In the last three decades the utilization of SMAs has rapidly evolved from academic and

niche applications to the mass pro duction of a wide variety of industrial comp onents. The

great commercial success of SMA is due to two unique mechanical prop erties: pseudo elas-

ticity and shap e-memory e�ect. These features have enabled a wide range of commercial

applications [142], such as biomedical comp onents (e.g., self-expandable stents [55], �exible

surgical instruments [76], prostheses [139, 39]), civil engineering devices (e.g., energy dis-

sipation systems [6]), as well as mechanical systems (e.g., actuators [210], fasteners [318]).

The continuing demand for SMA materials in engineering and technical applications

motivates a constant investigation of constitutive mo dels able to accurately repro duce

material resp onse under diverse conditions. Additionally, the imp ortance of incorp orat-

ing mo dern computer design and analysis to ols, such as computer-aided design (CAD)

and �nite element analysis (FEA), into the pro duction and development of innovative

SMA applications further motivates the formulation of improved constitutive and numeri-

cal frameworks in terms of b oth e�ciency and accuracy [142].

Several e�orts have b een made during the past years to prop ose reliable constitutive

mo dels for SMA, which can b e generally categorized as microscopic, macroscopic, or micro-
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macro (see, e.g., [151] for a review). On one hand, b oth microscopic and micro-macro

mo dels, which consider a detailed description of the fundamental phenomena o ccurring

at the crystallographic level, accurately repro duce the unique SMA mechanical b ehavior.

However, such mo dels do not �nd widespread use in industrial application development

due to a signi�cant computational cost, high numb er of input parameters, scale transition

challenges. On the other hand, macroscopic mo dels [247, 25, 299, 319, 5, 174, 22], many

based on the principles of continuum thermo dynamics, are widely employed b ecause of

their simple numerical implementation and reduced cost of calculation. Given a simple

and reliable mathematical SMA constitutive mo del, the development of e�cient and robust

integration schemes plays a crucial role in emb edding such mo dels within a FEA framework.

Most of the phenomenological mo dels available in the literature are implemented in an

implicit time integration framework (see, e.g., [93, 319, 250, 22, 5, 362]), with only few

recent contributions utilizing an explicit alternative [245, 325, 141, 313, 294]

1

. Particu-

larly, Pan et al. [245] presented a �nite-deformation mo del and its explicit algorithm for

the simulation of the one-way shap e-memory e�ect, also validated on exp erimental data

related to ro ds and to a stent strut. Thambura ja and Nikab dullah [325] prop osed a three-

dimensional thermo-mechanical SMA mo del and co ded a corresp onding explicit algorithm;

the mo del was validated through a comparison b etween exp erimental data and simulations

on cub oidal and sheet sp ecimens. Jähne [141] develop ed an explicit integration algorithm

for the mo del prop osed by Souza [312] and then investigated by Auricchio and Petrini [25],

to simulate the pseudo elastic b ehavior of sheets for solid-state hinges, observed in exp eri-

mental tests. Recently, Stebner and Brinson [313] prop osed the explicit implementations of

an improved SMA mo del [247]; the presented algorithms were compared in uniaxial and bi-

axial tests on a three-dimensional brick element, and in tension tests on a two-dimensional

bar with a hole. Scalet et al. [294] develop ed and implemented an explicit algorithm for

the mo del by Lagoudas et al. [174]. The p erformance of the implicit and explicit metho ds

in terms of analysis time and parallelization e�ciency were also investigated.

The employment of explicit metho ds b ecomes truly enabling in cases where complex-

ity makes implicit algorithms impractical, such as in high-sp eed dynamic analyses, highly

1

For the sake of clarity, the expression implicit integration scheme refers to a numerical time integration

algorithm where unknowns at the current time instant are calculated through an iterative solution pro ce-

dure, while explicit integration scheme refers to a numerical time integration algorithm where unknowns at

the current time instant can b e derived using closed-form formulas, only containing previous time instant

values and given quantities .
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non-linear quasi-static and dynamic problems (e.g., those involving widespread buckling

or contact), and fully coupled thermo-mechanical dynamic analyses, which characterize

several SMA applications (e.g., energy dissipating devices or vibration damp ers undergo-

ing wave propagation phenomena due to impact [175], biomedical devices interacting with

b o dily �uids [279, 14, 18], or self-assembling technologies [256]). In fact, even if uncondi-

tionally stable, an implicit implementation can encounter di�culties when a complicated

three-dimensional problem is considered. Indeed, if several non-linearities are present in

the material formulation and/or in large geometric change and/or from contact considera-

tions, lo cal and global instabilities can prevent from convergence of an implicit algorithm

outright. Even if convergence is p ossible, the analysis may require many iterations and

progressively smaller time steps, and the computational cost for the rep eated calculation

of the global tangent sti�ness matrix impractically increases. Explicit techniques are thus

intro duced to overcome the disadvantages of the implicit metho d, since iterations are not

involved and the global sti�ness matrix do es not need to b e computed [1]. The drawback of

explicit pro cedures are the need to heed the stability conditions that govern attainable ac-

curacy; these require decreasing time increments. Additionally, convergence to the correct

solution in not guaranteed, so results must b e carefully interpreted.

It is interesting to observe that in the general-purp ose commercial FEA solver Abaqus

[1] (Dassault Systémes), simulations of SMA applications b oth using implicit (Abaqus/Standard)

and explicit (Abaqus/Explicit) solvers are most often p erformed using the user material

subroutine implementation of the mo del by Auricchio, Taylor, and Lubliner [8], available

as a built-in material mo del [237, 280]. However, although this mo del is able to provide a

robust and accurate description of the pseudo elastic b ehavior, it is not able to repro duce

the zero-stress shap e-memory e�ect (see [8] for details), despite its imp ortance in several

industrial applications [90, 58, 127, 124].

The present pap er aims to improve the current state-of-the-art regarding explicit im-

plementation of SMA mo dels by prop osing an explicit integration scheme for the three-

dimensional phenomenological mo del presented in [312, 25], and de�ned in the following as

the Souza-Auricchio model . In particular, the Souza-Auricchio mo del has b een chosen b e-

cause it provides a go o d overall description of pseudo elastic and shap e-memory b ehaviors,

requires a reduced numb er of material parameters, and has b een successfully employed

in several academic and industrial studies (see, e.g., [32, 31, 15]). An improvement over

the previously cited Auricchio-Taylor-Lubliner mo del is that the Souza-Auricchio mo del
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repro duces the imp ortant zero-stress shap e-memory e�ect.

The present study provides a detailed description of the explicit integration scheme

for the Souza-Auricchio mo del and an in-depth investigation of the corresp onding algo-

rithm. An elastic predictor-inelastic corrector scheme is here used to solve the time-discrete

non-linear constitutive equations in the explicit framework. The main advantage of the

presented explicit algorithm is its extremely simple solution scheme and its ability to ef-

fectively repro duce b oth pseudo elasticity and shap e-memory e�ect. The constitutive and

algorithmic framework is tested via the simulation of six full three-dimensional b oundary-

value problems involving b oth pseudo elasticity and shap e-memory e�ect, demonstrating

the p otential of the prop osed computational framework to provide a virtual engineering

to ol for design, simulation, and optimization of SMA devices. To this end, b oth the im-

plicit [25] and explicit integration schemes are implemented within Abaqus/Standard and

Abaqus/Explicit user-material subroutines [1], resp ectively. We �rst fo cus on simple uni-

axial and biaxial quasi-static tests to emphasize sp eci�c mo del features; then, we extend

the discussion to more complex situations by p erforming several quasi-static simulations

accounting for realistic SMA devices and applications (i.e., a stent strut, a helical spring,

a micro-gripp er); �nally, we present a sup erelastic SMA cable segment sub jected to tensile

and b ending load, where widespread frictional contact is considered b etween the twisted

SMA wires. The simulations di�er in terms of degrees of freedom (DOFs), applied load-

ing, and b oundary conditions. The pap er is organized as follows: Section 3 provides

an overview of the Souza-Auricchio mo del equations in the time-continuous framework;

Section 4.2 fo cuses on the mo del time-discrete framework by �rst reviewing the implicit

integration scheme and subsequently by presenting the novel explicit algorithm; Section

5.6 presents the results of several numerical simulations; at last, conclusions are outlined

in Section 4.4.

4.2 Souza-Auricchio mo del: time-discrete framework

We now fo cus on the algorithmic treatment of the continuum mo del equations. For the

sake of notation simplicity, we omit the subscript n + 1 for all the variables computed at

the current time tn+1 and adopt subscript n for the variables computed at the previous

time tn . We assume as given the state (etr
n ; � n ; 
 n) at the previous time tn and, fo cusing

on the traditional displacement-driven non linear FEA implementation, admit global guess

78



values of the total strain " and temp erature T at time tn+1 . A pro cedure based on the

elastic predictor/inelastic corrector scheme [308] is adopted to derive the stress and the

other variables at the current time tn+1 .

The time-discrete evolution equation for the transformation strain is here expressed in

the general form [274]:

etr = etr
n + �

0

@�
X

jX j
+ (1 � � )

X n

jX n j

1

A ; (4.1)

where � is the consistency parameter and � is a parameter varying b etween 0 and 1.

Assuming � > 0, an implicit scheme is obtained; assuming � = 0 , the explicit forward

Euler scheme is recovered.

In the following, we �rst review the implicit backward Euler algorithm ( � = 1 ), as

prop osed in [11], then present the novel explicit forward Euler algorithm ( � = 0 ).

4.2.1 Implicit backward Euler algorithm

According to the implicit backward Euler scheme ( � = 1 ), the evolution equation (4.1)

reads:

etr = etr
n + �

X

jX j
: (4.2)

We approach the solution with an elastic-predictor inelastic-corrector pro cedure (see

Table 4.1). First, the elastic trial state (denoted with subscript TR ) is evaluated, for

which the internal variables read:

8
>><

>>:

� T R = 0

etr
T R = etr

n

`T R = 0

; (4.3)

giving: 8
>><

>>:

sT R = 2G (e � etr
T R)

X T R = sT R � f (� )
etr

T R

jetr
T R j

� hetr
T R

: (4.4)

Then, the limit function (3.8) is computed to verify the admissibility of the trial state. If

79



the trial state is admissible, the loading increment is deemed elastic, the trial solution is

admitted as the true solution, and the algorithm exits to the global up date of the tangent

matrix. Otherwise, the increment is deemed inelastic and the transformation strain must

b e up dated through the time-discrete evolution equation (4.2). We p erform the inelastic

step (referred to as the �rst phase transformation or PT1 step in Table 4.1) by solving the

following non-linear system with a Newton-Raphson scheme (see Table 4.2):

8
><

>:

etr � etr
n � �

X

jX j
= 0

jX j � RY = 0

: (4.5)

If the ab ove solution is not admissible (i.e., constraint (3.1) is not veri�ed), a second

inelastic step (referred to as the second phase transformation or PT2 step in Table 4.1) is

p erformed to satisfy constraint (3.1) and the following non-linear system is solved with a

Newton-Raphson metho d (see Table 4.3):

8
>>>><

>>>>:

etr � etr
n � �

X

jX j
= 0

jX j � RY = 0

jetr j � � L = 0

: (4.6)

It should b e noticed that, from the computational p oint of view, the ratio etr =jetr j is

unde�ned when etr
is null (i.e., in a pure austenitic state). Therefore, the norm jetr j is

replaced with the following expression:

jetr j =
p

jetr j2 + � ; (4.7)

where � is a p ositive regularization parameter ( � 10� 8
).

Table 4.1 rep orts the implicit algorithmic scheme implemented as user material subrou-

tine (UMAT) in Abaqus/Standard. Note that the implicit implementation requires also

the formulation of the consistent tangent matrix (see [11] for the corresp onding expression).
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Table 4.1: Implicit backward Euler algorithm applied to the Souza-Auricchio mo del

[312, 11].

Given quantities: " ; T;etr
n ; `n

Compute trial state:

� T R = 0 ;

etr
T R = etr

n

`T R = 0
sT R = 2G (e � etr

T R)

X T R = sT R � f (� )
etr

T R

jetr
T R j

� hetr
T R

FT R = jX T R j � RY

IF FT R � tol THEN

Elastic step:

� = � T R ; etr = etr
T R ; ` = `T R ; s = sT R ; X = X T R

ELSE

Inelastic PT1 step: see Table 4.2

IF jetr
P T 1j � � L THEN

� = � P T 1

etr = etr
P T 1

` = `T R

s = 2G (e � etr )

X = s � f (� )
etr

jetr j
� hetr

ELSE

Inelastic PT2 step: see Table 4.3

� = � P T 2

etr = etr
P T 2

` = `P T 2

s = 2G (e � etr )

X = s � (f (� ) + `)
etr

jetr j
� hetr

END IF

END IF
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Table 4.2: Implicit backward Euler algorithm PT1 step (see Table 4.1).

Initialize:

k = 0
h (0) =

�
etr (0) ; � (0)

	
= f etr

T R ; � T Rg

REPEAT

s(k) = 2G
�
e � etr (k)

�

X (k) = s(k) � f (� )
etr (k)

jetr (k) j
� hetr (k)

Solve system Q (k) =

0

B
@

etr (k) � etr
n � � (k)

X (k)

jX (k) j
jX (k) j � RY

1

C
A = 0

via Newton-Raphson pro cedure to �nd:

h (k+1) =
�

etr (k+1) ; � (k+1)
	

= h (k) + � h (k) = h (k) �
h
r h Q (k)

i � 1
Q (k)

k = k + 1

UNTIL j� h (k� 1) j < tol NR

Resulting quantities :

etr
P T 1 = etr (k)

� P T 1 = � (k)
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Table 4.3: Implicit backward Euler algorithm PT2 step (see Table 4.1).

Initialize:

k = 0
h (0) =

�
etr (0) ; � (0) ; ` (0)

	
= f etr

T R ; � T R ; `T Rg

REPEAT

s(k) = 2G
�
e � etr (k)

�

X (k) = s(k) �
�
f (� ) + ` (k)

� etr (k)

jetr (k) j
� hetr (k)

Solve system Q (k) =

0

B
B
B
@

etr (k) � etr
n � � (k)

X (k)

jX (k) j
jX (k) j � RY

jetr (k) j � � L

1

C
C
C
A

= 0

via Newton-Raphson pro cedure to �nd:

h (k+1) =
�

etr (k+1) ; � (k+1) ; ` (k+1)
	

= h (k) + � h (k) = h (k) �
h
r h Q (k)

i � 1
Q (k)

k = k + 1

UNTIL j� h (k� 1) j < tol NR

Resulting quantities :

etr
P T 2 = etr (k)

� P T 2 = � (k)

`P T 2 = ` (k)
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4.2.2 Explicit forward Euler algorithm

According to the explicit forward Euler scheme ( � = 0 ), the evolution equation (4.1) reads:

etr = etr
n + �

X n

jX n j
: (4.8)

Again, we approach the solution with an elastic-predictor inelastic-corrector pro cedure

(see Table 4.4). The algorithm b egins with the evaluation of an elastic trial state for which

the internal variables read: 8
>><

>>:

� T R = 0

etr
T R = etr

n

`T R = 0

; (4.9)

from which we calculate:

8
>><

>>:

sT R = 2G (e � etr
T R)

X T R = sT R � f (� )
etr

T R

jetr
T R j

� hetr
T R

: (4.10)

Then, the limit function (3.8) is computed to verify the admissibility of the trial state.

If the trial state is admissible, the step is elastic; otherwise, the step is inelastic and the

transformation strain must b e up dated through the time-discrete evolution equation (4.8).

We p erform the inelastic step (referred to as the �rst phase transformation or PT1 step

in Table 4.4) to evaluate the consistency parameter � . We derive the needed relation for

� by enforcing the consistency condition F (� ) = 0 . The consistency parameter � = � P T 1

is explicitly derived by applying a single iteration of the Newton-Raphson scheme to the

consistency condition, as follows:

� P T 1 = � (0) + �� (0) = � (0) �

 
dF
d�

�
�
�
�

(0)
! � 1

F (0) ; (4.11)

where we consider: 8
>>>>><

>>>>>:

� (0) = � T R = 0

F (0) = FT R

dF
d�

�
�
�
�

(0)

=
dF
d�

�
�
�
�
T R

: (4.12)
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The derivative dF=d� is therefore computed as:

dF
d�

�
�
�
�
T R

=
X T R

jX T R j
:

8
<

:
� (2G + h)I �

f (� )

jetr
T R j

2

4I �
etr

T R 
 etr
T R

jetr
T R j

3

5

9
=

;
:

X T R

jX T R j
; (4.13)

where I is the fourth order identity tensor. Thus, we can write the explicit forward Euler

integration of the transformation strain evolution equation, as follows:

etr
P T 1 = etr

n + � P T 1

X T R

jX T R j
: (4.14)

After the inelastic step is p erformed, a check is made on the transformation strain

constraint (3.1). If the constraint is not satis�ed, a further inelastic step (referred to

as PT2 step in Table 4.4) is p erformed, where the transformation strain etr = etr
P T 2 is

calculated starting from the PT1 step solution, by the following expression:

etr
P T 2 = � L

etr
P T 1

jetr
P T 1j

: (4.15)

Such an approximation allows for a simpli�ed calculation and reduced numb er of func-

tional evaluations for each time increment, but small increments are required to avoid

accumulation of error and to achieve solution accuracy. The following expression can b e

obtained from Eqs (3.8) and (3.9):

X = RY

etr � etr
n

jetr � etr
n j

: (4.16)

Such expression is equivalent to Eq. (37) in [312]. Combining Eqs (4.15), (4.16) and (3.4),

it is p ossible to obtain the following relation:

RY

etr
P T 2 � etr

n

jetr
P T 2 � etr

n j
� 2G

�
e � etr

P T 2

�
+ f (� )

etr
P T 2

jetr
P T 2j

+ hetr
P T 2 + `P T 2

etr
P T 2

jetr
P T 2j

= 0 ; (4.17)
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from which we derive the saturation co e�cient ` = `P T 2 :

`P T 2 =

0

@� RY

etr
P T 2 � etr

n

jetr
P T 2 � etr

n j
+ 2G

�
e � etr

P T 2

�
� f (� ) � hetr

P T 2

1

A :
etr

P T 2

jetr
P T 2j

: (4.18)

The considerations on the regularization parameter � , intro duced in Eq. (4.7), remain

valid for the present scheme. Additionally, we have to consider the regularized expression

intro duced in Eq. (4.18) for the norm jetr � etr
n j .

Table 4.4 summarizes the explicit scheme implemented as a VUMAT user material sub-

routine in Abaqus/Explicit. The prop osed algorithm is simple to implement. Compared to

the work by Jähne [141], our pro cedure do es not include a convergence criterion to deter-

mine � P T 1 (see Eq. (4.11)), thus making it truly explicit and allowing a low computational

cost p er increment. Obviously, this requires small time steps to maintain an acceptable

solution accuracy and avoid instability. Similarly, the computation of `P T 2 (see Eq. (4.18))

is straightforward, contrary to the metho d of [141], which prop osed a linearization and then

an iterative pro cedure for the PT2 step. Finally, unlike the implicit scheme, the explicit

algorithm do es not require the often exp ensive computation of a tangent matrix, consistent

or otherwise.

4.3 Numerical simulations

In this section we compare the implicit and explicit algorithms employed toward numerical

simulations involving quasi-static pseudo elastic and shap e-memory resp onse of SMA b o d-

ies. The complexity of the simulations increases as the section progresses; we start with

simple uniaxial and biaxial tests, and subsequently consider complex three-dimensional

FEA of SMA-based devices related to engineering applications (i.e., stent strut, helical

spring, micro-gripp er, cable segment).

The explicit integration scheme is implemented within Abaqus/Explicit through a VU-

MAT user subroutine, while the implicit algorithm is implemented within Abaqus/ Stan-

dard through a UMAT user subroutine [1]. In particular, we use the package AceGen

[163] of the symb olic software Mathematica [209] to generate the numerical subroutines

for Abaqus. This package combines the symb olic and algebraic capabilities of Mathe-

matica, automatic di�erentiation technique, automatic co de generation, and simultaneous
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Table 4.4: Explicit forward Euler algorithm.

Given quantities: " ; T;etr
n ; � n ; `n

Compute trial state:

� T R = 0
etr

T R = etr
n

`T R = 0
sT R = 2G (e � etr

T R)

X T R = sT R � f (� )
etr

T R

jetr
T R j

� hetr
T R

FT R = jX T R j � RY

IF FT R � tol THEN

Elastic step:

� = � T R ; etr = etr
T R ; ` = `T R ; s = sT R ; X = X T R

ELSE

Inelastic step:

Compute � P T 1 via Eq. (4.11)

etr
P T 1 = etr

n + � P T 1
X T R

jX T R j

IF jetr
P T 1j � � L THEN

� = � P T 1

etr = etr
P T 1

` = `T R

s = 2G (e � etr )

X = s � f (� )
etr

jetr j
� hetr

ELSE

Saturation step:

etr = etr
P T 2 = � L

etr
P T 1

jetr
P T 1j

Compute ` = `P T 2 via Eq. (4.18)

s = 2G (e � etr )

X = s � (f (� ) + `)
etr

jetr j
� hetr

END IF

END IF
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optimization of expressions for the derivation of co des to b e used in numerical pro cedures

[163].

For b oth the implicit and explicit metho ds, all b o dies considered are discretized into

�rst-order hexahedral elements with full and reduced integration, resp ectively (Abaqus

designation C3D8 and C3D8R ).

During the implicit analysis, the time increment is set to 10� 2
s.

Moreover, since the explicit metho d is here used to solve quasi-static problems, we

employ the metho d of mass scaling to arti�cially reduce the simulation runtime for the

problems involving the largest numb er of DOFs

2

. To avoid in�ation of the mass and

oscillations during the quasi-static solution due to an arti�cially in�ated kinetic energy,

we check carefully for b oth oscillations and unrealistic kinetic energy. In particular, the

kinetic energy (Abaqus designation ALLKE ) is not allowed to exceed 5- 10% of the internal

energy (Abaqus designation ALLIE ) over the ma jority of the analysis [1].

In all numerical studies we adopt the material parameters of NiTi wire rep orted in

Table 4.5, calibrated as describ ed in [30], by referring to [266]. Figure 4.1 shows the

phase diagram in terms of limit transformation stress � (i.e. the scalar stress value which

identi�es the forward transformation) and temp erature generated with the rep orted mo del

parameters. In all the pseudo elastic tests, we consider a constant temp erature of 310 K,

except for the SMA cable test where temp erature is set equal to 300 K.

Table 4.5: Material parameters for the Souza-Auricchio mo del adopted in all the

simulations after [30].

Description Symb ol Value Unit

Young's mo dulus E 53,000 MPa

Poisson's ratio � 0.33 -

Stress-strain slop e during transformation h 1,000 MPa

Maximum axial transformation strain "L 0.056 -

Reference temp erature T �
243 K

Term related to the following � M de�nition: � M = � (T � T � )+ � 6.1 MPa/K

Elastic domain radius in the deviatoric stress space RY 100 MPa

2

All mesh elements are scaled by a single factor so that the minimum stable increment b ecomes �xed.

The mass scaling options are lab eled by the keywords *Mass Scaling: Semi-Automatic, Whole Model,

Fixed Mass Scaling, dt=, type=uniform . Then, the analysis is conducted by �xing the time increment,

lab eled by the keyword *Dynamic, Explicit, direct user control .
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Figure 4.1: One-dimensional phase diagram generated with material parameters of

Table 4.5.

4.3.1 Preliminary tests

First of all, two preliminary tests are p erformed on the strain-driven material constitutive

drivers co ded in the software Mathematica [209], for b oth explicit and implicit algorithms,

in order to compare them in terms of computational time.

The �rst one is a uniaxial test where the imp osed strain reads

" (t) =

2

6
6
6
6
6
4

"11(t) 0 0

0 �
1

2
"11(t) 0

0 0 �
1

2
"11(t)

3

7
7
7
7
7
5

where the trend of "11(t) is displayed in Figure 4.2(a). The numb er of time steps is 200.

The second one is a hourglass biaxial test where the imp osed strain reads

" (t) =

2

6
6
4

"11(t) 0 0

0 "22(t) 0

0 0 0

3

7
7
5

where the trend of "11(t) and "22(t) is displayed in Figure 4.2(b) and 4.2(c). The test

consists of 800 time steps.

The computational times of explicit and implicit algorithms are rep orted in Table 4.6.

It can b e noted that the explicit driver is considerably faster than the implicit one.
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Figure 4.2: Trend of the input variables for the preliminary uniaxial test (a) an for

the preliminary biaxial test (b)-(c).

4.3.2 Uniaxial tests

To provide a baseline comparison, we �rst consider a uniaxial tensile test on a single-element

cub e at constant temp erature. We consider an applied tensile displacement of 0:1 mm to

one surface of the cub e, constraining out-of-plane displacement on the opp osite face and on

two consecutive lateral faces. Figure 4.3(a) presents the stress-strain curves obtained via

b oth the implicit and explicit algorithms. As it can b e observed, the pseudo elastic curves

p erfectly match.

We then consider a thermal cycling test at constant tensile stress, simulated by applying

a tensile traction of 300 MPa to two opp osing faces and a homogeneous but time-varying

temp erature �eld. Figure 4.3(b) rep orts the strain-temp erature diagram. Again, b oth
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Table 4.6: Computational times, in seconds, of explicit and implicit material con-

stitutive drivers.

Implicit Explicit

uniaxial test 0:5650 0:1040
biaxial test 1:1161 0:2720
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Figure 4.3: Mo del resp onse for sup erelastic and thermal-cycling uniaxial tests.

(a) Stress-strain diagram related to a presudo elastic tensile test, and (b) strain-

temp erature diagram related to a thermal-cycling test at constant tensile stress.

curves match well.

Finally, we consider a zero-stress shap e recovery test. Initially, the temp erature is set at

200 K. The cub e is uniaxially loaded by applying a displacement of 0:1 mm to one surface

of the cub e. Then the cub e is unloaded until reaching a zero-stress condition. Finally, the

temp erature is raised to 400 K, allowing shap e recovery to take place. Figure 4.4 rep orts

the stress-strain and strain-temp erature plots, where the shap e recovery up on heating can

b e noticed. Again, the implicit and explicit results p erfectly overlap.

4.3.3 Biaxial test

To verify the two implementations against each other under more complex loading, we

also consider biaxial non-prop ortional stress-strain loading obtained by assuming control

of two strain comp onents, f "22; "33g. We consider the hourglass-shap ed strain history input

shown in Figure 4.5(a). Figure 4.5(b) represents the resulting non-zero stress comp onents.
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Figure 4.4: Mo del resp onse for shap e-memory uniaxial tests. (a) Stress-strain

diagram, and (b) strain-temp erature diagram.

Implicit and explicit metho ds give matching curves.
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Figure 4.5: Mo del resp onse for biaxial test. (a) Butter�y-shap ed strain control

history input; (b) non-zero stress comp onent outputs of b oth algorithms.

4.3.4 Pseudo elastic cardiovascular stent strut

The use of SMA materials to manufacture cardiovascular stents, where by pseudo elasticity

enables the essential self-deployment b ehaviors, is increasing. We investigate the b ehavior
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of such a pseudo elastic stent strut, providing an example study for b ending resp onse.

The stent strut is obtained from the planar CAD representation of a stent geometrically

resembling a Bard ViVEXX carotid stent (C.R. Bard Angiomed GmbH&Co., Germany).

Figure 4.6 shows the Bard ViVEXX carotid stent geometry and the adopted mesh of the

stent strut, consisting of 62; 304 elements and 75; 933 no des (corresp onding to 227; 799

DOFs).

Figure 4.6: SMA cardiovascular stent strut: geometry of the Bard ViVEXX carotid

stent; mesh and initial geometry of the strut set mo deled herein.

We apply a tensile displacement u of 1 mm to one side of the strut while the other side

is fully constrained (see Figure 4.7). All other surfaces are traction free. We increase the

displacement u from zero to its maximum value then unload the structure fully. Figure 4.7

shows the deformed shap e at maximum displacement, compared to the initial geometry of

the strut. Figure 4.8 shows applied displacement u and total reaction force of the �xed side

and Figure 4.9 compares the transformation strain distribution with implicit and explicit

integration. The curves and the contour plots match well.

In the explicit analysis, the stable time increment for the investigated solid mo del,

evaluated by Abaqus at the b eginning of the analysis, is 1:04 · 10� 9
s. Mass scaling is

here applied; in particular, the minimum stable time increment and the time increment

are b oth set to 10� 7
s. Figure 4.10 provides the plot of the internal and kinetic energies

versus the total analysis time and it is observed that the mass scaling do es not threaten
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Figure 4.7: SMA cardiovascular stent strut: initial geometry, b oundary conditions,

and deformed shap e under the maximum displacement.
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Figure 4.8: SMA cardiovascular stent strut: applied displacement vs. reaction

force of the �xed side diagram.
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Figure 4.9: SMA cardiovascular stent strut: implicit (a) and explicit (b) transfor-

mation strain norm contour plots.

the quasi-static condition of the simulation.

4.3.5 Pseudo elastic helical spring

We now consider a pseudo elastic SMA helical spring. SMA springs can b e used in vibra-

tion isolation and damp ening applications. Vibration isolation results from the relatively

soft resp onse of the transformation plateau. Damp ening is a consequence of the hysteretic

nature of phase transformation. One example is the application in structures under earth-

quake loads [219]. Despite the apparent simplicity, the b ehavior of such a comp onent is

rather complex and includes lo cal combined torsional and axial deformations.

The analyzed helical spring consists of 2 full free coils having a pitch of 2:5 mm (i.e.,

initial total length of 5:0 mm) and an external diameter of 6:0 mm, constructed from a wire

with a diameter of 1:0 mm. Figure 4.11(a) rep orts the adopted mesh, consisting of 3; 712

elements and 4; 485 no des (corresp onding to 14; 455 DOFs), and the initial geometry.

We apply a displacement w of 15 mm at one end of the helical spring along the spring
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Figure 4.10: SMA cardiovascular stent strut: plot of the internal and kinetic ener-

gies vs. total analysis time related to the explicit analysis. A total of 1 time unit

is used for loading and unloading.

axis, while the entire cross-sectional surface at the other end is completely �xed in all

directions, thus preventing rotation at this end as well (see Figure 4.11(b)). We increase

the displacement from zero to its maximum value and then unload the structure bringing

the displacement back to 0. Figure 4.11(b) shows the deformed shap e at fully maximum

applied displacement, compared to the initial geometry of the spring. Figure 4.12 shows

the resp onse in terms of reaction force versus applied displacement w of the free end, while

Figures 4.13 and 4.14 compare the transformation strain and Von Mises stress distributions

using implicit and explicit integration, resp ectively. The curves and the transformation

strain contour plots generally match well. For b oth implicit and explicit schemes, after

unloading, the spring recovers its original shap e as exp ected in the pseudo elastic regime.

In the explicit analysis, the stable time increment for the investigated solid mo del,

evaluated by Abaqus at the b eginning of the analysis, is 5:07 · 10� 9
s. To reduce the

computational time, a mass scaling is applied such that the new minimum stable time

increment b ecomes 10� 8
s; the analysis time increment is therefore set to 10� 8

s. Figure

4.15 provides the plot of the internal and kinetic energies versus the total analysis time. It

is observed that the kinetic energy remains negligible with resp ect to the internal energy,

thus we can conclude that the mass scaling did not impair the quasi-static condition.
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(a)

(b)

Figure 4.11: SMA helical spring: (a) adopted mesh; (b) initial geometry, b oundary

conditions, and deformed shap e under the maximum displacement.

4.3.6 Actuation of a micro-gripp er

Whereas the previous two SMA comp onents of complex shap e were analyzed under pseu-

do elastic loading, we now consider thermally induced actuation. Sp eci�cally, a SMA micro-

gripp er for micro-parts manipulation is assessed [49]. The adopted geometry is similar to

the one rep orted by Kohl [162]. Figure 4.16 rep orts the adopted reference mesh, consisting

of 14; 376 elements and 24; 417 no des (corresp onding to 73; 251 DOFs).

The micro-gripp er op erates via a quite complex antagonistic actuation cycle, as shown

in Figure 4.17. In other words, two regions of the device actuate in opp osition to one
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Figure 4.12: SMA helical spring: applied vertical displacement vs. reaction force

of the �xed end diagram.

another. The gripp er is in fact divided in two actuation units: an upp er part, actually de-

voted to gripping, and referred to as the rotational stage , and a lower part, which stretches

and contracts, referred to as the linear stage . Four small quadrilateral features can b e

noted in Figure 4.17, which are referred to as tabs . During the full working cycle, the tabs

of the linear stage are fully constrained (see steps A-C of Figure 4.17). At the b eginning of

the actuation cycle, the gripp er is at low temp erature. In step A, a displacement v of 2:5

mm is applied to the region connecting the two stages, and the linear stage is stretched.

During step B, the tabs of the rotational stage are fully constrained and the linear stage

is heated; the heat allows activation of the linear stage, which tends to recover its original

con�guration and contracts (the direction is indicated by the black arrow in step B). The

contraction of the linear stage combined with the full constraint on the four tabs pro duces

the gripping action (clo ckwise rotation of the rotational part in step B). Finally, during

step C, the linear stage is co oled down, and the rotational stage is heated; the rotational

stage activates and recovers its initial shap e, reaching the op en p osition (anti-clo ckwise

rotation in step C). As the rotational stage moves, it forces the linear stage to stretch (the

direction is indicated by the grey arrow in step C).

Figure 4.19 shows the deformed state of the micro-gripp er and corresp onding contour

plots of the transformation strain norm at states B and C of Figure 4.18) for b oth implicit
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Figure 4.13: SMA helical spring: implicit (a) and explicit (b) transformation strain

norm distributions.

and explicit analyses. Since a di�erent element integration typ e has b een used in the

implicit and explicit analyses, it can b e noted that some di�erence exists b etween the two

deformed shap es at state B; moreover, some very small concentrations of transformation

strain are observable in the highly curved regions of the micro-gripp er in the case of the

implicit analysis results.

In the explicit analysis, the stable time increment evaluated by Abaqus at the b eginning

of the analysis is 9:64 · 10� 9
s. Mass scaling is here applied, in such a way that the minimum

stable time increment (and the used time increment) can b e set to 10� 8
s. Figure 4.20

provides the plot of the internal and kinetic energies versus the total analysis time. As

it can b e observed, the kinetic energy presents a p eak that is ab out 35% of the internal

energy at ab out 1:1 s, attributable to the application of the b oundary conditions to the

two tabs of the rotational actuator. Despite this small resp onse feature, the mass scaling

do es not impair the quasi-static condition during the gripp er actuation.
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Figure 4.14: SMA helical spring: implicit (a) and explicit (b) Von Mises stress

distributions.
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Figure 4.15: SMA helical spring: plot of the internal and kinetic energies vs. total

analysis time related to the explicit analysis. A total of 2 time units are used for

loading and unloading.
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Figure 4.16: SMA micro-gripp er: mesh and initial geometry.

Figure 4.17: Working principle of the micro-gripp er.

4.3.7 Analysis of a pseudo elastic SMA strand

We conclude the investigation by analyzing a structural strand mo del consisting of SMA

wire assemblies, as used in the development of a vibration absorb er. In fact, b esides the

well known axial load-b earing capabilities of these elements, also the frictional dissipation

o ccurring during b ending deformation can b e exploited for applications in civil and seismic

engineering [328, 61, 283]. In this asp ect, the interaction of di�erent part geometries,
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Figure 4.18: SMA micro-gripp er: temp erature trends. Tlinear is the temp erature

history for the linear stage, while Trotational is the temp erature history for the

rotational stage.

contact mo deling, and non linear material b ehavior calls for the development of reliable

computational mo dels to fully understand the capabilities of SMA strands [94, 149].

The mo del considers a three layers straight strand having a total diameter of 30 mm.

The strand is comp osed by a central straight wire (core) and two layers helically wrapp ed

around the core (see Figure 4.21(a)). In particular, The �rst layer is comp osed by 6 wires

wrapp ed in right-hand way with a pitch length of 15:7 mm and helix angle � 1 of 76:2

degree, while the second layer presents 12 wires wrapp ed in left-hand way with a pitch

length of 25:7 mm and helix angle � 2 of 73:6 degree (see Figure 4.21(b)). The adopted

discretization is rep orted in Figure 4.22, consisting of 323; 158 solid brick elements and

416; 357 no des.
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Figure 4.19: Deformed shap e of the gripp er for implicit and explicit analyses at

states A and B of Figure 4.18. The contour plot of the transformation strain norm

is displayed.

Following the exp erimental setup prop osed by Carb oni et al. [59], the goal of the

analysis is to describ e a hysteretic load-displacement cycle in the transverse direction Y

preceded by a pretension phase along the longitudinal direction Z (Figure 4.23). During

the �rst step, one end of the strand is �xed, while the other is sub jected to a longitudinal

displacement; in the second step, a sinusoidal transverse displacement with resp ect to the

strand axis is applied to the free end while maintaining the longitudinal displacement

(see Figure 4.23(a)). The longitudinal displacement w along Z-axis is 0:8 mm, while the

transverse displacement v along Y-axis is 10 mm. The displacement history is summarized

in Figure 4.23(b).

Contacts b etween wires exist and must b e taken into account. To do so, a p enalty

formulation with Coulomb mo del is employed using a friction co e�cient equal to 0.5.

The implicit solver is unable to complete the simulation. As mentioned, widespread
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Figure 4.20: SMA micro-gripp er: plot of the internal and kinetic energies vs. total

analysis time related to the explicit analysis.

Figure 4.21: SMA cable: (a) three layers straight cable cross section; (b) angles of

outer helical wires rotation.

contact, highly non-linear problems, or the presence of buckling can prevent implicit im-

plementations converging up on a solution. When the implicit iterative solver encounters a

highly non-linear resp onse, as in the present case, very small time increments have to b e
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Figure 4.22: SMA cable: adopted mesh.

employed to solve the equilibrium equations. In this case, the solver attempts increasingly

small time increments without achieving equilibrium. Sp eci�cally, prior to termination of

the job, time increments in the order of 10� 8
are attempted without success.

Therefore, natural alternative to solve such problems is an explicit approach. The stable

time increment for the investigated solid mo del, evaluated by Abaqus at the b eginning of

the analysis, is 1:12 · 10� 8
s. Due to the large numb er of DoFs in the mo del, mass scaling

105



(a)

(b)

Figure 4.23: SMA strand: (a) applied b oundary conditions and (b) loading history

in terms of displacements. A total of 0:2364336time units are used.

is applied considering, a �xed time increment of 10� 7
s.

Figure 4.24(a) presents the trend of the frictional energy dissipation (Abaqus designa-

tion ALLFD ) with resp ect to internal and kinetic energies. Particularly, the frictional energy

dissipation is asso ciated to forces exchanged b etween wires. Despite some oscillations in

the kinetic energy can b e observed, the kinetic energy remains negligible with resp ect to

the internal energy for the �xed time increment of 10� 7
, validating the initial hyp othesis

of quasi-static condition.

Moreover, Figure 4.24(b) presents the hysteretic load displacement diagram evaluated

at the free end of the strand. Figure 4.25 shows the contour plot of the Von Mises stress

evaluated at the mid section of the strand during pretension (a), maximum displacement

(b), and minimum displacement (c) phases.
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(a)

(b)

Figure 4.24: SMA strand: plot of (a) internal, kinetic, and frictional dissipation

energies related to the explicit analysis (b) Hysteric force-displacement diagram.

4.4 Conclusions

The present chapter is fo cused on a novel implementation of the three-dimensional phe-

nomenological Souza-Auricchio mo del, which is able to repro duce b oth pseudo elasticity

and shap e-memory e�ect. In particular, the work has investigated the robust and e�ec-

tive numerical implementation of the mo del using an explicit framework. A novel explicit

integration scheme for the considered constitutive laws has b een presented and tested on

several full three-dimensional b oundary-value problems of increasing complexity. A com-

parison of output results with the implicit integration scheme has also b een made where
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Figure 4.25: SMA strand: contour plot of the Von Mises stress for p oints (a) A (b)

B, and (c) C of Figure 4.23(b).

p ossible. The results have shown the capability of the explicit implementation to suc-

cessfully predict the quasi-static resp onse of the considered devices and the p ossibility to

exploit explicit FEA for structural simulations. Particularly, the analysis of SMA cables

has demonstrated the e�ectiveness of the explicit algorithm to solve complex problems

involving contact. However, since new advancements in SMA mo deling continue, under-

standing the nature, advantages, and disadvantages of b oth implicit and explicit metho ds

is very helpful to cho ose the right algorithm for the problem under investigation. Future

developments will use the prop osed explicit algorithm for high-sp eed dynamic simulations

which are widely exploited in SMA-based seismic or impact applications.
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Chapter 5

Gradient structures for the

thermomechanics of shap e-memory

materials

The present study is included in a pap er which has b een submitted to Computer Methods

in Applied Mechanics and Engineering [35].

5.1 Intro duction

Shap e-memory alloys (SMA) are active materials: considerably large deformations (up

to 10 %) can b e activated either by mechanical or thermal means. Such amazing ma-

terial prop erties, combined with the typical resistance and workability of metals, make

SMAs attractive for innovative engineering applications in various industrial �elds includ-

ing, e.g., automotive, rob otics, civil, seismic, and biomedical [142]. The interest for this

class of materials is currently triggering intense research e�orts toward the implementation

of appropriate constitutive mo dels capable of e�ciently and robustly repro duce the SMA

b ehavior. The SMA resp onse is a genuinely coupled thermomechanical e�ect. As such, the

accurate and e�cient treatment of nonisothermal situations b ears a crucial imp ortance.

The present Chapter investigates the variational structure of the three-dimensional

thermo-mechanical constitutive mo del, �rstly presented in [312], and then reformulated in

[25] and [26], see the recent survey [121]. Our aim is to present a variational reformulation

of the full nonisothermal evolution of the system as a generalized gradient �ow of the total
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entropy y 7! S (y ) as a function of the state vector y , including temp erature as well as

mechanical and internal variables. In particular, we shall b e considering the following

di�erential system

@_y K(t; y ; _y ) � @S(y ) 3 0; (5.1)

where K(t; y ; · ) corresp onds to the entropy-production potential . Here, the dot represent

here di�erentiation with resp ect to time whereas @stands for some suitable notion of gra-

dient, to b e detailed b elow. The symb ol 3 refers to the fact that, in absence of smo othness,

the left hand side terms in (5.1) can b e sets. As K dep ends not only on the rate
_y but also

on the state y , we refer to (5.1) as a generalized gradient �ow.

The interest in this p ersp ective relies on the p ossibility of exploiting this variational

structure b oth for the theoretical and the numerical discussion of the mo del. Di�erent

choices for K will b e presented, all satisfying the following fundamental structural prop erty

for all (t; y ) the map
_y 7! K (t; y ; _y )

is convex, nonnegative, and K(t; y ; 0) = 0 . (5.2)

This structural prop erty immediately entails the dissipativity of the evolution. By assuming

su�cient smo othness, one can multiply b oth sides of (5.1) by
_y and obtain

d
dt

S(y ) = @S(y ) ·
_y = @_y K(t; y ; _y ) ·

_y � K (t; y ; _y ) � 0 (5.3)

where we have used the convexity of
_y 7! K (t; y ; _y ) as well as the fact that K(t; y ; 0) = 0 =

min K(t; y ; · ) . In particular, the entropy increases along all su�ciently smo oth evolutions.

The phrasing of the full thermomechanical problem as (5.1) is inspired to the theory

of General Equations for Non-Equilibrium Reversible-Irreversible Coupling (GENERIC).

Intro duced by Grmela & Öttinger [122, 242] and recently reinterpreted by Mielke in a

series of contributions [211, 213], GENERIC provides a far-reaching variational paradigm

for reformulating in a thermo dynamically consistent way a variety of physical systems.

In particular, GENERIC is tailored to the uni�ed treatment of reversible and irreversible

(or even hysteretic) dynamics. GENERIC has recently attracted increasing attention and

has b een applied to a numb er of situations ranging from complex �uids, to dissipative

quantum mechanics [213], to thermomechanics [211], and to the Vlasov-Fokker-Planck

equation [251].
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The novelty of this work is threefold. At the mo deling level, we present a new varia-

tional formulation of the thermomechanically coupled system. As already commented, this

formulation directly entails the dissipativity of the �ow. In addition, we are able to include

external actions in the picture. Let us mention that, up to now, the GENERIC framework

is restricted to the description of isolated systems [212]. At �rst, we systematically elimi-

nate the mechanical part from the problem by solving the quasistatic equilibrium system.

This pro cedure allows us to consider b o dy and traction forces, see Subsection 5.3.1. Sec-

ondly, by sp eci�cally reducing to the space-homogeneous case, we allow equilibration with

a given external temp erature, see Subsection 5.3.4.

A second novelty of the work consists in presenting an unconditionally stable and con-

vergent time-discrete scheme for the fully coupled thermomechanical system. Although

restricted to the space-homogeneous setting, such a result is unprecedented in the frame

of this class of mo dels in three dimensions [121]. By discretizing the system at the func-

tional level, we directly obtain a numerical scheme repro ducing the basic prop erties and, in

particular, the dissipativity the mo del. As a by-pro duct of the convergence pro of, we also

establish the existence of a strong solution to the system in the continuous-time setting.

We shall refer to Peigney & Seguin [249, 250] for an alternative analysis towards a vari-

ational formulation of nonisothermal evolution problems in generalized standard materials.

In particular, in [249, 250] the Authors fo cus on the time incremental step and augment

the time-discrete relations by means of additional terms in order to let the corresp onding

nonlinear system b e symmetric, hence the gradient of some p otential energy. These addi-

tional terms turn out to b e consistent in case of continuous temp erature evolution. The

incremental step is then solved by minimization. Our approach is completely di�erent as

we prop ose a variational frame making sense at b oth the continuous and the discrete level

simultaneously.

5.2 Preliminaries

For a description of Souza-Auricchio mo del please see Chapter 3. Here b elow, only the

choices and the relations relative to the full thermomechanically coupled version of the

mo del prop osed in the present Chapter will b e rep orted.

111



5.2.1 Choice of f

As mentioned in Chapter 3, the value f (� ) indicates the martensite-austenite transforma-

tion stress at temp erature � . In particular, f = 0 for low temp eratures and f 0 = � > 0 for

large temp eratures. The transition b etween these two regimes takes place in a neighb or-

ho o d of the martensite-to-austenite transition temp erature at zero stress � tr . For the sake

of de�niteness, in the following we sp eci�cally cho ose the function

f (� ) =

8
>>><

>>>:

0 for � < � tr � �
�
4�

(� � (� tr � � ))2
for j� � � tr j � �

� (� � � tr ) for � > � tr + �

(5.4)

b eing however intended that other choices would b e p ossible.

Note that f is b ounded, together with its �rst two derivatives. In particular, the upp er

b ound of the second derivative is strictly needed for the thermo dynamic consistency of

the mo del. This forces the parameter � > 0 to b e not to o small, see b elow. Indeed, for

� ! 0 one has that f (� ) ! � (� � � tr )+
uniformly, which is not di�erentiable. Following the

discussion in [166], we shall tacitly assume in all of the following the consistency condition

c � �f 00(� )jetr j > 0: (5.5)

This condition amounts to ensure that @� s = � f 00(� )jetr j + c=� > 0 so that the e�ective

heat capacity of the medium is p ositive.

Let us anticipate that, along the analysis, the intro duction of a smo oth truncation of f

will b e needed and additional constraints on the material parameters will b e intro duced,

namely (5.31), (5.35), and (5.45). These constrains are aimed at ensuring the dissipativity

of the system and are to b e compared with analogous conditions from [166, 167]. Let us

explicitly stress that these requirements are compatible with the exp erimentally observed

material parameters, see Table 5.8.
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5.2.2 Dissipation and �ow rule

In order to describ e the evolution of the medium we shall prescrib e a (pseudo-)p otential

of dissipation D : R+ � R3� 3
dev

! [0; 1 ) of Von-Mises typ e, namely

D(� ; _etr ) :=
R
�

j _etr j

where R > 0 is an activation radius, measured in MPaK. The �ow rule consists in the

classical normality principle

@_etr D(� ; _etr ) 3
X
�

: (5.6)

Note that relation (5.6) can b e equivalently expressed in the complementary form

F (� ; X ) � 0; _� � 0; F (�; X ) _� = 0; _etr = _�
@X F (� ; X )

j@X F (� ; X )j

where the yield function F is de�ned as

F (� ; X ) := jX j �
R
�

:

In particular, F is related to D via the duality formula

D(� ; _etr ) = supf X :_etr j F (� ; X ) � 0g:

By combining (3.6) with (5.6) we obtain the constitutive material relation equation

@_etr D(� ; _etr ) + @etr  (" ; etr ; � ) 3 0: (5.7)

5.2.3 Momentum balance and energy conservation

Assume that the reference con�guration of the b o dy 
 � R3
is nonempty, op en, connected,

and has a Lipschitz continuous b oundary � . We decomp ose the latter as � = � D \ � N \ @�

where � D
and � N

are disjoint and relatively op en in � , @� is the b oundary of b oth � D
and

� N
, and � D

has p ositive surface measure. Given some �nal reference time T > 0, we shall

b e considering the quasistatic momentum balance

r · � + f = 0 in 
 � (0; T) (5.8)
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to b e combined with the b oundary conditions

�n = g on � N � (0; T); u = h on � D � (0; T): (5.9)

Here, n denotes the outward unit normal to � N
and f : 
 � (0; T) ! R3

and g : � N �

(0; T) ! R3
are a b o dy force and a surface traction, resp ectively, while h : � D � (0; T) ! R3

is a prescrib ed displacement.

The conservation of energy reads

_u + r · q = � :_" in 
 � (0; T) (5.10)

where q represents the heat �ux. We shall complement the latter with the homogeneous

Neumann b oundary conditions

q · n = 0 on � � (0; T):

Let us however anticipate that di�erent b oundary conditions of Robin typ e will b e allowed

in the space-homogeneous situation of Subsection 5.3.4.

5.2.4 Full system

The thermomechanical evolution of the medium is describ ed by the system of quasistatic

equilibrium (5.8), energy conservation (5.10), and the constitutive material relation (5.7).

Along with the current choices for the free energy  and the dissipation D , the form of the

resulting di�erential system in terms of the variables (u ; �; etr ) reads

r · C(" (u )� etr ) + f = 0; (5.11)

�
c � �f 00(� ) jetr j

� _� + r · q = Rj _etr j + �f 0(� ) jetr j · ; (5.12)

R@j _etr j + H etr + f (� )@jetr j + @I(etr ) 3 2G(e(u)� etr ); (5.13)

where we recall that e(u) := dev " (u ) . The thermomechanical coupling dep ends on the

total martensitic content jetr j . This re�ects that the transformation from austenite to

martensite is a second-order phase transition whereas the reorientation of martensitic vari-

ants is not asso ciated with latent heat pro duction.
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5.2.5 Dissipativity

Let us explicitly comment on the thermo dynamic consistency of the mo del by evaluating

the entropy-release-rate density

r := _s + r · Q

where Q := q=� is the entropy �ux. Note preliminarily that energy conservation (5.10)

can b e equivalently rewritten as

� _s + r · q = X :_etr : (5.14)

Then, we use (5.14) and (5.6) in order to compute

r
(5.14)

=
1
�

X :_etr + r ·

� q
�

�
�

1
�

r · q =
1
�

X :_etr + q · r
�

1
�

�

(5.6)

= @_etr D(� ; _etr ): _etr + q · r
�

1
�

�
= D(� ; _etr ) + q · r

�
1
�

�
� 0

where the inequality follows from the fact that D > 0 whenever q = � (1=r � ) with �

monotone and � (0) = 0 . For the sake of de�niteness we shall let q = � r (1=� ) for some

conductivity � � 0, this choice b eing particularly adapted to the present nonisothermal

situation, see b elow. It is however intended that our discussion can b e repro duced in

greater generality. In particular, the classical Fourier law q = � � r � (which actually

corresp onds to a linearization of q = � r (1=� ) around some reference temp erature) can

also b e accommo dated.

5.3 Gradient structures

We are now in the p osition of intro ducing the generalized-gradient-�ow reformulation of the

full thermomechanical evolution system presented in the previous section. This corresp onds

to relation (5.1) along with the choice y = ( etr ; � ) and the de�nition of the total entropy

S(y ) =
Z



s(y )dx =

Z



(� f 0(� )jetr j + clog� � c)dx
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so that one has

@S(y ) =
�

� f 0(� )@jetr j
(c� �f 00(� )jetr j)=�

�
:

To obtain this variational formulation, we start by eliminating the mechanical variable u by

solving the equilibrium, for given transformation strain etr
and time t , see Subsection 5.3.1.

This preliminary step is unavoidable as mechanical equilibrium follows from energy sta-

tionarity rather than from entropic e�ects. The gradient reformulation of resulting thermo-

mechanical problem (5.11)+(5.13) then follows from the choice of the entropy-dissipation

p otential K(t; y ; · ) ful�lling the structural assumption (5.2). By dualizing K(t; y ; · ) with

resp ect to the rates, one can equivalently express relation (5.1) as

_y 2 @� K � (t; y ; @S(y )) (5.15)

where the dual-entropy-dissipation potential K � (t; y ; · ) is a function of the thermo dynamic

force � = @S(y ) .

We start by presenting a reformulation for the isothermal problem in Subsection 5.3.2.

Then, we consider the general nonisothermal situation in Subsection 5.3.3. Finally, in

Subsection 5.3.4 we tackle the sp ecial case of space-homogeneous �elds as this is b oth

often close to real applications and a clear b enchmark for implementation.

5.3.1 Resolution of the quasistatic equilibrium

The �rst step in the direction of a variational reformulation of the system (5.11)-(5.13)

consists in expressing u in terms of etr
and external actions by solving the quasistatic

mechanical equilibrium system. Indeed, for all etr 2 L2(
; R3� 3
dev

) , f (t) 2 L2(
; R3) , and

g(t) 2 L2(� tr ; R3) one can �nd a unique u 2 U := H 1(
; R3) solving (5.8)-(5.9). We shall

indicate such u as
bu(t; etr ) . Given (f ; g) 2 C([0; T]; L2(
; R3)� L2(� tr ; R3)) , the solution

op erator
bu : [0; T]� L2(
; R3� 3

sym

) ! U is hence well-de�ned, linear in etr
, and continuous in

(t; etr ) , although nonlo cal in space. The latter solution op erator
bu will b e systematically

employed in the remainder of the chapter.

Note that by assuming
bu to b e indep endent of time (that is, f , g , and h to b e indep en-

dent of time) we deduce that " (bu(etr )) coincides with etr
up to a linear shift. In this case

(which, strictly sp eaking, is the only one covered by the original GENERIC theory, which

presently do es not allow external actions) the evolution of the material is driven solely by
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temp erature relaxation.

5.3.2 Gradient structure of the isothermal problem

Let us �rstly concentrate on the isothermal problem (5.11)+(5.13). This can b e written in

the general form (5.1) by de�ning y = etr
and

K � (t; y ; � ) :=
Z



I RY =� (� � b(t; y ))dx

where I RY =� is the indicator function of the convex set f a 2 R3� 3
dev

: jaj � RY =�g and we

used the short-hand notation

b(t; y ) 2
1
�

�
� 2G(e(bu(t; etr )) � etr ) + H etr + ( f (� )� �f 0(� ))@jetr j + @I(etr )

�

for the purely state-dep endent nonlinear op erator b, which is continuous in time. The

ab ove-de�ned dual-entropy pro duction p otential � 7! K � (t; y ; � ) is clearly convex. By

computing its dual we get

K(t; y ; _y ) =
Z




RY

�
j _etr jdx +

Z



b(t; y ): _etr dx

which obviously ful�lls the convexity assumption (5.2).

The ab ove choices for S and K entail a reformulation of the isothermal evolution in

terms of (5.1). Note nonetheless that the isothermal case can b e also classically formulated

as the gradient �ow in the variables (u ; etr ) of the complementary energy

	( t; u ; etr ) :=
Z




�
1
2

(" (u )� etr ):C(" (u )� etr ) +
H
2

jetr j2 + f (� )jetr j + I (etr )
�

dx

�
Z



f (t) · udx �

Z

� tr
g(t) · ud�

sub ject to the Von Mises dissipative p otential

D( _u; _etr ) := RY j _etr j:

Indeed, the system (5.11)+(5.13) (along with b oundary conditions) corresp onds to the
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relation

@D( _u ; _etr ) + @	( t; u ; etr ) 3 0

which is indeed formally close to (5.1). By solving for u = bu(t; etr ) one can additionally

reformulate the latter in the sole variable etr
(and time) as

@RY j _etr j + @etr 	( t; bu (t; etr ); etr ) 3 0:

Note that the latter equation, although lo cal in space and time, features the nonlo cal-in-

space op erator
bu .

5.3.3 Gradient structure in the general case

In the general nonisothermal case we can follow [212, Sec. 3.4] and recast the evolution

problem in the form of (5.15) by letting the dual entropy-pro duction p otential b e de�ned

by

K � (t; y ; � ) =
Z



I RY =� (� 1� a(t; y )� 2)dx +

Z




�
2

�
�
�
�

r � 2


 (y )

�
�
�
�

2

dx (5.16)

for � = ( � 1; � 2) 2 L2(
; R3� 3
sym

) � L2(
) where we have denoted by


 (y ) := c � �f 00(� )jetr j

a(t; y ) 2
1


 (y )
(� 2G(e(bu(t; etr )) � etr ) + H etr + ( f (� )� �f 0(� ))@jetr j + @I(etr ))

In this case, we can compute

@� K � (t; y ; � ) �

0

B
@

@IRY =� (� 1� a(t; y )� 2)

� @IRY =� (� 1� a(t; y )� 2):a(t; y ) �
�

(
 (y ))2
� � 2

1

C
A

so that, by substituting

� 2 @S(y ) =

0

@
� f 0(� )@jetr j


 (y )
�

1

A
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one gets

@� K � (t; y ; @S(y )) �

0

B
B
@

@IRY =�

�
� f 0(� )@jetr j� a(t; y )


 (y )
�

�

� @IRY =�

�
� f 0(� )@jetr j� a(t; y )


 (y )
�

�
:a(t; y ) �

�

 (y )

�
�

1
�

�

1

C
C
A :

By using the ab ove-intro duced expressions for a and 
 one obtains that the argument of

the sub di�erential @IRY =� is nothing but � X =� so that (5.15) reads

�
_etr

_�

�
2

0

@
@IRY =� (X =� )

� @IRY =� (X =� ) :a(t; y ) �
�


 (y )
�

�
1
�

�
1

A

corresp onding indeed to relations (5.12)-(5.13).

By computing the dual of K � (t; y ; · ) one obtains the entropy-pro duction p otential

K(t; y ; _y ) =
Z




RY

�
j _etr jdx +

1
2�

k
 (y )( _� + a(t; y ): _etr )k2
H � 1

av
(5.17)

featuring the norm

kvk2
H � 1

av
:=

Z



jr (� � � 1v)j2dx =

Z



jr wj2dx:

Here, w is the unique solution in

H 1
av :=

�
w 2 H 1(
) :

Z



w dx = 0

�

of � � w = v for

v 2 H � 1
av :=

�
v 2 H � 1(
) : hv;1i = 0

	

where h · ; · i stands for the duality pairing b etween H � 1(
) and H 1(
) . Note that K(t; y ; · )

ful�lls the general structural assumption (5.2).

We hence compute

@_y K(t; y ; _y ) �

0

B
@

RY

�
@j _etr j +


 (y )
�

(� � � 1)( 
 (y )( _� + a(t; y ): _etr ))a(t; y )


 (y )
�

(� � � 1)( 
 (y )( _� + a(t; y ): _etr ))

1

C
A :
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By substituting @S(y ) into (5.1) we obtain

0

B
@

RY

�
@j _etr j +


 (y )
�

(� � � 1)( 
 (y )( _� + a(t; y ): _etr ))a(t; y )

 (y )

�
(� � � 1)( 
 (y )( _� + a(t; y ): _etr ))

1

C
A �

0

@
� f 0(� )@jetr j


 (y )
�

1

A 3
�

0
0

�

and relations (5.12)-(5.13) follow from the actual choices of a and 
 . Note that the argu-

ment of the H � 1
-norm ab ove is required to have zero mean. Given the equation for � , this

amounts to say that q = � r (1=� ) has no �ux through the b oundary � . Namely, the b o dy

is assumed to b e thermally insulated from the exterior.

5.3.4 Gradient structures for space-homogeneous �elds

We shall b e here concerned with some sp eci�c degenerate case in which the energy con-

servation equation (5.12) can b e actually reduced to an ordinary di�erential relation. In

particular, we assume that the temp erature is constant in space. This can b e regarded as

a sensible approximation in many applicative instances, esp ecially in connection with rela-

tively thin structures activated at low frequencies. The advantage of this approximation is

that the energy conservation equation (5.12) is p ointwise in space and time. In particular,

by dropping the di�erential term in (5.12) one gets

�
c � �f 00(� ) jetr j

� _� = RY j _etr j + �f 0(� ) jetr j ·

(5.18)

which can b e seen as the entropy gradient �ow driven by the entropy-pro duction p otential

K(t; y ; _y ) =

8
<

:

Z




RY

�
j _etr jdx if 
 (y )( _� + a(t; y ): _etr ) = 0 ;

1 otherwise.

Note that this choice of K formally corresp onds to the limit as � ! 0 in (5.17). In

particular, it translates at the variational level the situation where the term � �(1 =� ) in

(5.12) is dropp ed by letting � ! 0. The reduced energy-conservation relation (5.12) reads

in this case


 (y )( _� + a(t; y ): _etr ) = 0

and is directly enforced as a constraint in the de�nition of K .
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One can extend the ab ove discussion by including a relaxation dynamics for the tem-

p erature. Indeed, by replacing � �(1 =� ) by � �=� in (5.12) one gets

�
c� �f 00(� ) jetr j

� _� �
�
�

= RY j _etr j + �f 0(� ) jetr j ·

(5.19)

corresp onding indeed to a viscous �ow. Note that this approximation can b e made rigorous

by assuming all �elds to b e space-homogeneous and integrating (5.12) in space with the

aid of the Robin-typ e b oundary condition

q · n = �
b�
�

where

b� = � j
 j=j� j , b eing j� j and j
 j the measures of � and 
 , resp ectively. This case

corresp onds to the gradient �ow of the entropy driven by the dual-entropy-pro duction

p otential (compare with (5.16))

K � (t; y ; � ) =
Z



I RY =� (� 1� a(t; y )� 2)dx +

Z




�
2

�
�
�
�

� 2


 (y )

�
�
�
�

2

dx (5.20)

and, corresp ondingly, the entropy-pro duction p otential

K(t; y ; _y ) =
Z




RY

�
j _etr jdx +

Z




1
2�

j
 (y )( _� + a(t; y ): _etr )j2dx: (5.21)

Note that the ab ove entropy p otential features no di�erentiation terms with resp ect to

space and ful�lls the structural assumption (5.2).

We are in the p osition of generalizing the choice of the b oundary condition even further

and let the system adapt to some given external temp erature. In particular, this amounts

in asking for

q · n = b�
�

1
� e(t)

�
1
�

�

for some p ossibly time-dep endent external temp erature t 7! � e(t) > 0. By assuming

space-homogeneity, one replaces (5.12) with the ordinary di�erential equation

�
c� �f 00(� ) jetr j

� _� + �
�

1
� e(t)

�
1
�

�
= RY j _etr j + �f 0(� ) jetr j · : (5.22)
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Then, the system (5.13)+(5.22) corresp onds to the choice

K � (t; y ; � ) = I RY =� (� 1� a� 2) +
b�
2

�
�
�
�

� 2


 (y )
�

1
� e(t)

�
�
�
�

2

+
1

� e(t)

�
� 2


 (y )
�

1
� e(t)

�
:

By duality we obtain the time-dep endent entropy-pro duction p otential

K(t; y ; _y ) =
RY

�
j _etr j +

1

2b�
j
 (y )( _� + a(t; y ): _etr )j2 +


 (y )
� e(t)

( _� + a(t; y ): _etr )

which again ful�lls the basic assumption (5.2). By computing (5.1) in this case one obtains

in particular (5.22). One has to mention that the corresp onding system cannot b e regarded

to b e closed, as the external temp erature � e
provides an entropic source.

5.4 Time discretization

As observed in the Intro duction, the generalized gradient system (5.1) is dissipative, as

the corresp onding entropy increases along tra jectories. By designing a numerical metho d

for nonisothermal evolution one is interested in repro ducing dissipativity at the discrete

level. This can b e done by addressing discrete schemes which are adapted to the variational

structure of (5.1). The aim of this section is to present some ideas as well as a concrete

example of a time-discrete scheme within this class. We shall detail here the analysis of the

scheme and p ostp one algorithmical considerations and numerical tests to the forthcoming

Section 5.6.

Let a time-partition f 0 = t0 < t 1 < � � � < t N = T�nal g b e given and de�ne � i =

t i � t i � 1 . Starting from some given initial value y 0
, by replacing the time derivative

_y by

the di�erential quotient (y i � y i � 1)=� i in (5.1) (equivalently in (5.15)) one is left with the

subsequent solution of the systems

@_y K
�

t i ; y ?;
y i � y i � 1

� i

�
� @S(y i ) 3 0 for i = 1; : : : ; N: (5.23)

The symb ol y ? in the ab ove relation is a place-holder for either y ? = y i (implicit) or

y ? = y i � 1 (explicit). More generally, the choice whether the state-dep endence is implicit

or explicit can b e made indep endently in each o ccurrence of y ? in K . An example of this

situation is in Subsection 5.5 b elow.
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The dissipative character of the scheme can b e readily checked in case S is concave.

Indeed, one tests on y i � y i � 1 and exploits the concavity of S in order to get that

S(y i ) � S (y i � 1) � (@S(y i ); y i � y i � 1) =
�

@_y K
�

t i ; y ?;
y i � y i � 1

� i

�
; y i � y i � 1

�

� � i K
�

t i ; y ?;
y i � y i � 1

� i

�
� � i K (t i ; y ?; 0)

(5.2)

= � i K
�

t i ; y ?;
y i � y i � 1

� i

�
: (5.24)

In particular, by taking the sum in the latter for i = 1; : : : ; m � N we have that

S(y m ) �
mX

i =1

� i K
�

t i ; y ?;
y i � y i � 1

� i

�
+ S(y 0)

where we have not only checked the monotonicity of the entropy but also provided a lower

b ound to the entropy pro duction by means of the ab ove sum.

In case the dep ence of the entropy-pro duction p otential K on y ? is explicit, one can

co ordinate to (5.23) a system of incremental minimization problems, namely

y i 2 Arg min y

�
� i K

�
t i ; y i � 1;

y � y i � 1

� i

�
� S (y )

�
for i = 1; : : : ; N:

In this case, relation (5.24) is a direct consequence of minimality

� i K
�

t i ; y i � 1;
y i � y i � 1

� i

�
� S (y i )

� � i K
�

t i ; y i � 1;
y i � 1� y i � 1

� i

�
� S (y i � 1)

(5.2)

� �S (y i � 1) (5.25)

and no concavity of S is required.

5.5 Semi-implicit scheme for the space-homogeneous case

The gradient �ow structure of the mo del may b e used to derive and analyze some dissi-

pative numerical scheme. We shall detail this p ossibility by fo cusing here on the space-
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homogeneous case of relations (5.22)+(5.13), which equivalently read


 (y )
�

_� + a(t; y ): _etr
�

+ �
�

1
� ext (t)

�
1
�

�
= 0; (5.26)

RY

�
@j _etr j +


 (y )
�

a(t; y ) + f 0(� )@jetr j 3 0 (5.27)

where we recall that


 (y ) = c � �f 00(� )jetr j

a(t; y ) 2
1


 (y )

�
� 2G(e(bu(t; etr )) � etr ) + H etr + ( f (� )� �f 0(� ))@jetr j + @I(etr )

�
:

This approximation of the original system, indeed justi�ed for space-homogeneous �elds,

b ears a particular interest as it is space-lo calized and even rate-indep endent, for � = 0 .

We hence b elieve this to b e a relevant test case. PDE couplings will b e investigated in a

forthcoming pap er.

We are interested in a semi-implicit time-discretization scheme. Let a time-partition

f 0 = t0 < t 1 < � � � < t N = Tg b e given and de�ne the p ossibly variable time step

� i = t i � t i � 1 . We fo cus here on the strain- and external-temp erature-driven setting. In

particular, we assume to b e given t 2 [0; T] 7! e(t) := dev " (u (t)) 2 R3� 3
dev

and t 2 [0; T] 7!

� e(t) > 0 and a suitable initial conditions on etr
0 2 R3� 3

dev

and � 0 > 0, and we are interested

in the time-discrete scheme


 � (y i � 1)
�

� i � � i � 1

� i
+ a � (t i ; y i ):

etr
i � etr

i � 1

� i

�
+ � i �

�
1

� e(t i )
�

1
� i

�
= 0; (5.28)

RY

� i
@jetr

i � etr
i � 1j +


 � (y i � 1)
� i

a � (t i ; y i ) + f 0
� (� i )@jetr

i j � 3 0; (5.29)

where the state dep endence is explicit in 
 and implicit everywhere else. The variational

structure of (5.26)-(5.27) is indeed re�ected in this choice, as all o ccurrences of 
 are

likewise discretized. Additionally, for the purp ose of presenting a complete theoretical

analysis of the scheme, we are forced to p erform a regularization of the thermomechanical

coupling term f (� )jetr j by f � (� )jetr j � . Here,

jetr j � := min
�

jetr j2

2�
+

�
2

; jetr j
�
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where � > 0 is a small used-de�ned parameter (the mo di�cation f �
of f is describ ed

b elow). By re�ecting the variational structure of the problem, this regularization entails

mo di�cations on the terms 
 and a as follows


 � (y ) := c � �f 00
� (� )jetr j �

a � (t; y ) 2
1


 (y )
(� 2G(e(t)� etr ) + H etr + ( f � (� )� �f 0

� (� ))@jetr j � + @I(etr )) :

The purp ose of the regularization is to ensure that

@jetr j � = ( � 12 + @I)� 1(etr ) (5.30)

is Lipschitz continuous of constant 1=� , which turns out crucial for proving the convergence

of the numerical scheme. Note that j@jetr j � j � 1 for all etr 2 R3� 3
dev

. On the other hand,

let us mention that the mo di�cation is p erformed at the functional level , namely without

p erturbing the variational structure of the problem. We shall also mention that analogous

regularizations have b een already considered for this problem [23, 217, 214] and proved to

b e consistent with their limit � ! 0 and that the numerical scheme p erforms well in the

case � = 0 , despite the absence of a complete analysis. We collect some comment in this

direction in Section 5.6 b elow.

As for the mo di�ed function f � we simply prescrib e a monotone smo oth truncation so

that f � � f for � � � � � 2� , f 0
� = 0 for � � � � , and kf 0

� kL 1 := sup�> 0 jf 0
� (� )j � � , and

kf 00
� kL 1 � �= (2� ) so that (5.31) holds. In particular, � � > 0 is some prescrib ed maximal

temp erature. This mo di�cation with resp ect to the original f is essentially immaterial with

resp ect to applications, for it su�ces to cho ose � � larger than the exp erimentally observed

and computationally simulated temp eratures. The temp erature upp er b ound, combined

with a compatibility assumption on the parameter, see (5.45) b elow, ensures that the

overall b ehavior of the system remains dissipative under cyclic testing. In the context of

the Souza-Auricchio mo del a similar although weaker assumption has b een advanced in

[166]. The situation was there simpler as the constitutive relation of the material was

taken to b e scalar and an order metho d could b e used.

We shall prove that the system (5.28)-(5.29) admits a solution for all i . This will b e

done in Subsection 5.5.3 by means of a �xed p oint argument based on the iterative solution

of (5.28) and (5.29). In order to prepare for this, we discuss separately the mechanical and
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the thermal subproblems in Subsections 5.5.1 and 5.5.2, resp ectively. As mentioned in the

Intro duction, some �rst requirement for this to hold is that the e�ective heat capacity of

the system is p ositive. This amounts to ask for

0 < 
 0 := inf
�> 0

(c � �f 00
� (� )) (5.31)

which indeed follows with our actual choice of parameters, see Table 5.8.

5.5.1 Mechanical subproblem

Relation (5.29) can b e rewritten as

RY @jetr
i � etr

i � 1j + ( H +2G)etr
i + f � (� i )@jetr

i j � + @I(etr
i ) 3 2Gei : (5.32)

For all given etr
i � 1 2 R3� 3

dev

, � i > 0, and ei := e(t i ) , relation (5.32) admits a unique solution

etr
i 2 R3� 3

dev

. Indeed, etr
i is the unique minimizer of the uniformly convex functional

etr 7! RY jetr � etr
i � 1j +

1
2

(H +2G)jetr j2 + f � (� i )jetr j � + I (etr ) � 2Gei :etr :

Take now two di�erent pairs of data (e1
i ; � 1

i ) and (e2
i ; � 2

i ) and let etr ;1
i and etr ;2

i b e the

corresp onding solutions to (5.32). By taking the di�erence of the resp ective equations,

testing on etr ;1
i � etr ;2

i , and exploiting monotonicity we obtain that

(H +2G)jetr ;1
i � etr ;2

i j2 � 2G(e1
i � e2

i ):(etr ;1
i � etr ;2

i ) + ( f � (� 1)� f � (� 2))@jetr ;2j � :(etr ;1
i � etr ;2

i )

�
�
2Gje1

i � e2
i j + � j� 1� � 2j

�
jetr ;1

i � etr ;2
i j:

Hence, we have checked the Lipschitz continuity

jetr ;1
i � etr ;2

i j �
2G

H +2G
je1

i � e2
i j +

�
H +2G

j� 1� � 2j: (5.33)

Note that the well-p osedness of (5.32) is indeed indep endent of the regularization � as well

as of the truncation f � and would hold also in absence of such mo di�cations.
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5.5.2 Thermal subproblem

Assume now to b e given � i � 1 > 0, � e
i := � e(t i ) > 0, and etr

i 2 R3� 3
dev

. Equation (5.28) can

b e equivalently rewritten as


 � (y i � 1)� i �
� i �
� i

= �
� i �
� e

i
+ 
 � (y i � 1)� i � 1

+ RY jetr
i � etr

i � 1j + � i f 0
� (� i )@jetr

i j � :(etr
i � etr

i � 1): (5.34)

As the map � 2 R+ 7! 
 � (y i � 1)� � �=� is injective and onto R, for all

~� we can �nd a

unique solution � i > 0 to the ab ove equation where the term � i f 0
� (� i ) in the right-hand side

is replaced by

~�f 0
� (~� ) . This de�nes a map

~� 7! � i which can b e proved to b e a contraction

under the condition

� 0 := sup
�

jf 0
� (� )� �f 00

� (� )j <

 0

2� L
: (5.35)

Indeed, assume to b e given

~� 1
and

~� 2
and the corresp onding solutions � 1

i and � 2
i . Take the

di�erence b etween equation (5.34) written for � 1
i and the same equation for � 2

i and test it

on � 1
i � � 2

i in order to get that


 � (y i � 1)j� 1
i � � 2

i j2 � j ~� 1f 0
� (~� 1)� ~� 2f 0

� (~� 2)j jetr
i � etr

i � 1j j �
1
i � � 2

i j

� 2� L sup
�

(f 0
� (� )� �f 00

� (� )) j ~� 1� ~� 2j j � 1
i � � 2

i j:

Also by using (5.31), we deduce the Lipschitz continuity b ound

j� 1
i � � 2

i j �
2� L � 0


 0
j ~� 1� ~� 2j (5.36)

for the map

~� 7! � . Under condition (5.35), this map is hence a contraction and relation

(5.34) has a unique solution.

We can directly check that indeed the solution � i is b ounded from b elow, dep ending on

data. To this aim, cho ose

� min = min f � i � 1; � e
i ; � tr � 2� g > 0

127



and multiply (5.34) by � (� i � � min )� = min f � i � � min ; 0g < 0 getting


 � (y i � 1)j(� i � � min )� j2 = 
 � (y i � 1)( � min � � i � 1)( � i � � min )� � �� i

�
1
� i

�
1
� e

i

�
(� i � � min )�

� RY jetr
i � etr

i � 1j(� i � � min )� � � i f 0
� (� i )@jetr

i j � :(etr
i � etr

i � 1)( � i � � min )� : (5.37)

The four terms in the ab ove right-hand side are nonp ositive. Indeed, the term 
 � (y i � 1)( � min � � i � 1)( � i � � min

is nonp ositive by (5.31) as � min � � i � 1 . Moreover, we have that

� �� i

�
1
� i

�
1
� e

i

�
(� i � � min )� = � �� i

� e
i � � i

� i � e
i

(� i � � min )� � 0

as 0 < � i � � min � � e
i whenever (� i � � min )� 6= 0 . The nonp ositivity of the term � RY jetr

i � etr
i � 1j(� i � � min )�

is clear. As f � (� ) vanishes for � < � tr � 2� we �nally have that

(� i � � min )� 6= 0 ) � i f 0
� (� i )@jetr

i j � :(etr
i � etr

i � 1) = 0 :

Owing to the nonp ositivity of the right-hand side of (5.37) and to (5.31) we have proved

that (� i � � min )� = 0 hence

� � � min > 0: (5.38)

Let us now consider � 1
i and � 2

i to b e the unique solutions of (5.34) with etr
i = etr ;1

i and

etr
i = etr ;2

i , resp ectively. By arguing as ab ove we readily obtain that


 0j� 1
i � � 2

i j2 � RY jetr ;1
i � etr ;2

i j j � 1
i � � 2

i j

+
�
� 1f 0

� (� 1)@jetr ;1j � :(etr ;1� etr
i � 1) � � 2f 0

� (� 2)@jetr ;2j � :(etr ;2� etr
i � 1)

�
(� 1

i � � 2
i ): (5.39)

In the following, we will consider the case of temp erature b ounded from ab ove by � � > 0.

By exploiting the Lipschitz continuity of @j · j � and assuming � 1
i ; � 2

i � � �
one deduces that


 0j� 1
i � � 2

i j � RY jetr ;1
i � etr ;2

i j + 2 � L � 0j� 1
i � � 2

i j

+
2� L �� �

�
jetr ;1� etr ;2j + �� � jetr ;1� etr ;2j: (5.40)
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5.5.3 Existence for the discrete problem

Let us now check that the discrete system (5.28)-(5.29) can b e solved for all given � i � 1 > 0,

etr
i � 1 2 R3� 3

dev

, � e
i > 0, and ei 2 R3� 3

dev

. The strategy here is to consider an iterative pro cedure,

solving indeed the mechanical and the thermal problems sequentially.

For some trial

~etr
i 2 B := f etr 2 R3� 3

dev

: jetr j � � L g;

we �nd the unique solution

~� = S1(~etr
i ) of (5.34) with etr

i = ~etr
i . Note that the map

S1
is Lipschitz continuous by (5.40). Then, we uniquely solve (5.32) with � i = ~� for

etr
i = S2(~� ) . Recall from (5.33) that the solution op erator S2

is Lipschitz continuous as

well. In conclusion, we have de�ned a Lipschitz continuous map S = S2 � S1
from the ball

B to itself. Hence, S has a �xed p oint etr
by the classical Browder Theorem, and the pair

(�; etr ) = ( S1(etr ); etr ) solves (5.32)+(5.34).

Before closing this section let us remark that the ab ove existence pro of is nonconstruc-

tive. In particular, we are not in the p osition of proving that the iterative pro cedure

actually converges, but rather that some subsequence of such iterations converges. Our

numerical evidence shows however that this issue is not jeopardizing the p erformance of

the algorithm. Namely, the numerical pro cedure always detects a �xed p oint.

5.5.4 Unconditional stability

In order to p ossibly check the unconditional stability of the scheme, as well as its con-

vergence, let us intro duce some assumptions on the data. In what follows we shall ask

for

� e 2 W 1;1(0; T); � e � � e
min > 0; e 2 W 1;1 (0; T; R3� 3

dev

);

� 0 > 0; etr
0 2 B; 9etr

� 1 2 R3� 3
dev

such that

RY @jetr
0 � etr

� 1j + ( H +2G)etr
0 + f (� 0)jetr

0 j � 3 2Ge(0): (5.41)

Moreover, let us intro duce the short-hand notation for incremental quotients

�� i =
� i � � i � 1

� i
; � etr

i =
etr

i � etr
i � 1

� i
;
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and so on. In the following, the symb ol C stands for any constant dep ending on data but

not on the partition, and p ossibly varying from line to line.

By induction on i , the lower b ound (5.38) entails the following uniform lower b ound

� i � minf � 0; � e
min ; � tr � 2� g =: � min > 0: (5.42)

For the sake of later purp oses, let us assume to have chosen � 0 , � e
, and � tr in such a way

that � min > 250 K.

We start by testing the temp erature equation (5.34) by � i �� i getting


 0� i j�� i j2 � � (log � i � log� i � 1)

�
�� i

� e
i

�� i + � i RY j� etr
i j�� i + � i f 0

� (� i )@jetr
i j � :� etr

i �� i : (5.43)

Let us now take the di�erence b etween (5.32) written at level i and the same relation

at level i = 1 . By making use of etr
� 1 from (5.41) this can b e accomplished for all i =

1; : : : ; m � N . We test this di�erence by � etr
i and exploit the fact that � i 2 @RY jetr

i � etr
i � 1j

i� etr
i � etr

i � 1 2 @IRY (� i ) in order to deduce that

� i (H +2G)j� etr
i j2 � � i 2G� ei :� etr

i � � i �f (� i )@jetr
i j � :� etr

i :

Let us now multiply the latter by � i > 0 and add it to (5.43) getting


 0� i j�� i j2 � � (log � i � log� i � 1) + � i � i (H +2G)j� etr
i j2

�
�� i

� e
i

�� i + � i RY j� etr
i j�� i + � i � i (f 0

� (� i )�� i � �f (� i ))@jetr
i j � :� etr

i + � i 2G� i � ei :� etr
i

=
�� i

� e
i

�� i + � i RY j� etr
i j�� i + � 2

i � i
f 00

� (~� )
2

j@�i j2@jetr
i j � :� etr

i + � i 2G� i � ei :� etr
i

� � i Cj�� i j + � i RY j� etr
i j j �� i j + � i

� L �� �

2�
j�� i j2 + � i Cj� i j j � etr

i j

where

~� is an intermediate value b etween � i and � i � 1 . By taking the sum of the latter
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inequality for i = 1; : : : ; m � N we deduce

�

 0�

� L �� �

2�

� mX

i � 1

� i j�� i j2 � � log� m +
X

� i � i (H +2G)j� etr
i j2

� C + C
mX

i � 1

� i j�� i j + RY

mX

i � 1

� i j� etr
i j j �� i j + C

mX

i � 1

� i j� i j j � etr
i j: (5.44)

Under the compatibility conditions


 0�
� L �� �

2�
> 0 and R2

Y < � min 
 0(H +2G); (5.45)

which are satis�ed by our data set (see Table 5.8) by letting, for instance, � � = 450 K and

� = 30 K and recalling that � min > 250 K, one has that

NX

i =1

� i (j�� i j2 + j� etr
i j2) � C: (5.46)

5.5.5 Convergence

Let us consider a sequence of partitions f t i g so that the corresp onding maximal time step

� = max i (t i � t i � 1) converges to 0. We shall index these partitions by their diameter � .

Letting f ui gN
i =0 b e a vector, we denote by u� , u� , u� three functions of the time interval

[0; T] which interp olate the values of the generic vector f ui g on the partition with size � .

In particular, for all t 2 (t i � 1; t i ], i = 1; : : : ; N ,

u� (0) := u0; u� (t) := � i (t)ui +
�
1 � � i (t)

�
ui � 1;

u� (0) := u0; u� (t) := ui ;

u� (0) := u0; u� (t) = ui � 1

where

� i (t) := ( t � t i � 1)=� i :
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Owing to these notations we can rewrite the discrete system (5.28)-(5.29) in the compact

form


 � (y
�
) _� � �

�

� �
= �

�

�
e
�

+ RY j _etr
� j + � � f 0

� (� � )@jetr
� j � : _etr

� ; (5.47)

� � + ( H +2G)etr
� + f � (� � )@jetr

� j � + � � = 2Ge� ; (5.48)

� � 2 RY @j _etr
� j; � � 2 @I(etr

� ) (5.49)

for almost all t 2 (0; T) . In particular, by the b oundedness of @j · j and @j · j � one obtains

from the b ound (5.46) and by comparison in (5.48) that the norms

k� � kH 1 ; ketr
� kH 1 ; k� � kL 1 ; k� � kL 1

are b ounded, indep endently of � :

Hence, we can extract not relab eled subsequences such that

� � ! � strongly in C[0; T] and weakly in H 1(0; T); (5.50)

� � ; � � ! � strongly in L1 (0; T); (5.51)

etr
� ! etr

strongly in C([0; T]; R3� 3
dev

) and weakly in H 1(0; T; R3� 3
dev

); (5.52)

etr
� ; etr

� ! etr
strongly in L1 (0; T; R3� 3

dev

): (5.53)

� � ! � weakly star in L1 (0; T; R3� 3
dev

): (5.54)

� � ! � weakly star in L1 (0; T; R3� 3
dev

): (5.55)

We shall now pass to the limit in relations (5.47)-(5.49). By using also the uniform p ositiv-

ity of � � from (5.42) we have that 
 � (y
�
) ! 
 � (y ) strongly in L1 (0; T) so that convergence

(5.50) entails that 
 � (y
�
) _� � ! 
 � (y ) _� weakly in L2(0; T) . The convergence of the terms

� �= � � ! � �=� and � �= �
e
� ! � �=� e

in L1 (0; T) follow by the strict b ound (5.42), con-

vergence (5.51), and the fact that �
e
� ! � e

in C[0; T]. Moreover, we readily check that

� � f 0
� (� � )@jetr

� j � : _etr
� ! �f 0

� (� )@jetr j � : _etr
weakly in L2(0; T; R3� 3

dev

)

where we have in particular used the Lipschitz continuity of @j · j � . We can pass to the

limit in each term in (5.48) getting

� + ( H +2G)etr + f � (� )@jetr j � + � = 2Ge: (5.56)
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In addition, by the classical strong-weak closure of sub di�erentials we get that � 2 @I(etr )

almost everywhere in time. In order to identify � we pro ceed by lower semicontinuity by

computing

lim sup
� ! 0

� Z T

0
� � : _etr

� dt
�

� lim sup
� ! 0

 

�
H +2G

2
(jetr

� (T)j2�j etr
0 j2) � I (etr

� (T)) + I (etr
0 )

�
Z T

0
f � (� � )@jetr

� j � : _etr
� dt +

Z T

0
2Ge� : _etr

� dt

!

� �
H +2G

2
(jetr (T)j2�j etr

0 j2) � I (etr (T)) + I (etr
0 ) �

Z T

0
f � (� )@jetr j � : _etr dt

�
Z T

0
2Ge:_etr dt =

Z T

0
� : _etr dt:

In particular, by the classical result [57, Prop. 2.5, p. 27] we obtain that � 2 RY @j _etr j

almost everywhere and

Z T

0
RY j _etr

� j dt =
Z T

0
� � : _etr

� dt !
Z T

0
� : _etr dt =

Z T

0
RY j _etr j dt:

The ab ove estimate can b e also lo calized to subsets [s; t] � [0; T] so that it indeed entails

the convergence RY j _etr
� j ! RY j _etr j in L1(0; T) . This concludes the convergence pro of.

5.6 Numerical results

The aim of this section is to illustrate the p erformance of the prop osed semi-implicit

scheme. We shall implement the discretization pro cedure describ ed in Subsection 5.5.3.

Given a time partition f t i g, initial data (� 0; etr
0 ) , and p ossibly time-dep endent external

data i 7! (� e
i ; ei ) , we solve the system (5.28)-(5.29) for i = 1; : : : ; N by iterating, at each

time step, the solution of the mechanical and thermal subproblems until convergence. As

the computationally observed temp eratures do not exceed the threshold � � � 2� , no actual

truncation of f is needed in the algorithm. We shall hence keep the notation f in the

remainder of the section.

From the algorithmical viewp oint, the solution of the iteration in the (scalar) ther-
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mal subproblem is straightforward. On the other hand, the discussion of the mechanical

subproblem, namely relation (5.32), is more delicate so that we shall concentrate on the

latter. Indeed, the interplay of the three nonlinear terms of relation (5.32) is at the same

time a distinctive feature of the mo del and a criticality, in term of the use of generalized

Newton metho ds. The intro duced regularization j · j � of a norm in (5.32) is clearly b ene�-

cial from the algorithmical viewp oint. This approximation is widely used in this context

[24, 214, 217, 290] and has b een proved to converge to the nonregularized situation for

� ! 0 in a numb er of relevant cases [23]. Still, this regularization is to a large extent not

needed here, as we comment in the following subsection.

5.6.1 Nonregularized case in (5.32)

We shall collect here some discussion on the p ossibility of considering directly the nonreg-

ularized case � = 0 in relation (5.32). Although not accessible to a complete theoretical

analysis, the nonregularized case corresp onds to the original formulation of the material

relation. As such, we b elieve it to b e of interest from b oth the mo deling and numerical

viewp oint.

Given data � i > 0 and etr
i � 1; ei 2 R3� 3

dev

, the idea is to p erform some a priori tests in

order to check if the solution etr
i of relation (5.32) is

neither f etr
i � 1g nor f 0g;

which exactly corresp ond to the singular sets of the nonlinearities @jetr � etr
i � 1j and @jetr j

(that is @jetr j � for � = 0) in (5.32), resp ectively (the treatment of the constraint @I(etr
i )

follows ex post , see b elow). We shall pro ceed by distinguishing mutual cases.

Case (1): etr
i = etr

i � 1 = 0 . In this case relation (5.32) corresp onds to

(RY + f (� i ))B 3 2Gei

where B = fj etr j � 1g is the unit ball. This can b e achieved i�

2Gjei j � RY + f (� i ): (5.57)
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Case (2): etr
i � 1 6= etr

i = 0 . Here, relation (5.32) reads

RY
etr

i � 1

jetr
i � 1j

+ f (� i )B 3 2Gei

which can b e ful�lled i� �
�
�
�2Gei � RY

etr
i � 1

jetr
i � 1j

�
�
�
� � f (� i ): (5.58)

Case (3): etr
i = etr

i � 1 6= 0 and jetr
i j < � L . We can rewrite relation (5.32) as

RB + ( H +2G)
etr

i � 1

jetr
i � 1j

+ f (� i )
etr

i � 1

jetr
i � 1j

3 2Gei

which holds i� �
�
�
�2Gei � (H +2G)etr

i � 1 � f (� i )
etr

i � 1

jetr
i � 1j

�
�
�
� � RY : (5.59)

Case (4): etr
i = etr

i � 1 and jetr
i j = � L . In this situation relation (5.32) reads

RB + ( H +2G)
etr

i � 1

jetr
i � 1j

+ f (� i )
etr

i � 1

jetr
i � 1j

+ `
etr

i � 1

jetr
i � 1j

3 2Gei

where ` � 0 is the (norm of the) Lagrange multiplier corresp onding to the constraint

jetr
i j � � L . The inclusion holds i�, by letting

d :=
etr

i � 1

jetr
i � 1j

; w := 2Gei � (H +2G)etr
i � 1 � f (� i )

etr
i � 1

jetr
i � 1j

;

one has that

w 2 [0; 1 )d + RB:

This is equivalent to ask for ` � 0 and jx j � RY such that w = `d + x . Given w and d ,

this condition can b e readily checked to hold i�

(w :d � 0 and jw j � RY ) or (w :d > 0 and jw � (w :d)dj � RY ): (5.60)

By p erforming the checks (5.57)-(5.60) we can identify the singular situations etr
i = etr

i � 1

or etr
i = 0 completely. In case etr

i 6= etr
i � 1 and etr

i 6= 0 , we may pro ceed in solving relation

RY @jetr
i � etr

i � 1j + ( H +2G)etr
i + f (� i )@jetr

i j 3 2Gei ; (5.61)
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which is nothing but (5.32) where the constraint @I(etr
i ) has b een removed. Relation (5.61)

also admits a unique solution
~etr

i , which we have already checked to b e di�erent from etr
i � 1

and 0 . In particular, we can avoid regularizing the norms in (5.61) as long has we remain

in a neighb orho o d of the solution
~etr

i .

Eventually, if j~etr
i j � � L then etr

i = ~etr
i is the unique solution of (5.32). On the contrary,

one has to treat directly (5.32), where now � = 0 is allowed. On the other hand, the

constraining term @I(etr
i ) could b e regularized by p enalization as

@I� (etr
i ) =

1
�

(( jetr
i j� � L )+ )2 etr

i

jetr
i j

where � > 0 is a user-de�ned parameter. For all p ositive � the regularized term is Lipschitz

continuous and it can b e checked that the � -regularized solution to (5.32) converges as

� ! 0 to the solution of the nonregularized equation [23].

5.6.2 Implementation

The strain- and external-temp erature-driven constitutive-mo del driver has b een imple-

mented in the Mathematica ( Wolfram ) environment and has b een tested under di�erent

conditions.

The algorithm solves the time-discrete scheme from Section 5.5, along with the provi-

sions of Subsection 5.6.1. At each time t i , the values ei 2 R3� 3
dev

; � e
i > 0 are given as well as

the previous states � i � 1 > 0 and etr
i � 1 2 R3� 3

dev

. The algorithm computes the actual values

� i > 0 and etr
i 2 R3� 3

dev

. The pro cedure is iterative and it is summarized in Table 5.1 and in

the related sub-cycles.

In particular, the thermal subproblem is also solved iteratively. At each step one solves

a scalar nonlinear equation. This iteration is actually a contraction, so that geometric

convergence can b e guaranteed.

On the contrary, the mechanical subproblem is solved directly. Firstly, one analyzes

the four cases presented in Subsection 5.6.1. If all the corresp onding checks fail, the so-

lution of the mechanical subproblem is obtained by directly solving the nonlinear system.

The (failure of the) preliminary checks ensure that the equation is smo oth at the solu-

tion. In particular, a Newton-Raphson solution pro cedure, p ossibly in combination with a
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Table 5.1: Implementation algorithm for the strain- and external-temp erature-

driven driver.

Main algorithm

Starting data: f ei ; � e
i g 2 R3� 3

dev

� R+ and f etr
i � 1; � i � 1g 2 R3� 3

dev

� R+

De�ne etr
i; 0 = etr

i � 1:

while k � 1, j� i;k � � i;k � 1j=� i;k � tol , and jetr
i;k � etr

i;k � 1j=jetr
i;k j � tol do

Solve the thermal subproblem from Subsection 5.5.2:

given f � e
i ; � i � 1; etr

i � 1g 2 R+ � R+ � R3� 3
dev

and etr
i;k � 1 2 R3� 3

dev

�nd � i;k > 0 solving (5.34)

(see Table 5.3).

Solve the mechanical subproblem from Subsection 5.5.1:

given f ei ; � i;k g 2 R3� 3
dev

� R+ and etr
i � 1 2 R3� 3

dev

�nd etr
i;k 2 R3� 3

dev

solving (5.61)

(see Table 5.2).

end

constraint, can b e used.

5.6.3 Material parameters

The parameters used in the simulations are taken from [32] and are listed in Table 5.8. It

can b e veri�ed that the adopted parameters satisfy conditions (5.31) and (5.45).

5.6.4 Prop ortional tests

In the following, numerical results corresp onding to di�erent prop ortional tests are dis-

played. The imp osed prop ortional strain is of the form

t 7! " (t) = e(t) = "V (t)

2

6
6
6
6
6
6
6
6
6
4

s
2

3
0 0

0 �
1

p
6

0

0 0 �
1

p
6

3

7
7
7
7
7
7
7
7
7
5
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Table 5.2: Algorithm for the thermal subproblem.

Thermal subproblem

Starting data: f ei ; � e
i g 2 R3� 3

dev

� R+ , etr
i � 1; etr

i 2 R3� 3
dev

� i � 1 > 0

De�ne � i; 0 = � i � 1:

while k � 1 and j� i;k � � i;k � 1j=� i;k � tol do

Find � i;k > 0 solving


 � (y i � 1)� i �
� i �
� i

= �
� i �
� e

i
+ 
 � (y i � 1)� i � 1

+ RY jetr
i � etr

i � 1j + � i;k � 1f 0
� (� i;k � 1)@jetr

i j � :(etr
i � etr

i � 1):

end

Table 5.3: Algorithm for the mechanical subproblem.

Mechanical subproblem

Starting data: f ei ; � i g 2 R3� 3
dev

� R+ , and etr
i � 1 2 R3� 3

dev

.

Check Cases (1) to (4), see Tables 5.4-5.7.

if Checks (1) to (4) fail then

�nd
~etr

i 2 R3� 3
dev

solving

RY @j~etr
i � etr

i � 1j + ( H +2G)~etr
i + f (� i )@j~etr

i j 3 2Gei

by Newton-Raphson.

end

if j~etr
i j � "L then

de�ne etr
i = ~etr

i .

end

if j~etr
i j > " L then

de�ne etr
i by solving the system

RY @jetr
i � etr

i � 1j + ( H +2G)etr
i + f (� i )@jetr

i j 3 2Gei and jetr
i j = "L

by Newton-Raphson.

end
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Table 5.4: Test for Case (1).

Check Case (1)

if 2Gjei j � RY + f (� i ) then

etr
i = etr

i � 1

end

Table 5.5: Test for Case (2).

Check Case (2)

if

�
�
�
�
�
2Gei + RY

etr
i � 1

jetr
i � 1j

�
�
�
�
�

� f (� i ) then

etr
i = 0

end

Table 5.6: Test for Case (3).

Check Case (3)

if

�
�
�
�
�
2Gei � (H + 2G)etr

i � 1 � f (� i )
etr

i � 1

jetr
i � 1j

�
�
�
�
�

� RY then

etr
i = etr

i � 1

end

Table 5.7: Test for Case (4).

Check Case (4)

De�ne d := etr
i � 1=jetr

i � 1j , w := 2Gei � (H +2G)etr
i � 1 � f (� i )etr

i � 1=jetr
i � 1j:

if w :d � 0 and jw j � RY then

etr
i = etr

i � 1

end

if w :d > 0 and jw � (w :d)dj � RY then

etr
i = etr

i � 1

end
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Table 5.8: Material and numerical parameters for the implicit algorithm.

Symb ol Value Unit Description

E 45000 MPa Young's mo dulus

� 0.3 - Poisson's co e�cient

K 37500 MPa bulk mo dulus

G 17308 MPa shear mo dulus

RY 110 MPa critical stress

� 4.49 MPa/K co e�cient of function f
H 1000 MPa hardening constant

� tr 343 K martensite �nish temp erature

� L 0.049 - saturation strain limit

� 0 300 K initial temp erature

� e
390 K external temp erature

c 3.22 MPa/K sp eci�c heat

� 2 � 103
(MPa K)/s heat exchange co e�cient

� 31 K parameter in the de�nition of f
tol 10� 6

- tolerance

where the time-dep endent function t 7! "V (t) 2 R is given.

A �rst choice for "V is illustrated in Figure 5.1. A single tension-compression cycle is

p erformed. In order to clarify the material mechanisms, the �rst simulation is p erformed

in pure martensitic conditions, with � e = � 0 = 300K , and the second one is p erformed in

purely sup erelastic conditions, with � e = � 0 = 380K .

The resp onse of the �rst test is rep orted in Figure 5.2. Under the temp erature transfor-

mation region, the only p ossible transformations regard the martensite reorientation: such

mechanism provides a heat release, as it is clearly visible in the right plot of Figure 5.2. In-

deed, the temp erature of the material increases during the martensite detwinning, despite

the heat absorption by the external environment. In the elastic regions, the temp erature

change is only due to the exchange with the external environment.

The resp onse of the second test is rep orted in Figure 5.3. As b efore, we have heat

release during the forward austenite-to-martensite transformation. In this case, since the

material is in the sup erelastic region, heat absorption o ccurs during reverse martensite-to-

austenite transformation. Again, in the elastic region the temp erature only dep ends on

the heat exchange with the external environment.

The third prop ortional test is p erformed using the parameters in Table 5.8. The cor-

resp onding mechanical and thermal resp onse curves are displayed in Figure 5.4. It can
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b e clearly noted that the forward transformation pro duces a temp erature increase, which

in turn pulls the strain-stress curve towards higher-stress-level zones. Until time 70, the

material stays under the transformation temp erature. Therefore, the temp erature can only

increase, b ecause of b oth the forward phase transformation, and the heat exchange with

the external environment (indeed, the external temp erature is here �xed to b e � e = 390 K).

Below the transformation temp erature, only martensitic reorientation takes places and re-

leases heat.

At time 70, the material enters the transition zone, individuated by [� � � ; � + � ], so

that during the forward transformation the heat release is even higher than the heat amount

released at lower temp eratures. At time 81, the reverse transformation takes place, absorb-

ing heat. From time 123, a new forward transformation generated by compression o ccurs,

so that we have heat release again. At time 125, the transformation temp erature (i.e. the

center of the transformation range) is reached. After entering the sup erelastic region, it is

clearly visible that the temp erature increases with the increase of the transformation strain

during forward phase transformations, and afterwards the temp erature decreases (despite

the always present environmental heat exchange) during the transformation strain recov-

ery. During the elastic ranges, the temp erature changes are only driven by the exchange

with the external environment.

In Figure 5.5 we compare the ab ove-describ ed resp onse with the case of no heat ex-

change with the external environment ( � = 0 ). In the adiabatic case, the material do es not

reach the transformation temp erature, so there is no temp erature decrease due to recov-

ery. The absence of heat exchange is particularly visible during the elastic steps, when the

temp erature curve in the adiabatic case is �at, while in the former case it relaxes towards

the external temp erature.

A second comparison is made b etween the situation of Figure 5.4 and a case where

the strain-load "V is mo di�ed in rate as t 7! "V (t=5). In Figure 5.6 the resp onse of the

two cases is compared. The in�uence of the change in rate is clearly visible. Indeed, the

exchange of heat with the environment makes the mo del rate-dep endent. In order to clarify

this concept, a further simulation has b een p erformed to compare di�erent loading rates,

in b oth heat exchange and adiabatic cases. An initial temp erature equal to 325 K has b een

chosen in this case. The results of such a comparison are highlighted in Figure 5.7, where

it is easy to see that in the adiabatic case the variation of the loading rate do es not a�ect

the resp onse, i.e., the adiabatic case is rate-indep endent: indeed, the curves related to the
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adiabatic situations exactly overlap.
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Figure 5.1: First strain history: trend of the variable "V .
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Figure 5.2: First strain history, martensitic conditions case: strain 11 versus stress

11 plot (a) and temp erature plot (b).

A second choice for t 7! "V (t) is a multi-cycle test, displayed in Figure 5.8(a). Each

cycle is highlighted with a di�erent color, for b etter readability. The corresp onding material

resp onse in rep orted in Figure 5.8(b-c). Also here, it is apparent that during the forward

transformation the temp erature increases with the increasing transformation strain, while

on the contrary, during the reverse transformation the temp erature decreases with the

decreasing transformation strain, a b ehavior proved by several exp erimental evidences [262,

263] and correctly repro duced by the present mo del.
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Figure 5.3: First strain history, sup erelastic conditions case: strain 11 versus stress

11 plot (a) and temp erature plot (b).
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Figure 5.4: First strain history: strain 11 versus stress 11 plot (a) and temp erature

plot (b).
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Figure 5.5: First strain history: comparison of the strain 11 versus stress 11 plots

(a) and of the temp erature trends (b) in the two cases heat exchange (blue) vs

adiabatic (red).
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Figure 5.6: First strain history: comparison of the strain 11 versus stress 11 plots

(a) and of the temp erature trends (b) in the two cases � = 1 s (blue) vs � = 5 s

(red).
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Figure 5.7: First strain history: comparison of the strain 11 versus stress 11 plots

(a) and of the temp erature trends (b) for changing rate and heat exchange co e�-

cient.

5.6.5 Non-prop ortional tests

We present here also the material resp onse for non-prop ortional biaxial tests. We p erform

two hourglass tests as well as a square test. The �rst hourglass test and the square test

present the following strain tensor form

t 7! " (t) =

2

6
6
4

"11(t) 0 0

0 "22(t) 0

0 0 0

3

7
7
5

where the two comp onents t 7! "11(t) and t 7! "22(t) are given. The strain tensor of the

second hourglass test is instead

t 7! " (t) =

2

6
6
4

"11(t) "12(t) 0

"12(t) 0 0

0 0 0

3

7
7
5

with t 7! "11(t) and t 7! "12(t) given.

In Figures 5.9, 5.10, and 5.11 the imp osed strain and the resp onse in terms of stress/strain

and temp erature plots are presented. The results show that the mo del is capable of de-
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Figure 5.8: Second strain history: trend of the variable "V (a), strain 11 versus

stress 11 plot (b) and temp erature trend plot (c). Each traction-compression cycle

is highlighted with a di�erent colour.
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Figure 5.9: First hourglass strain history: trend of the strain 11 and strain 22

comp onents (a), strain 11 versus strain 22 plot (b), stress 11 versus stress 22 plot

(c) and temp erature trend plot (d).

147



0 100 200 300 400 500

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

time [s]

st
ra

in

 

 

strain 11
strain 12

(a)

-0.06 -0.04 -0.02 0 0.02 0.04 0.06

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

strain 11

st
ra

in
 1

2

(b)

-3000 -2000 -1000 0 1000 2000 3000
-1500

-1000

-500

0

500

1000

1500

stress 11 [MPa]

st
re

ss
 1

2 
[M

P
a]

(c)

0 100 200 300 400 500
300

320

340

360

380

400

time [s]

te
m

pe
ra

tu
re

 [K
]

(d)

Figure 5.10: Second hourglass strain history: trend of the strain 11 and strain 12

comp onents (a), strain 11 versus strain 12 plot (b), stress 11 versus stress 12 plot

(c) and temp erature trend plot (d).
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Figure 5.11: Square strain history: trend of the strain 11 and strain 22 comp onents

(a), strain 11 versus strain 22 plot (b), stress 11 versus stress 22 plot (c) and

temp erature trend plot (d).
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scribing the coupled thermomechanical e�ects also in non-prop ortional tests.

5.6.6 Thermal tests

A set of thermal tests are presented, where a constant strain, with the same tensor form of

the prop ortional tests and "V = 0:044, is imp osed and the external temp erature is cycled

b etween 300 and 500 K. Di�erent heating/co oling rates have b een imp osed in order to

compare the time-dep endent results. The curves are displayed in Figure 5.12: the mo del

can prop erly repro duce a shap e-memory actuator resp onse.
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Figure 5.12: Thermal tests: comparison of the temp erature plots (a) and of the

temp erature vs stress 11 plots (b) for changing heating/co oling rate.

5.7 Conclusions

Inspired by the GENERIC variational framework, we have presented a reformulation of

a thermomechanically coupled mo del for SMA in terms of a generalized gradient �ow of

thermal and mechanical variables. This reformulation has b een then sp ecialized to the case

of space-homogeneous �elds, where it is co ordinated with heat exchange with the external

environment, here resp onsible for the rate-dep endence in the mo del.

Based on this reformulation, a semi-implicit time-discrete scheme for the thermome-

chanically coupled system in the space-homogeneous setting has b een presented. The

scheme is proved to b e unconditionally stable and convergent. In particular, the corre-

sp onding continuous counterpart admits a solution.
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The p erformance of the time discretization has b een assessed through a numb er uniaxial

and biaxial numerical tests. At the algorithmical level, the nonlinear character of the

constitutive mo del is resolved by a dedicated testing pro cedure, combined with the solution

of a smo oth di�erential system. The computational results prove that the mo del prop erly

and robustly repro duces the thermomechanical b ehavior of the material with resp ect to

di�erent loading and environmental regimes.
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Chapter 6

A three-dimensional �nite-strain

phenomenological mo del for

shap e-memory p olymers

The present study is included in a pap er which is currently in preparation.

6.1 Intro duction

The increasing interest and employment of SMPs in the design of innovative devices moti-

vates a deep investigation of the material b ehavior as well as the intro duction of e�ective

constitutive mo dels. Several works available from the literature present exp erimental cam-

paigns, e.g. [40, 330, 186, 337, 246, 320]. Noticeable progress has b een made over the last

decades in terms of constitutive mo deling, from earlier simple stress-strain relationships

and descriptions of shap e-memory pro cesses [244] to recent complex structure analyses at

di�erent levels [269, 165]; however, such a research is still an active �eld, since material

b ehavior varies considerably due to the vast range of p olymer typ es [136].

Several mo dels have b een develop ed for thermo-resp onsive SMPs; see [136] for a review.

In the literature, two main approaches have b een used to describ e the b ehavior of thermo-

resp onsive SMPs [88]. The �rst approach is based on the concept of phase transition: the

material is assumed to b e softer (lower Young's mo dulus) at high temp erature and harder

at low temp erature; often, the high-temp erature state is referred to as "rubb ery" phase and

the low-temp erature state is called "glassy" state. During the phase transition, a fraction
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of the material is in the glassy state while the remainder is in the rubb ery state. Internal

variables and constraints are used to describ e the transition b etween the two phases, see,

e.g., [186, 284, 41, 42, 357, 275, 45, 65, 66, 156, 293, 221]; in particular, a rule of mixture

is generally intro duced. The second approach is based on the standard linear visco elastic

mo dels commonly used to simulate p olymers b ehavior. The second approach is based on

the standard linear visco elastic mo dels commonly used to simulate p olymer b ehavior; see,

e.g. [329, 2, 88, 231, 349, 111, 112, 230].

Therefore, the �rst-typ e mo dels repro duce the overall macroscopic b ehavior of SMPs

and may use non-physical parameters, such as the volume fractions of the material phases,

while the second-typ e mo dels describ e the underlying mechanisms of the shap e-memory

e�ect, e.g. chain mobility and interface motion. The choice of the mo del to use dep ends

on how many details we need to accurately describ e material resp onse, in relation to

the investigated application. The �rst-typ e mo dels can b e the most e�cient route in

engineering applications, esp ecially considering that they are usually less exp ensive in

terms of computational time compared to the second-typ e mo dels.

Motivated by the ab ove considerations and following the line of the �rst-typ e mo dels

discussed ab ove, the present chapter aims to intro duce a constitutive mo del for thermo-

resp onsive SMPs. The following consideration will b e taken into account: in order to

prop erly describ e the shap e-memory b ehavior of SMPs, a constitutive mo del should (i)

b e intro duced within a thermo dynamically consistent mathematical framework; (ii) b e

formulated in a three-dimensional setting to allow its application to a broad variety of cases;

(iii) b e develop ed in a �nite-strain setting, since a fundamental feature of SMPs is their

capability to undergo severe deformations; (iv) consider the p eculiar thermomechanical

features of SMPs, since temp erature plays a key role in shap e-�xing and shap e-recovery.

The prop osed mo del satis�es all the listed requirements and is motivated by the earlier

work of Reese and coworkers [284], who intro duced a three-dimensional mo del and an ef-

fective algorithm to simulate SMP b ehavior in various situations. Accordingly, the mo del

is based on a phenomenological description of SMP b ehavior, considering a rubb ery phase

stable at temp eratures ab ove the transition range, and a glassy phase stable at temp er-

atures b elow the transition range. A rule of mixture is intro duced to describ e the free

energy distribution of the two phases.

The novelty of the prop osed approach is the inclusion in the mo deling formulation of sev-

eral material features that are signi�cant from the application p oint of view and that have

154



not b een addressed to date. Sp eci�cally, the mo del repro duces b oth high-temp erature and

low-temp erature shap e-�xing, di�erently from [284] where only high-temp erature shap e-

�xing is considered, and it takes into account the non-ideal b ehavior of real SMPs (i.e.

imp erfect shap e-�xity and incomplete shap e-recovery), which is not considered in [284].

To this purp ose, we intro duce additional tensorial and scalar quantities to repro duce the

cited features. Thanks to the just mentioned novelties with resp ect to [284], the prop osed

mo del b ecomes very versatile and, therefore, it can b e adapted to describ e the b ehavior of

a wide range of p olymer typ es and op erating conditions.

As further advantages of the prop osed mo del, we recall that it presents a low numb er

of material parameters, which can b e derived from intuitive physical considerations. More-

over, the mo del can repro duce the overall SMP b ehavior using a relatively simple solution

algorithm, thus entailing a low computational e�ort.

Mo del p erformances are assessed through several numerical tests ranging from uniaxial

and biaxial tests to more complex simulations of biomedical devices. Mo del validation

is p erformed through a comparisons with two sets of exp erimental data taken from the

literature [107, 337].

The chapter is organized as follows. Section 6.2 and 6.3 present the prop osed consti-

tutive mo del in a time-continuous and time-discrete setting, resp ectively. Then, Section

6.4 describ es the p erformed numerical simulations and the comparison with exp erimental

data from the literature. Finally, conclusions are given in Section 6.5.

6.2 Time-continuous mo del formulation

This section addresses a three-dimensional phenomenological mo del for thermo-resp onsive

SMPs, along the lines of the work by [284].

6.2.1 State and internal variables

In the framework of macroscopic mo deling and of �nite-strain continuum mechanics, we

assume the total deformation gradient F and temp erature � as state variables. The right

Cauchy-Green strain tensor and the Green-Lagrange strain tensor are then, resp ectively,

de�ned as:

C = FT F (6.1)
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E =
C � 1

2
(6.2)

where 1 is the second-order identity tensor.

As mentioned in Section 6.1, the mo del aims to repro duce the shap e-�xing and shap e-

recovery due to reversible state changes b etween the glassy and rubb ery phases as well

as to include, as a novelty, the description of b oth high-temp erature and low-temp erature

shap e-�xing and of the non-ideal b ehavior of realistic SMPs (i.e. imp erfect shap e-�xity

and incomplete shap e-recovery). In fact, since realistic SMP materials often display an

imp erfect shap e-�xity and/or a limited shap e-recovery, it b ecomes imp ortant to include

such a b ehavior in the material resp onse description. To this purp ose, we prop ose to

interpret the thermomechanical b ehavior of SMPs from a phenomenological viewp oint by

exploiting the principles of continuum thermo dynamics with internal variables, without

explicitly incorp orating details on the molecular interactions. We therefore intro duce scalar

and tensorial variables in the mo del formulation, as describ ed in the following. We now

provide a summary of the adopted variables and of their physical meaning.

As previously mentioned, we distinguish b etween a glassy and a rubbery phase: the

�rst one stable at temp eratures b elow the transition temp erature, the second one stable

at temp eratures ab ove the transition temp erature. In the following, we adopt sup erscripts

"g" and "r" to indicate the glassy and rubb ery phase, resp ectively.

The volume fractions of the glassy and rubb ery phases are represented by the scalar

variables zg
and zr

, resp ectively, such that zg; zr 2 [0; 1] and zg + zr = 1 . Thanks to

this last constraint, the mo del restricts itself to just one indep endent volume fraction, zg
,

letting zr = 1 � zg
.

We assume that the total deformation gradient F is the same for b oth rubb ery and

glassy phase, such that:

F = F tg = F tr
(6.3)

where F tg
is the total deformation gradient of the glassy phase and F tr

is the total defor-

mation gradient of the rubb ery phase.

To simulate the high-temp erature shap e-�xing, we intro duce the frozen deformation

gradient F f
, i.e. the amount of temp orary deformation which is stored during the high-

temp erature shap e-�xing. This choice is motivated by the fact that the deformation in-

duced by the high-temp erature loading can b e stored temp orarily (i.e. "frozen") at low
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temp eratures by emerging molecular interactions; it can b e released only when such in-

teractions disapp ear up on subsequent heating over the transition temp erature [186]. To

mo del the storage of F f
, we prop ose a lo cal multiplicative decomp osition of the total de-

formation gradient F tg
into an active glassy phase contribution and a frozen contribution,

resp ectively Fg
and F f

. Therefore, we obtain:

F tg = F = FgF f
(6.4)

It can b e observed that the deformation gradient in the glassy phase, Fg
, can b e easily

derived once given F and F f
.

In the following, we adopt an elastoplastic b ehavior for the active glassy phase. Follow-

ing a well-established approach [54], we assume a lo cal multiplicative decomp osition of the

mechanical deformation gradient of the glassy phase, Fg
, into an elastic part Feg

, de�ned

with resp ect to an intermediate con�guration, and a plastic part Fpg
, de�ned with resp ect

to the reference con�guration. Accordingly,

Fg = FegFpg
(6.5)

To repro duce the low-temp erature shap e-�xing pro cedure, and the subsequent shap e-

recovery (see Figure 1.14), we employ the plastic deformation gradient of the glassy phase,

Fpg
. In fact, exp erimental tests, e.g. [293], show typical elastoplastic stress-strain curves

for the glassy phase, with a (partially) recoverable plastic deformation accumulated dur-

ing low-temp erature shap e-�xing. An appropriate evolution equation will b e prop osed in

Subsection 6.2.5 to repro duce the recovery of such deformation.

To simulate the imp erfect shap e-�xing, we intro duce a p ositive material parameter c

governing the evolution of the frozen deformation gradient F f
. Particularly, in case of

p erfect shap e-�xing all the applied deformation is stored, i.e. F f = F (and therefore Fg =

1 ) in Eq. (6.4); further details ab out the evolution of F f
will b e provided in Subsection

6.2.5.

Finally, to repro duce the incomplete shap e-recovery, we intro duce the permanent de-

formation gradient Fp
, taking into account the amount of applied deformation which is

not recovered through heating. A further multiplicative decomp osition is considered for

the total deformation gradient F tr = F , into an active rubb ery phase contribution and an
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irrecoverable contribution, as follows:

F tr = F = F r Fp
(6.6)

It can b e observed that the deformation gradient in the rubb ery phase, F r
, can b e easily

derived once given F and Fp
.

We assume a hyp erelastic b ehavior for the rubb ery phase, i.e. the mechanical defor-

mation gradient in the rubb ery phase F r
coincides with the elastic part Fer

, as commonly

accepted in the literature, e.g. [110].

Thanks to the adopted variables, the mo del is able to describ e the classical shap e-

memory b ehavior of SMPs, as also demonstrated by the numerical simulations presented in

Section 5.6. While the mo del by [284] can only repro duce an ideal shap e-memory b ehavior,

the prop osed mo del includes the p ossibility to simulate b oth imp erfect shap e-�xity and

incomplete shap e-recovery and is therefore more realistic. Moreover, the intro duction of

the plastic deformation gradient in the glassy phase allows to simulate the low-temp erature

shap e-�xing, again extending the mo del by [284].

6.2.2 Helmholtz free-energy function

The Helmoltz sp eci�c free energy 	 = 	( F r ; Fg; zg) is determined by employing the rule

of mixtures, considering that the material is a combination of rubb ery and glassy phases.

In particular, we set:

	 = zg	 g + (1 � zg)	 r
(6.7)

where 	 g = 	 g (Fg) and 	 r = 	 r (F r ) are the free energies of the glassy and rubb ery

phases, resp ectively.

Accordingly to our assumptions on the b ehavior of the glassy and rubb ery phases (see

Subsection 6.2.1), we de�ne the free-energy contributions as follows:

	 g = 	 eg + 	 pg + 	 g
th + 	 g

ref (6.8)

	 r = 	 er + 	 r
th + 	 r

ref (6.9)

where 	 eg = 	 eg(Feg) and 	 er = 	 er (Fer ) are the elastic contributions of the glassy and
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rubb ery phases, while 	 pg = 	 pg(Fpg) is the plastic contribution of the glassy phase; 	 i
th

( i = g; r ) is the sp eci�c free energy related to thermal expansion; 	 i
ref ( i = g; r ) is the

sp eci�c free energy related to the temp erature change with resp ect to the reference state,

in which T = Tref .

In the following we mo del the hyp erelastic resp onses of the rubb ery and glassy phases

through a Saint Venant-Kirchho� typ e expression. The Saint Venant-Kirchho� mo del for

hyp erelasticity has b e chosen here merely for its simplicity, since we are not considering one

particular p olymer typ e and the goal of our study is mainly to present a �exible phenomeno-

logical mo deling framework for SMPs. Saint Venant-Kirchho� mo del could b e replaced by

other hyp erelasticity laws (e.g. Neo-Ho okean, Arruda-Boyce, Ogden-Roxburgh), which al-

low a b etter description under tension and compression loading, according to the sp eci�c

p olymer under investigation. The free-energy contributions are de�ned as:

	 eg =
� g

2
[tr ( Eeg)]2 + � gtr

�
Eeg2�

(6.10)

	 pg =
1

2
hjEpgj2 (6.11)

	 er =
� r

2
[tr ( Eer )]2 + � r tr

�
Eer 2�

(6.12)

	 g
th = � 3� g� g(T � Tref )tr[ Eg] (6.13)

	 r
th = � 3� r � r (T � Tref )tr[ E r ] (6.14)

	 g
ref = cg

2

4(T � Tref ) � T ln
T

Tref

3

5 + ( ug
ref � T sg

ref ) (6.15)

	 r
ref = cr

2

4(T � Tref ) � T ln
T

Tref

3

5 + ( ur
ref � T sr

ref ) (6.16)

Here, � i
and � i

( i = g; r ) are the �rst and second Lamé parameters, resp ectively; h
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is a p ositive parameter describing the material hardening; � i
( i = g; r ) is the thermal

expansion co e�cient; � i
( i = g; r ) is the bulk mo dulus; ci

( i = g; r ) is the sp eci�c heat

capacity; Tref is the reference temp erature; ui
ref and si

ref ( i = g; r ) are resp ectively the

internal energy and the entropy at the reference temp erature. Finally, Eer
, Eeg

, and Epg

are the Green-Lagrange strain tensors de�ned as:

Eer = E r =
Fer T Fer � 1

2
(6.17)

Eeg =
FegT Feg � 1

2
(6.18)

Epg =
FpgT Fpg � 1

2
(6.19)

6.2.3 Clausius-Duhem inequality and dissipativity

Here, we present the derivation of the mo del equations and the evaluation of the dissipation

inequality.

At �rst, the second law of thermo dynamics in the form of the Clausius-Duhem inequal-

ity is evaluated [102, 86]:

� � _	 + Sg : _Eg + Sr : _E r � �s _T �
q · r T

T
� 0 (6.20)

where � is the material density, s is the entropy and q is the heat �ux vector; the symb ol

r represents the gradient op erator.

The computation of

_	 is now rep orted:

_	 =
@	

@T
_T + zg

@	 g

@Eg
: _Eg + zg

@	 g

@Epg
: _Epg + (1 � zg)

@	 r

@E r
: _E r

(6.21)

Intro ducing Eq. (6.21) into the Clausius-Duhem inequality, we have:
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� �

2

4
@	

@T
_T + zg

@	 g

@Eg
: _Eg + zg

@	 g

@Epg
: _Epg + (1 � zg)

@	 r

@E r
: _E r

3

5 +

+ Sg : _Eg + Sr : _E r � �s _T �
q · r T

T
� 0 (6.22)

� �

0

@
@	

@T
+ s

1

A _T + �z g

0

@�
@	 g

@Eg
+ Sg

1

A : _Eg + � (1 � zg)

0

@�
@	 r

@E r
+ Sr

1

A : _E r

� �z g
@	 g

@Epg
: _Epg �

q · r T

T
� 0 (6.23)

The term related to plasticity is traditionally expressed according to the plastic velo city

gradient, de�ned as:

L pg := _FpgFpg� 1
(6.24)

Therefore, we can reformulate expression (6.23) as:

� �

0

@
@	

@T
+ s

1

A _T + �z g

0

@�
@	 g

@Eg
+ Sg

1

A : _Eg + � (1 � zg)

0

@�
@	 r

@E r
+ Sr

1

A : _E r

� �z gFpg
@	 g

@Epg
FpgT : L pg �

q · r T

T
� 0 (6.25)

From the Clausius-Duhem inequality we can de�ne the constitutive equations:

Sg =
@	 g

@Eg
= Fpg� 1

@	 eg

@Eeg
Fpg� T +

@	 g
th

@Eg
=

= Fpg� 1(� gtr ( Eeg) 1 + 2� gEeg)Fpg� T � 3� g� g(T � Tref )1 (6.26)
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Sr =
@	 r

@E r
=

@	 er

@Eer
+

@	 r
th

@E r
= � r tr ( Eer ) 1 + 2� r Eer � 3� r � r (T � Tref )1 (6.27)

s = �
@	

@T
= sref �

@zg

@T
(	 g � 	 r )+3 � r � r tr[ E r ]+3� g� gtr[ Eg]+ cln

T

Tref
�

@	

@F f
:

@F f

@T
�

@	

@Fp
:

@Fp

@T
(6.28)

X g := � Fpg
@	 g

@Epg
FpgT = Ceg

@	 eg

@Eeg
� Fpg

@	 pg

@Epg
FpgT = Ceg(� gtr( Eeg)1+2� gEeg)� hFpgEpgFpgT

(6.29)

with X g
the thermo dynamic force asso ciated to the plastic velo city gradient, where we

identify the Mandel stress M g := Ceg
@	 g

@Eeg
.

It is worth highlighting that the quantities zg; F f ; Fp
cannot b e considered internal vari-

ables, so the Clausius-Duhem inequality do es not restrain their evolution laws. Moreover,

such variables are only dep endent on temp erature: therefore, when

_	 is calculated, they

are incorp orated into

@	

@T
.

In order to satisfy the second law of thermo dynamics, we need p ositive mechanical and

thermal dissipation. Since we are in the isotropic case, the plastic velo city gradient can b e

identi�ed with its symmetric part, i.e. L pg � D pg =
1

2

�
_FpgFpg� 1 + Fpg� T [ _Fpg]T

�
. We can

therefore express the mechanical dissipation as:

X g : D pg � 0 (6.30)

To ensure the p ositiveness of the mechanical dissipation term, we assume a convex limit

function:

FY = j dev (X g) j � Rpg
(6.31)
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and we express the �ow rule according to the normality prop erty:

D pg = _

@FY
@X g

= _

dev (X g)

j dev (X g) j
(6.32)

Considering the de�nition of the plastic velo city gradient, Eq. (6.24), the expression

(6.32) can b e equivalently written as:

_Fpg = _

@FY
@X g

Fpg = _

dev (X g)

j dev (X g) j
Fpg

(6.33)

Finally, we enforce the Kuhn-Tucker conditions:

_
 � 0; FY � 0; _
F Y = 0: (6.34)

The thermal dissipation is:

�
q · r T

T
� 0 (6.35)

To guarantee the p ositiveness of the thermal dissipation term, we can assume q =

� kth r T according to the Fourier law for the heat conduction, with kth the heat conduction

co e�cient of the material.

6.2.4 Constitutive equations

Applying a standard Coleman-Noll pro cedure on the Helmoltz free energy [71, 102], we

derive the constitutive equations. The full derivation is rep orted in the App edix.

The expressions of the second Piola-Kirchho� stress tensors of the glassy and rubb ery

phases, resp ectively Sg
and Sr

, and of the thermo dynamic force X g
related to the plastic

deformation read:

Sg = Fpg� 1(� gtr ( Eeg) 1 + 2� gEeg)Fpg� T � 3� g� g(T � Tref )1 (6.36)

Sr = � r tr ( Eer ) 1 + 2� r Eer � 3� r � r (T � Tref )1 (6.37)
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X g = Ceg(� gtr( Eeg)1 + 2� gEeg) � hFpgEpgFpgT
(6.38)

From the second Piola-Kirchho� stress tensors, the Cauchy stresses for the glassy and

rubb ery phases can b e derived according to the well-known formulas [54]:

� g = J eg� 1FegSgFegT
(6.39)

� r = J r � 1F r Sr F r T
(6.40)

where J eg
and J r

are the p ositive determinants of the glassy and rubb ery elastic defor-

mation gradient, resp ectively. The total Cauchy stress � can b e derived through a rule of

mixtures, as:

� = zg � g + (1 � zg) � r
(6.41)

6.2.5 Evolution equations

In this subsection we de�ne the equations governing the evolution of the variables presented

in Subsection 6.2.1, i.e. zg
, Fpg

, F f
, and Fp

.

We start by assuming the following evolution for the volume fraction of the glassy phase

zg
, as similarly prop osed in [284]:

zg =

8
>>>><

>>>>:

1 if � � � t � � �

1

1 + exp [2w (� � � t )]
if � t � � � < � < � t + � �

0 if � � � t + � �

(6.42)

where � t is the transition temp erature and � � represents the half-width of the transition

temp erature range, i.e. � � = �
high

� � t = � t � �
low

, with �
high

and �
low

resp ectively the

upp er and lower limit of the transition range. The material parameter w is a p ositive

constant related to the smo othness of the curve within the transition temp erature range.

Further details ab out a prop er choice of w can b e found in [284]. According to Eq. (6.42),

zg
dep ends only on temp erature � and ranges b etween 0 (i.e. rubb ery phase at high

temp eratures) and 1 (i.e. glassy phase at low temp eratures). Both glassy and rubb ery

phases co exist for temp eratures � t � � � < � < � t + � � .
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Then, we assume the following evolution for the plastic deformation gradient of the

glassy phase, Fpg
:

Fpg =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

if � � � t � � �

evolves according to assigned �ow rule OR

if f � t � � � < � < � t + � � and

_� � 0 g

constant if f � t � � � < � < � t + � � and

_� > 0 g

1 otherwise

(6.43)

i.e. Fpg
can only evolve when the material is deformed at lower temp eratures than the

transition range, or at decreasing temp eratures inside the transition range. The glassy

plastic deformation is recovered when temp erature increases over the transformation range,

so that we simply have Fpg = 1 ; it is worth to recall that in this last case, i.e. for � � � t +� � ,

the glassy phase is not present ( zg = 0 in Eq. (6.42)).

Regarding the �ow rule for the plastic deformation gradient of the glassy phase, Fpg

(see Eq. (6.43)), we follow standard arguments [353, 86] and adopt the following �ow rule:

_Fpg = _

dev (X g)

j dev (X g) j
Fpg

(6.44)

where _
 is the p ositive plastic consistent parameter.

The limit function is assumed as:

FY = j dev (X g) j � Rpg
(6.45)

where Rpg
is the limit yield stress.

Further details regarding the derivation of the �ow rule for the glassy phase plasticity

are rep orted in Subsection 6.2.3.

Then, we assume the following evolution law for the frozen deformation gradient F f
:

F f =

(
c (F � 1) + 1 if � � � t + � �

constant otherwise

(6.46)
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As already mentioned in Subsection 6.2.1, c is a material parameter allowing to repro duce

the imp erfect shap e-�xing. It ranges b etween 0 and 1: the shap e-�xing is p erfect when

c = 1 , so that F f = F (i.e. all the applied deformation is stored); the shap e-�xing is

imp erfect when 0 < c < 1; whereas if c = 0 there is no shap e-�xing.

Finally, we assume the following evolution for the p ermanent deformation gradient Fp
:

Fp =

(
cp

�
F f + Fpg � 2 · 1

�
+ 1 if f � � � t + � � and kEpk · � 0 g

constant otherwise

(6.47)

A fraction of b oth deformation gradients F f
and Fpg

is thus stored in the p ermanent

deformation gradient Fp
, as an irreversible accumulated deformation. The parameter cp ,

ranging b etween 0 and 1, tunes the shap e-recovery extent: the shap e-recovery is complete

when cp = 0 , i.e. when Fp = 1 ; it is incomplete when 0 < cp < 1; no shap e-recovery is

present if cp = 1 . The assumption kEpk · � 0 is also stated (where Ep = ( FpT Fp � 1)=2

and k · k denotes the Euclidean norm), i.e. the norm of the Green-Lagrange strain tensor

related to the p ermanent deformation gradient can never decrease during time.

6.2.6 Mo del parameters

The prop osed mo del presents the following material parameters: (i) four elastic material

parameters for the glassy and rubb ery phases, i.e. the Young's mo duli E g
and E r

and the

Poisson's co e�cients � g
and � r

; (ii) the stress limit Rpg
for plastic yielding of the glassy

phase; (iii) the plastic hardening co e�cient h ; (iv) the parameter � � , de�ning half-width

of the temp erature range; (v) the transformation temp erature � t ; (vi) the transformation

co e�cient w ; (vii) the co e�cient c to tune imp erfect shap e-�xing; (viii) the co e�cient cp

to tune incomplete shap e-recovery.

All the listed parameters have a physical interpretation and can b e intuitively derived.

The mechanical parameters related to the hyp erelastic resp onses of the rubb ery and glassy

phases (i.e., E g; E r ; � g; � r
) and to the plastic glassy phase resp onse (i.e., Rpg

, h ) are stan-

dard parameters adopted in the constitutive mo deling of SMPs and are widely used in the

literature. The parameters � � and � t clearly de�ne the transition temp erature range, while

w tunes the smo othness of the rubb ery/glassy phase transition (see also [284]). Finally,

c and cp are two scalars used to add a simple but e�ective description of the non-ideal

b ehavior of SMPs to the mo del formulation.
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6.3 Time-discrete mo del formulation

We now elab orate on a p ossible algorithmic treatment of the mo del equations presented in

Section 6.2. The terms related to the thermal expansion and to the temp erature change

with resp ect to the reference con�guration have b een neglected in the �nite element im-

plementation of the mo del, since their impact is signi�cantly lower than the mechanical

contribution. For the sake of notation simplicity, we use subscript i � 1 for all the variables

evaluated at previous time t i � 1 , while we adopt subscript i for all the variables computed

at current time t i .

We assume as given the state variables � i � 1; Fpg
i � 1; F f

i � 1; Fp
i � 1 at previous time t i � 1 , and

the total deformation gradient F i and the temp erature � i at the current time t i .

In order to derive the current time solution, three cases are distinguished according to

the current temp erature � i , as describ ed in the following. For each case, zg
i ; Fpg

i ; F f
i ; Fp

i are

derived, by integrating the evolution equations presented in the previous section. Regarding

the glassy phase plasticity, the plastic deformation gradient is calculated according to a

classical return-mapping algorithm [298], rep orted in Table 6.5. Sp eci�cally, we apply

the exp onential mapping scheme to the evolution equation (6.44) of the glassy plastic

deformation gradient Fpg
. Accordingly, we obtain:

Fpg
i

= exp

0

@� 

dev (X g

i

)

j dev (X g
i

j

1

A Fpg
i-1

(6.48)

where � 
 =
Rt

i

t
i-1

_
 dt . Since we are in the isotropic case, the quantity on the right-

hand side of Eq. (6.48) is symmetric (see the 6.2.3 for further details): 6 equations could

therefore b e considered instead of 9 when calculating the glassy phase plasticity evolution.

However, by considering the full set of 9 equations, the algorithm maintains a more general

character, allowing for future extensions of the mo del to the anisotropic case. All the

remaining mo del equations are directly evaluated at time t i . The main structure of the

time-discrete algorithm is presented in Table 6.1.

First case: �
i

� � t + � �

In such case, only the rubb ery phase is present, i.e. zg
i = 0 ; see Eq. (6.42). The frozen

deformation gradient F f
i is stored according to Eq. (6.46), the p ermanent deformation

gradient Fp
remains constant according to Eq. (6.47) and the glassy plastic deformation
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gradient Fpg
i is completely recovered, i.e. Fpg

i = 1 (see Eq. (6.43)). Table 6.2 rep orts the

adopted algorithm.

Second case: � t � � � < �
i

< � t + � �

In such case, b oth the rubb ery and glassy phases are present, i.e. zg
i 2 [0; 1]; see

Eq. (6.42). The frozen and the p ermanent deformation gradients, F f
i and Fp

i resp ectively,

remain constant according to Eqs. (6.46) and (6.47). The glassy plastic deformation

gradient Fpg
i is allowed to evolve according to the return-mapping algorithm rep orted in

Table 6.5 only if the current temp erature is not increasing, while it remains constant

otherwise (see Eq. (6.43)). Table 6.3 rep orts the adopted algorithm.

Third case: �
i

� � t � � �

In such case, only the glassy phase is present, i.e. zg
i = 1 ; see Eq. (6.42). The frozen

deformation gradient F f
i remains constant, while the glassy plastic deformation gradient

Fpg
i is allowed to evolve according to the return-mapping algorithm rep orted in Table 6.5.

The p ermanent deformation gradient Fp
i is derived through Eq. (6.47). Table 6.4 rep orts

the adopted algorithm.

Finally, the total Cauchy stress � is calculated using the mixture rule rep orted in Eq.

(6.41).

The implicit implementation of FEM requires also the formulation of the consistent

tangent matrix. To avoid co ding of complex equations, while maintaining a go o d conver-

gence rate and an e�cient numerical approximation of the tangent mo duli, we adopt a

numerical Jacobian fourth-order tensor as prop osed by [321].

6.4 Numerical tests

The present section is devoted to several numerical simulations to demonstrate the p er-

formances of the presented constitutive mo del as well as to verify the e�ectiveness of the

prop osed algorithm. The simulations are quasi-static and include simpler uniaxial and bi-

axial tests as well as complex analyses of two biomedical SMP devices. A comparison with

exp erimental data available from the literature [337, 107] is also provided to e�ectively

validate the mo del. Particularly, we p erform the following �nite element analyses:
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Table 6.1: Numerical algorithm for the prop osed SMP mo del.

Given quantities: �
i-1

; F f
i-1

; Fp
i-1

; Fpg
i-1

; F
i

; �
i

ˆ IF �
i

� � t + � �

CASE 1 (see Table 6.2)

ˆ ELSE IF � t � � � � �
i

� � t + � �

CASE 2 (see Table 6.3)

ˆ ELSE IF �
i

� � t � � �

CASE 3 (see Table 6.4)

ˆ END IF

Compute:

F r
i

= F
i

Fp
i

� 1

Feg
i

= F
i

F f
i

� 1
Fpg

i

� 1

Fg
i

= Feg
i

Fpg
i

total Cauchy stress � through Eq.(6.41)

Table 6.2: Numerical algorithm for CASE 1.

Compute:

zg
i

= 0

F f
i

= c(F
i

� 1) + 1

Fp
i

= Fp
i-1

Fpg
i

= 1
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Table 6.3: Numerical algorithm for CASE 2.

Compute:

zg
i

=
1

1 + exp [2w (�
i

� � t )]

F f
i

= F f
i-1

Fp
i

= Fp
i-1

ˆ IF �
i

> �
i-1

Fpg
i

= Fpg
i-1

ˆ ELSE

Fpg
i

through return-mapping algorithm (see Table 6.5)

ˆ END IF

Table 6.4: Numerical algorithm for CASE 3.

Compute:

zg
i

= 1

F f
i

= F f
i-1

Fpg
i

through return-mapping algorithm (see Table 6.5)

Fp
i

= cp
�

F f
i

+ Fpg
i

� 2 · 1
�

+ 1

ˆ IF jEp
i

j < jEp
i-1

j

Fp
i

= Fp
i-1

ˆ END IF
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Table 6.5: Return-mapping algorithm for glassy phase plasticity.

Fpg
i

TRIAL

= Fpg
i-1

Calculate X g
i

TRIAL

according to Eq. (6.38)

ˆ IF j dev (X g
i

TRIAL

) j � Rpg � tolpg

Elastic step:

Fpg
i

= Fpg
i

TRIAL

ˆ ELSE

Plastic step:

- INITIALIZE:

k = 0
Fpg

i

(k) = Fpg
i-1

� 
 (k)
i

= 0
- REPEAT

Solve

Q (k) =

8
>><

>>:

Fpg(k)
i

� exp

 

� 
 (k) dev (X g
i

(k))

j dev (X g
i

(k))j

!

Fpg
i-1

j dev

�
X g

i

(k)
�

j � r

9
>>=

>>;
= 0

via Newton-Raphson pro cedure to �nd:

h (k+1) =
n

Fpg
i

(k+1) ; � 

i

(k+1)
o

= h (k) + � h (k)

= h (k) �
h
r h Q (k)

i � 1
Q (k)

k = k + 1
- UNTIL

j� h (k) j < tol NR

- Resulting quantities: Fpg
i

and � 

i

ˆ END IF
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ˆ uniaxial and biaxial tests on a 1x1x1 mm

3

single-element cub e;

ˆ comparison with uniaxial exp eriments on p olyurethane-based SMPs [337] and ep oxy-

based SMPs [107];

ˆ simulation of a cardiovascular stent;

ˆ simulation of a contraceptive device.

For all the simulations we use the nonlinear �nite element software ABAQUS/Standard

[1], implementing the describ ed algorithm within a user-de�ned material subroutine (UMAT).

In the following, all the plots are de�ned in terms of comp onents of the total Cauchy

stress (or true stress) tensor and of the logarithmic strain (or true strain) tensor, unless

di�erently indicated.

6.4.1 Uniaxial and biaxial tests

We start by presenting the results of the uniaxial and biaxial tests. The mo del parameters

used for these simulations are listed in Table 6.6.

We �rst p erform a standard uniaxial tensile test, with displacement control and a pre-

scrib ed homogeneous constant temp erature �eld. The cub e is sub jected to 0:4 mm tensile

displacement and subsequent unloading until reaching a zero-stress condition. We rep eat

the test at di�erent temp eratures, in order to highlight the dep endence of the material

b ehavior on temp erature. For this test, the co e�cients c and cp are kept resp ectively equal

to 1 and 0, to consider an ideal b ehavior of the p olymer. The resulting stress-strain curves

for seven di�erent temp eratures are compared in Figure 6.1(a); the curve representing the

trend of the volumetric fraction of the glassy phase, zg
, versus temp erature is also provided

in Figure 6.1(b). It can b e noted that the material b ehavior is guided by zg
; particularly,

the trend is symmetric with resp ect to the transition temp erature � t = 350 K.

We then p erform a biaxial test at di�erent temp eratures, in order to test the mo del

and to investigate material b ehavior for more complex non-prop ortional loading cases. The

test consists of a hourglass-shap ed input in terms of displacement u1 and u2 , as depicted

in Figure 6.2(a). Again, the co e�cients c and cp are kept resp ectively equal to 1 and 0,

to consider an ideal b ehavior of the p olymer. Figures 6.2(b) and 6.2(c) show the obtained

curves for the non-zero stress comp onents at two di�erent temp eratures. It can b e noted
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Figure 6.1: Uniaxial test: (a) stress-strain curves at di�erent (constant) temp era-

tures; (b) trend of the volumetric fraction of glassy phase, zg
, versus temp erature.

from the plots displayed in Figure 6.2 that the stress comp onents reach di�erent order

or magnitudes dep ending on the test temp erature: higher stresses are reached when the

temp erature is lower than the transition range (i.e. � < � t ), while lower stresses are

obtained when the temp erature is higher than the transition range (i.e. � > � t ). This is

explained by recalling that the glassy phase is sti�er than the rubb ery phase. The shap e

of the two curves is completely di�erent; this dep ends also on the fact that the b ehavior of

the rubb ery phase is hyp erelastic, while the b ehavior of the glassy phase is elastoplastic.

Finally, we p erform three uniaxial tests repro ducing the shap e-memory b ehavior of

SMPs. An ideal ( c = 0 , cp = 0 ) and a non-ideal ( c 6= 0 , cp 6= 0 ) case are considered for each

of the three tests (see Table 6.6). We refer to the three tests as Test 1 , Test 2 and Test 3 ;

the loading histories, in terms of the imp osed displacement, and the assigned temp erature

histories for the three analyses are rep orted in Figure 6.3.

In Test 1, we simulate the high-temp erature shap e-�xing; the material is indeed de-

formed at 400 K, then co oled to 200 K while the deformation is maintained constant, then

unloaded at 200 K, and �nally re-heated up to 400 K to trigger shap e-recovery. The re-

sults of Test 1 are rep orted in Figure 6.4, where di�erences can b e noted b etween the ideal

and the non-ideal curves. The imp erfect shap e-�xing is demonstrated by the small elastic

springback shown b etween 2 and 3 s (as rep orted in Figures 6.4(a) and 6.4(b)). In fact,

in the ideal case all the applied deformation is stored as "frozen", leading to a zero-stress

condition at the end of the co oling phase (time instant 2 s). Instead, in the non-ideal

case only part of the deformation is accumulated, pro ducing a stress increase during the
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Figure 6.2: Biaxial test: (a) hourglass-shap ed input in terms of strain comp onents

u1 and u2 ; (b) curve in terms of the non-zero stress comp onents at � = 400 K; (b)

curve in terms of the non-zero stress comp onents at � = 300 K.
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Table 6.6: Mo del parameters.

Symb ol Value Unit

� � 30 K

w 0.2 1/K

E r
0.9 MPa

E g
771 MPa

� r
0.49 -

� g
0.29 -

� t 350 K

c 0.9 (non-ideal case ) - 1 (ideal case) -

cp 0.2 (non-ideal case) - 0 (ideal case) -

r 10 MPa

h 0 MPa

Figure 6.3: Tests 1, 2 and 3. Loading histories, in terms of imp osed displacement,

and temp erature histories for each of the three uniaxial free-recovery traction tests.

Test 1: deformation is applied at high temp erature (0-1 s); then a constrained co ol-

ing is p erformed (1-2 s); the material is subsequently unloaded at low temp erature

(2-3 s): from instant 2 s, the displacement is therefore not constrained anymore;

�nally, the temp erature is increased (3-4 s). Test 2: a deformation is applied at

low-temp erature (0-2 s); then, the material is unloaded (2-3 s); �nally, the temp er-

ature is increased (3-4 s). In Test 3, b oth shap e-�xing pro cedures are p erformed,

the high-temp erature one during 0-2 s, the low-temp erature one during 2-4 s; then,

the material is unloaded (4-6 s); �nally, the temp erature is increased (6-7 s).

175



co oling phase, due to the higher sti�ness of the incoming glassy phase: therefore, during

unloading, the deformation decreases until a zero-stress condition is reached, pro ducing

an elastic springback. The incomplete shap e-recovery can b e noted esp ecially in Figures

6.4(a) and 6.4(e), where a residual strain is present at instant 4 s.

In Test 2, we simulate the low-temp erature shap e-�xing; the material is indeed deformed

at 200 K, then unloaded, and �nally heated up to 400 K to trigger shap e-recovery. The

results of Test 2 are rep orted in Figure 6.5. In this case, no "frozen" deformation is present,

b ecause deformation takes place at low temp erature. The only accumulated deformation

is due to the plastic b ehavior of the glassy phase. Therefore, in b oth ideal and non-ideal

cases, an elastic springback is present up on unloading (time interval 2-3 s, as shown in

Figures 6.5(a), 6.5(b) and 6.5(c)). The di�erence b etween the two cases is related to the

incomplete shap e-recovery of the non-ideal case, which as b efore can b e noted in Figures

6.5(a) and 6.5(e).

In Test 3 we consider b oth high-temp erature and low-temp erature shap e-�xing. A �rst

deformation is imp osed at 400 K and the material is constrained during co oling to 200 K,

in order to op erate the high-temp erature shap e-�xing; then, instead of directly unloading,

a further deformation is applied at low temp erature; the material is then unloaded and

�nally re-heated up to 400 K to trigger shap e-recovery. The results of Test 3 are rep orted

in Figure 6.6. The recovery of b oth high-temp erature and low-temp erature deformations

takes place, with full recovery in the ideal case, and incomplete recovery in the non-ideal

case.

6.4.2 Comparison b etween numerical and exp erimental data

We now p erform a validation of the mo del, by presenting a comparison of the numerical

results with exp erimental data from literature. In order to demonstrate the versatility of

the mo del, we consider two di�erent typ es of SMPs.

Firstly, a comparison with the exp erimental results presented by [337] is provided. Free-

and constrained-recovery exp erimental tests are op erated on a p olyurethane-based SMP.

Both the free-recovery and the constrained-recovery test b egin with a high-temp erature

shap e-�xing pro cedure; subsequently, the material is heated to trigger shap e-recovery, re-

sp ectively in unconstrained conditions for the free-recovery test, and with constrained

(zero) displacement for the constrained-recovery test. The adopted mo del parameters are
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Figure 6.4: Test 1: (a) strain versus time curve; (b) stress versus time curve; (c)

stress versus strain curve; (d) stress versus temp erature curve; (e) strain versus

temp erature curve.
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Figure 6.5: Test 2: (a) strain versus time curve; (b) stress versus time curve; (c)

stress versus strain curve; (d) stress versus temp erature curve; (e) strain versus

temp erature curve.

178



0 1 2 3 4 5 6 7
-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

Time [s]

S
tr

ai
n 

e 33
 [-

]

 

 

ideal
non-ideal

(a)

0 1 2 3 4 5 6 7
-2

0

2

4

6

8

10

12

14

Time [s]

S
tr

es
s 

s
33

 [M
P

a]

 

 

ideal
non-ideal

(b)

0 0.05 0.1 0.15 0.2 0.25 0.3
-2

0

2

4

6

8

10

12

14

Strain e
33

 [-]

S
tr

es
s 

s
33

 [M
P

a]

 

 

ideal
non-ideal

(c)

150 200 250 300 350 400 450
-2

0

2

4

6

8

10

12

14

Temperature [K]

S
tr

es
s 

s
33

 [M
P

a]

 

 

ideal
non-ideal

(d)

150 200 250 300 350 400 450
-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

Temperature [K]

S
tr

ai
n 

e 33
 [-

]

 

 

ideal
non-ideal

(e)

Figure 6.6: Test 3: (a) strain versus time curve; (b) stress versus time curve; (c)

stress versus strain curve; (d) stress versus temp erature curve; (e) strain versus

temp erature curve.
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listed in Table 6.7.

Table 6.7: Mo del parameters adopted for the comparison with exp erimental data

by [337 ].

Symb ol Value Unit

� � 26 K

w 0.25 1/K

E r
11 MPa

E g
3200 MPa

� r
0.497 -

� g
0.3 -

� t 336 K

c 0.972 -

cp 0 -

The results of the free-recovery and constrained-recovery tests are rep orted in Figures

6.7 and 6.8, resp ectively. In this case, the plots are de�ned in terms of engineering stress.

The numerical and exp erimental curves rep orted in 6.7(a) and 6.7(c) match well, while

the trend of the stress with temp erature, in Figure 6.7(b), di�er in the upp er p ortion of

the curve. This is due to the fact that the path followed by the stress in the exp erimental

data presents di�erences b etween heating and co oling. Whereas, in the prop osed mo del

formulation, the trend of the stress is linked to the evolution of the glassy phase volume

fraction zg
, which is the same during b oth heating and co oling. Similar observations can

b e made for the comparison rep orted in Figure 6.8.

A further comparison with exp erimental data obtained on a ep oxy-based SMP by [107]

is provided. In [107], an ep oxy-based SMP reinforced with SiC nanoparticles was sub jected

to compressive load at 25 ° C (low-temp erature shap e-�xing pro cedure); then, a constrained

recovery has b een p erformed, by heating to 120 ° C. The adopted material parameters are

listed in Table 6.8.

The exp erimental and numerical curves are rep orted in Figure 6.9 and the �tting pa-

rameters are listed in Table 6.8. It can b e noted from the rep orted curves that the numerical

mo del results satisfactorily matches with the exp erimental ones. Even b etter results may

b e obtained by using a di�erent mo del for hyp erelasticity, i.e. Neo-Ho okean instead of

Saint Venant-Kirchho�, so that the numerical unloading stress-strain curve (see Figure

6.9(a)) could b etter follow the exp erimental one.

It is worth to recall that the �tting of the exp erimental data sets has b een p erformed by
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Figure 6.7: Comparison with exp erimental data by [337 ]: free-recovery test. (a)

Stress versus extension curves; (b) stress versus temp erature curves; (c) extension

versus temp erature curves; (d) stress-extension-temp erature curves.
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Figure 6.8: Comparison with exp erimental data by [337 ]: constrained-recovery test.

(a) Stress versus temp erature curves; (b) extension versus temp erature curves; (c)

stress-extension-temp erature curves.

182



-10 0 10 20 30 40 50
-10

0

10

20

30

40

50

60

70

Compressive strain [%]

C
om

pr
es

si
ve

 s
tr

es
s 

[M
P

a]

 

 

Numerical
Experimental

(a)

20 40 60 80 100 120
-1

0

1

2

3

4

5

6

7

Temperature [°C]

C
om

pr
es

si
ve

 s
tr

es
s 

[M
P

a]

 

 

Numerical
Experimental

(b)

Figure 6.9: Comparison with exp erimental data by [107]: (a) compression stress-

strain curves at 25 ° C; (b) stress versus temp erature curves during constrained-

recovery.
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Table 6.8: Material parameters adopted for the comparison with exp erimental data

by [107 ].

Symb ol Value Unit

� � 60 K

w 0.048 1/K

E r
4.1 MPa

E g
800 MPa

� r
0.49 -

� g
0.30 -

� t 330 K

c 1 -

cp 0 -

r 39 MPa

h 22 MPa

an iterative trial-error pro cedure. Nonetheless, further developments of the present work

may include the investigation of a more e�cient pro cedure to derive the mo del parameters.

6.4.3 Simulation of biomedical devices

We conclude by simulating two biomedical devices. The mo del parameters used are listed

in Table 6.6, considering the ones related to the non-ideal case. Both comp onents are

mo deled in SolidWorks [311] and are meshed using second-order hexahedral elements with

full integration (Abaqus designation C3D10).

The �rst investigated device is a cardiovascular stent. The geometry is similar to the

one rep orted in [359]. The external diameter is 20 mm, the thickness is 0:5 mm, the

length of the stent is 20 mm, and the diameter of the holes is 2 mm. The geometry,

the co ordinate system, and a scheme of the applied b oundary conditions are provided in

Figure 6.10: the b ottom side of the stent is �xed, while a displacement is imp osed on the

top side (in x direction), in order to crush the stent. The histories of imp osed temp erature

and displacement are the same of Test 1 (see Figure 6.3), including a high-temp erature

shap e-�xing pro cedure and a subsequent shap e-recovery. Sp eci�cally, the stent is crushed

at 400 K, then it is kept in p osition during co oling to 200 K. Afterwards, it is unloaded,

and �nally re-heated up to 400 K to induce shap e-recovery. Similar loading histories on

SMP stents have b een previously considered in literature, e.g. in [42, 284].

The results of the stent simulation are rep orted in Figure 6.11. The displacement is
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measured in corresp ondence of the top side of the stent, while the force is referred to the

global reaction force of the b ottom �xed side.

Contour plots of the Von Mises stress distribution at the most relevant time instants

of the analysis are rep orted in Figure 6.12. In particular, it can b e noted that the stress

increases during constrained co oling, since the transformation from rubb ery to glassy phase

is taking place. After recovery up on heating, a residual deformation remains, since the b e-

havior was chosen to b e non-ideal; the original shap e is therefore not completely recovered.

Figure 6.10: Stent simulation: (left) adopted geometry, co ordinate system, and

scheme of the b oundary conditions applied to the stent. The b ottom side is �xed,

while a displacement is imp osed on the top side, in order to crush the stent. (right)

Deformed geometry of the stent after crushing at high temp erature.

The second investigated device is a contraceptive device similar to the one rep orted

in [323]. Only for this test, the hardening co e�cient h has b een set equal to 100 MPa.

The device is 58 mm long and its outer diameter measures ab out 14 mm. The geometry,

co ordinate system, and a scheme of the b oundary conditions are shown in Figure 6.13.

One side of the device is �xed; on the other side a displacement is applied in the axial

direction. The histories of the temp erature and b oundary conditions are the same of Test

2 (see Figure 6.3), including a low-temp erature shap e-�xing pro cedure and a subsequent

shap e-recovery. Sp eci�cally, the device is �rst elongated at a temp erature of 200 K, it is

then unloaded, and �nally the temp erature re-heated up to 400 K to induce shap e-recovery.

Such loading history aims to repro duce the exp erimental pro cedure p erformed in [323].

The simulation results of the contraceptive device are rep orted in Figure 6.14. The

displacement is measured in corresp ondence of the left side, while the force is the reaction

force at the constrained (right) side (see Figure 6.13).
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Figure 6.11: Stent simulation: (a) force versus displacement curve; (b) displace-

ment versus temp erature curve; (c) force versus temp erature curve.
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Figure 6.12: Stent simulation: Von Mises stress distribution (in MPa) on the stent

at the most relevant time steps of the analysis.

Figure 6.13: Contraceptive device test: scheme of the b oundary and loading con-

ditions.
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Contour plots related to the Von Mises stress distribution at the most relevant time

instants of the analysis are rep orted in Figure 6.15. As b efore, the non-ideal character of

the material entails an incomplete shap e-recovery.
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Figure 6.14: Contraceptive device test: (a) force versus displacement curve; (b)

displacement versus temp erature curve; (c) force versus temp erature curve.

6.5 Conclusions

The present pap er has prop osed a constitutive mo del for SMPs. The presented mo del is

based on a phase-transition approach and therefore cannot describ e the underlying thermo-

visco elastic b ehavior of p olymers, but it can b e applied to engineering problems where only

the macroscopic phenomenology related to SMPs is relevant for the application purp oses.
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Figure 6.15: Contraceptive device test: Von Mises stress distribution (in MPa) at

the most relevant time steps of the analysis.
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The time-continuous mo del equations have b een presented, together with the time-

discrete algorithm for the numerical implementation. The numb er of parameters involved

in the mo del formulation is low (11 parameters are required) and they are related to physical

quantities, thus promoting the mo del simplicity. Moreover, the simple algorithmic scheme

entails a low computational e�ort. The mo del has b een assessed through a wide range of

uniaxial and biaxial numerical tests; complex simulations of two biomedical devices have

b een also presented. The mo del has revealed its ability in repro ducing b oth shap e-�xing

and shap e-recovery of SMPs, also taking into account the imp erfection of the real material

b ehavior (i.e. imp erfect shap e-�xing and incomplete shap e-recovery). When compared to

exp erimental results presented in the literature for di�erent p olymer typ es, the numerical

curves show a go o d overall agreement. Mo del validation on other meaningful applications

could b e an interesting task for future studies.

The �exibility of the prop osed mo del allows its application over a wide range of p oly-

mers. Extensions or mo di�cations can b e easily applied to the mo del to adapt it to the

desired category of p olymers. As an example, a di�erent evolution for the glassy volume

fraction zg
during co oling and heating could b e considered (see Figure 6.7(b)), or a di�erent

hyp erelastic mo del can b e chosen to describ e the elastic b ehavior of the two phases, e.g.

the Ogden-Roxburgh mo del. However, we should highlight that the visco elastic b ehavior

during the rubb ery-glassy phase transition has b een neglected in the present contribution.

Such b ehavior has b een observed exp erimentally, e.g. [265], and can have a signi�cant

in�uence on the shap e-memory e�ect in practical applications. Future improvements of

the present mo del will include the intro duction of viscous e�ects and the consideration of

non-quasistatic cases. Also, we have restricted ourselves to the isotropic case, �rst of all

for simplicity, but also due to the lack of exp erimental data ab out anisotropic cases. To

conclude, the presented mo del is a valid phenomenological to ol to simulate the b ehavior

of SMPs in all sort of applications, e.g. in the biomedical �eld, in a simple and accurate

way.
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Chapter 7

Semi-automatic UMAT/VUMAT

subroutines generation

The work presented in this chapter represents an imp ortant and necessary step in achieving

the results presented in the pap er [104], which I published with other colleagues.

7.1 Intro duction

The FEA software Abaqus (Dassault Systèmes) [1] provides the user with a wide range of

di�erent user subroutines which can b e used to adapt the software to customized analysis

requirements. Among these subroutine structures, the material user subroutines, called

UMAT for Abaqus/Standard solver and VUMAT for Abaqus/Explicit solver, can b e used

to de�ne any complex mechanical constitutive mo dels which are not present in Abaqus

material library. Abaqus user subroutines have to b e co ded in FORTRAN programming

language. The p ossibility to co de non-standard subroutines for user-sp eci�c purp oses ex-

tends the applicability of the software; however, since FORTRAN is not a very high-level

language, co ding can b e complex and time-consuming. Therefore, it would b e useful to

co de in a more intuitive high-level programming language, and then translate the co de into

FORTRAN statements.

In the present chapter, a metho d will b e presented to derive UMAT/ VUMAT user

material subroutines for Abaqus in a semi-automatic way.
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7.2 From AceGen to FORTRAN

The software involved in semi-automatic UMAT/ VUMAT derivation pro cedure is AceGen,

a package for Mathematica (Wolfram Research) [199] develop ed by Prof. Korel�c (University

of Ljubliana). AceGen combines symb olic and algebraic capabilities of Mathematica, auto-

matic di�erentiation technique, automatic co de generation, and simultaneous optimization

of expressions for the derivation of co des to b e used in numerical pro cedures [164]. AceGen

programming language is very similar to Mathematica language, b eing therefore intuitive

and �exible.

The b ene�t of using automatic di�erentiation is that several tedious steps in the tradi-

tional computer implementation, such as derivation and co ding of the consistent tangent

matrix, are automatized. This leads to robust and time-e�cient implementation. Also,

the resulting computer co de is e�cient.

The user material subroutines generation pro cedure is summarized in the following

(see Table 7.1). I use AceGen to co de the material mechanical b ehavior. See, e.g., Fig-

ure 7.1 where a simple example related to linear elastic mechanical mo del is rep orted.

The command "SMSInitialize" allows to cho ose the programming language for subsequent

translation (FORTRAN in this case). Then, AceGen language is used to de�ne linear

elastic law. Finally, the command "SMSWrite" starts the translation pro cedure.

Care must b een taken in maintaining the same inputs and outputs required by Abaqus

UMAT or VUMAT. In general, the inputs are

ˆ the strain tensor comp onents (for small strain conditions), or the deformation gradi-

ent tensor comp onents (for large strain conditions)

ˆ an array containing the material parameters,

ˆ an array containing the previous instant state variables,

ˆ the temp erature (if needed);

and the outputs are

ˆ the stress tensor comp onents,

ˆ the consistent Jacobian comp onents (only for UMAT),

ˆ an array containing the current instant state variables.
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Table 7.1: Semi-automatic UMAT/VUMAT generation pro cedure.

1. Write AceGen co de

2. Perform optimized automatic translation of AceGen co de into FORTRAN sub-

routine

3. Emb ed FORTRAN subroutine in UMAT/VUMAT user subroutine

4. Call UMAT/VUMAT in Abaqus analysis

Particular attention has to b e kept in exp orting the tensors comp onents in the same se-

quence as required by Abaqus; note that the variable order varies b etween UMAT and

VUMAT.

7.3 From FORTRAN to UMAT/VUMAT

After automatic generation of the FORTRAN subroutine, a FORTRAN �le with a prop er

UMAT or VUMAT header is manually created (see Figure 7.2).

The UMAT/VUMAT �le can b e then directly called from an Abaqus analysis, indicat-

ing all the prop er parameters in the input �le.

I have generated UMAT and VUMAT subroutines for advanced materials constitutive

mo dels, in b oth small and large strains.

I used such UMAT/VUMAT generation technique to co de complex constitutive mo dels,

such as SMAs and SMPs b ehavior, throughout my PhD studies. Such pro cedure allowed me

to e�ciently p erform the Abaqus �nite element analyses needed for the research activities

describ ed in the present thesis, avoiding the time-consuming task of co ding user material

subroutines directly in FORTRAN.

7.4 Application example

As an example, I wish to rep ort in this chapter the use of a semi-automatically created SMA

user subroutine, which has b een used for the simulation of SMA self-expandable carotid
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Figure 7.1: Simple example of AceGen co de for linear elastic material mo del. As

mentioned, AceGen o�ers an optimized translation of numerical pro cedures into

other languages, FORTRAN among them.
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Figure 7.2: Generated UMAT for linear elastic material mo del.
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artery stent mo dels. The ob jective of such study was to develop an e�cient computational

framework to evaluate the �exibility of self-expandable carotid artery stents. In particular,

numerical simulations are p erformed to compare linear FEA and higher order FEA (or p-

FEA). The results suggest that the employment of higher order FEA allows to accurately

represent the computational domain and to get a b etter approximation of the solution

with a widely reduced numb er of degrees of freedom with resp ect to linear FEA. Moreover,

higher order FEA presents sup erior capability of repro ducing the nonlinear lo cal e�ects

related to buckling phenomena.

In Figure 7.3 a comparison b etween linear FEA and p-FEA is rep orted. For further

details, please refer to the pap er that we pro duced [104].

Figure 7.3: Linear FEA and higher order FEA comparison: on the left, force vs

displacement curves of the �nest mesh used for linear FEA, with roughly 107
dofs,

and an intermediate 2 · 106
dofs mesh for p-FEA; on the right, comparison of the

two analyses deformed con�guration.
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App endix A

Obtaining tunable phononic crystals

from shap e-memory p olymers

This chapter brie�y presents the �rst results of a study conducted during my stay as a

visiting scholar at Harvard University (Cambridge, MA), Scho ol of Engineering and Applied

Sciences, from Novemb er 1st, 2014 to January 31st, 2015.

A.1 Intro duction

SMPs are a category of p olymers which present a marked ability in storing a temp orary

shap e and in recovering their p ermanent shap e up on the o ccurrence of an external stimulus.

The most common SMPs are the thermally activated ones, whose driving force is the

micro-Brownian motion, i.e. the variation of the chain mobility with temp erature. They

present a transformation temp erature range which corresp onds to a transition b etween

very di�erent material prop erties.

Thermal SMPs require a shap e-�xing pro cedure to achieve the deformed state and main-

tain it. Such pro cedure usually consists of a �rst heating phase, an imp osed deformation at

high temp eratures, since in those conditions the SMP is softer and pliable, a co oling phase

while maintaining the deformation �xed, and a �nal unloading phase. Up on unloading at

low temp erature, the temp orary deformed shap e is maintained. In order to recover the

original p ermanent shap e, the SMP should b e heated over the transformation temp eratures.
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Applications of SMPs encompass medical devices, such as cardiovascular stents and

wound closure stitches, and innovative industrial applications, such as soft gripp ers, smart

fasteners and packaging solutions.

Phononic crystals are p erio dically shap ed structures which present a phononic wave

band gap, i.e. a range of frequencies which are barred. The explanation of the band gap

can b e found in the multiple interference of the sound waves scattered inside the crystal.

Phononic crystals are applied, e.g., for noise canceling, vibration insulation, wave �lters,

wave guides, acoustic imaging.

Perio dic structures may present p eculiar buckling patterns, which can b e obtained un-

der compression. It has b een demonstrated [301] that if buckling is induced by compression

of a phononic crystal, variations in its band gap are pro duced.

The purp ose of the present study is to combine the shap e-memory prop erties of SMPs

and the p eculiar acoustic characteristics of phononic crystals, in order to provide a pro of

of concept on the p ossibility to obtain phononic crystals made from SMPs, with a tunable

band gap according to external temp erature.

A.2 Results and discussion

A.2.1 Numerical simulations

2D simulations have b een run in Abaqus, including buckling, p ost-buckling and wave prop-

agation analyses. The �nal ob jective of the numerical simulations was to identify the band

gap, given a determined geometrical shap e of the phononic crystal.

The structure depicted in Figure A.1 has b een considered. It presents a 60% p orosity,

with a hole diameter of 8.3 mm, and an edge length of 65.5 mm.

The mesh includes 656 elements and 442 no des (884 degrees of freedom in total). A

constitutive mo del similar to the one presented in the previous chapter (ideal b ehavior

has b een considered and no glassy phase plasticity has b een taken into account) is used
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Figure A.1: Geometry considered for the phononic crystal.

to repro duce the SMP b ehavior. The list of parameters used is rep orted in Table A.1.

Moreover, the material density is set to 1:17 · 10� 9
tonn/mm

3

. The parameters are referred

to the material chosen for the exp erimental tests and describ ed in the following subsection.

Table A.1: Material parameters used in the simulations.

Value Unit Description

40 K half-width of the temp erature range � �
0.09 1=K transformation co e�cient w

10 MP a Young's mo dulus of the rubb ery phase

3000 MP a Young's mo dulus of the glassy phase

0.49 - Poisson's co e�cient of the rubb ery phase

0.35 - Poisson's co e�cient of the glassy phase

150 K transformation temp erature � t

At �rst, a buckling analysis is run to derive the buckling mo des of the comp onent

under compression. A shap e-memory cycle is then simulated on the phononic crystal:

the simulation starts with the compression of the comp onent, then the shap e-�xing is

op erated, and �nally the temp erature is increased to trigger shap e recovery. The results

of the buckling analysis have b een used to add an imprecision to the mo del mesh, in order

to obtain buckling during the �rst phase of the simulation.

Perio dic b oundary conditions are applied to the opp osite edges of the phononic crystal,

as describ ed in [243], so that the motion of each no de on the comp onent edge is constrained

to the motion of the p erio dically lo cated no de on the opp osite edge.
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In Figure A.2, the results of such simulation are rep orted. The crystal is initially

deformed, while at temp eratures higher than the transformation range. It can b e noted

that the crystal buckles under an imp osed compression; the buckled shap e is than �xed

through constrained co oling, so that the crystal remains deformed after unloading. The

original undeformed con�guration is that recovered by heating over the transformation

temp erature.

Figure A.2: Shap e-memory cycle simulation on the phononic crystal.

Secondly, p ost-buckling analyses have b een p erformed in order to obtain the deforma-

tion pattern of the comp onent under di�erent compression conditions. Wave propagation

analyses have b een then run on b oth undeformed and deformed con�gurations to evaluate

the variations in the band gap.

The route which has b een taken to p erform the wave propagation simulations is the

Blo ch wave analysis.

Blo ch wave analysis considers an in�nite p erio dic structure and is based on a repre-

sentative volume element (RVE), which is the smallest unit-cell of the structure (Figure

A.3(a)).

The recipro cal lattice can b e de�ned as the set of wave vectors k that creates plane

waves that satisfy the spatial p erio dicity of the p oint lattice. The subset of wave vectors

k that contains all the information ab out the propagation of plane waves in the structure

is called the Brillouin zone. For the geometry considered in this study, the Brillouin zone

is identi�ed by the vectors depicted in Figure A.3(b).

The phononic band gaps are identi�ed by checking all eigenfrequencies ! (k ) for all k
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vectors in the irreducible Brillouin zone: the band gaps are the frequency ranges within

which no ! (k ) exists. These eigenvalues ! (k ) are continuous functions of the vectors k

(which individuate the wave direction), but they are discretized when computed through

numerical metho ds such as FEA. Once checked all the eigenvalues in the Brillouin zone,

the eigenvalues ! (k ) can b e plotted versus k . The ! (k ) versus k plot is called disp ersion

diagram.

For further information, please consult [196].

(a) (b)

Figure A.3: (a) RVE and (b) Brillouin zone in the recipro cal lattice.

In Figure A.4, the results of the Blo ch wave analysis on a RVE of the phononic crystal

considered are rep orted. Disp ersion diagrams have b een derived for di�erent amounts

of compression. It is thus demonstrated that the SMP phononic crystal can b e easily

deformed while at temp eratures higher than the transformation range, and after co oling it

can maintain the temp orary given shap e, resulting in tunable variation of the band gap.

Up on re-heating, the original undeformed con�guration can b e recovered.

A normalized frequency have b een used on the vertical axis of the disp ersion diagrams,

calculated as:

f norm =
f a

cT
(A.1)

where a is the characteristic dimension of the RVE, and cT is the wave propagation sp eed

in the considered material.
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Figure A.4: Disp ersion diagrams.
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A.2.2 Exp erimental testing

The SMP considered in this study was chosen primarily for its readily-availability. It is

pre-stretched p olystyrene available in thin sheets (Shrink Film, Gra�x, Maple Heights,

OH). The fundamental characteristic of these sheets is that when they are heated over

ab out 150� C they shrink and b ecome smaller and thicker, as represented in Figure A.5.

Figure A.5: SMP material used in the exp erimental testing.

The pro cedure to obtain a phononic crystal structure like the one represented in Figure

A.1 is now describ ed.

A quantity ranging from 3 to 6 SMP sheets has b een utilized for each crystal. The

sheets were shrinked in an oven at �rst, and then overlapp ed and put back in the oven at

150

�
C to allow sticking of the various layers. A thick blo ck was thus obtained and co oled

in air. At this p oint, the blo ck was engraved using a laser-cutter, to obtain a fo otprint of

the �nal p erio dic shap e. Since the material was not adapt to b e cut through the whole

thickness by the laser-cutter, due to melting and burning problems, to ol machining was

used to manufacture the comp onent in its �nal shap e. A schematic of the pro duction

pro cedure is represented in Figure A.6.

A shap e-memory cycle was p erformed on the �nal comp onent. While shap e-�xing was

very go o d (�rst step in Figure A.7), the comp onent did not show a satisfactory shap e

recovery (second step in Figure A.7), so that a stretching op eration was necessary to get

the material to a nearly undeformed state (third and last step in Figure A.7).
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Figure A.6: Manufacturing pro cedure: the layers are overlapp ed and heated in

order to glue them; the external shap e and the holes lo cations are then obtained

through a laser-cutter; �nally, the holes are drilled.

Figure A.7: Shap e-memory cycle: shap e �xing, partial shap e recovering, and �nal

reshaping.
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App endix B

Self-sensing ability of SMA actuators

The present chapter brie�y summarizes the work done together with a student of Biomed-

ical Engineering (at University of Pavia), whom I sup ervised during the preparation of his

Bachelor thesis.

B.1 Intro duction

Among the numerous applications of SMAs, actuators represent one of the most innovative

and promising. For example, SMA-actuated applications can b e found in phone-cameras,

air-conditioning and hydraulic valves, micro electronic switches, etc.

Many actuators present a closed lo op control, therefore a measure of the output is

needed to tune the input signal, in order to achieve the desired motion. Conventional

actuators often rely on displacement sensors, or sometimes even on predictive mo dels, to

provide the controller with some information ab out the output. In such cases, an indirect

metho d is thus used to measure the output, with consequent issues related to measurement

time, precision, eventually increasing complexity and size of the overall device.

SMA actuators do not require the utilization of additional sensors, thanks to an inter-

esting prop erty of the material, namely the self-sensing ability. Such characteristic derives

from the tight correlation b etween the phase transformation of the alloy and its electrical

resistivity. Since the phase transformation is directly linked to the material shap e change,

and therefore to the actuation, the measurement of the electrical resistance during the

phase transformation provides information on the motion of the SMA actuator, without

the need for displacement sensors. This reduces the size and complexity of the device,
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along with the manufacturing time and cost. Moreover, the measurement dep ends directly

on the material b ehavior, resulting in higher reliability and reducing the time for signal

transducing.

The self-sensing phenomenon has b een investigated in the last years, even though more

detailed studies are needed. In fact, while other asp ects of SMAs such as the relation

b etween phase transformation, temp erature and deformation, have b een widely describ ed,

the link b etween phase transformation and resistivity still needs more attention.

The present study has b een made in order to assess the self-sensing capabilities of

Nitinol wires pro duced by SAES Getters company (Lainate, MI, Italy), as well as to prop ose

a constitutive mo del able to describ e such phenomenon.

B.2 Materials and metho ds

Exp erimental tests were p erformed on SmartFlex NiTi wires with diameter 0:2 mm, pro-

duced by the company SAES Getters (Lainate, MI, Italy). A graphical explanation of the

electrical actuation of SMA wires can b e found in Figure B.1.

Figure B.1: SMA electrical actuation: when the circuit is closed, the wire is heated

through Joule e�ect and it contracts, pulling the weight.

Technical data for the wires are rep orted in Figure B.2. The testing setup is displayed

in Figure B.3. A frame was assembled in order to hang the Nitinol wire, cut ab out 150 mm

long, which in turn held a variable weight, consisting of a cylindrical b ox containing lead

spheres. In corresp ondence of the b ottom surface of the b ox, a p otentiometer was fastened
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to the frame and adjusted vertically to catch the vertical displacement of the b ox, led by

the wire contraction/extension. A counter-spring allowed the slider of the p otentiometer to

always remain in contact with the b ottom surface of the b ox. An electrical circuit was built

as rep orted in Figure B.4; a precision resistance, with a � 1%, was used to calculate the

electrical current circulating. A p ower supplier Elektro-Automatik PS 3000b was used to

activate the NiTi wire and to provide p otential di�erence for the electrical measurements.

A DAQ USB-6210 by National Instruments was used for data acquisition, along with the

software Labview.

Figure B.2: Smart�ex (SAES Getters) wires technical data.

Figure B.3: Testing equipment.

A su�cient voltage was applied to the circuit, so that wire contraction was achieved

thanks to the heat pro duced by Joule e�ect; after that, the voltage was dropp ed to a low
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Figure B.4: Electrical circuit: voltage supply and data acquisition.

level in order to allow co oling (and so extension) of the wire, but still provide enough

p otential di�erence for the DAQ to measure the voltage drops in the circuit. Di�erent

weights were hang to the wires, in order to investigate the e�ect of load variation on the

relationship b etween wire contraction/extension and electrical resistance.

B.3 Exp erimental results

In the present section, a summary of the numerous exp erimental curves obtained will b e

presented.

In general, three di�erent regions can b e individuated in the plots. A b ottom region

where electrical resistance increases, along with a small extension of the wire due to thermal

expansion: this phase corresp onds to an initial heating of the wire, when the heat is yet

not enough to pro duce phase transformation. In the central region of the plots, the phase

transformation takes place, and the electrical resistance exp eriences a big decrease, nearly

linearly prop ortional to the wire contraction. Finally, an upp er region can b e noted, where

the phase transformation has ended, and the resistance increases; again, a small elongation

takes place due to thermal expansion. It can b e noted that the resistance variation due to

the phase transformation is much higher than the one due to temp erature change.

It can b e noted that as higher weights are applied to the wire, the contraction versus

resistance curve shifts to the right.
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Figure B.5: Exp erimental data obtained from three trials, with di�erent applied

weight.

The rough data obtained by acquisition have b een �ltered in Matlab [200], in order to

derive smo other curves. The obtained data match well with the trend of the exp erimental

data which can b e found in literature [177, 346].

B.4 Constitutive mo del

In order to simulate the self-sensing b ehavior, the following constitutive material mo del is

prop osed.

The total electrical resistance of the actuator is derived from a rule of mixture, which

reads:

R = RM

" tr

� L
+ RA

0

@1 �
" tr

� L

1

A : (B.1)

RM is the resistance of the martensite fraction, RA is the resistance of the austenite

fraction, " tr
is the transformation strain and � L is the maximum limit for the transformation

strain. The

" tr

� L
ratio represents the martensite fraction.
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The mo del considered is one-dimensional, b ecause it refers to actuators presenting one

preferential actuation direction (e.g. wires or springs).

While � L is given as a material parameter, " tr
can b e derived from the one-dimensional

version of the Souza-Auricchio mo del (detailed in Reference [25]).

Regarding RM and RA , the following expressions are chosen:

RM = RM 0 + @T RM (T � TM 0) + @� RM � (B.2)

RA = RA0 + @T RA (T � TMA ) + @� RA �: (B.3)

where RM 0 , RA0 , @T RM , @T RA , @� RM and @� RA are appropriately chosen constants.

The temp erature of the wire can b e calculated at every (acquisition) instant using the

following energy balance:

c · m

� t
(T � Told) + hconv (T � Text ) = I · VSMA ; (B.4)

where c is the sp eci�c heat of NiTi, m is the mass of the actuator, T and Told are

resp ectively the temp eratures at the current and at the previous instant, hconv is the

convection co e�cient de�ning the heat exchange with the external environment, Text is

the external temp erature, I is the electrical current �owing in the circuit, and VSMA is the

voltage drop on the NiTi wire.
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