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ment and recoil has been performed to evaluate the maximum residual

plastic strain dislocation to detect macrocrack initiation points. In fig-

ure 5.3 the plastic strain results are presented.

Finally a calculation of principal stress orientation in the elements

Figure 5.3: Residual plastic strain localization in consequence of stent deployment.

subjected to maximum plastic strain has been required to evaluate

initial macrocrack orientation as shown in figure 5.4.

Figure 5.4: Maximum principal stress orientation to evaluate initial macrocrack orien-

tation.
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5.1.2 Diastolic and Systolic Stresses Calculation

Once we localized both macrocrack initiation points and macro-

cracks initial orientation, a heart beats induced stresses calculation

has been required to establish the stresses induced on stent surface by

both diastolic and systolic pressure.

So, an external cylinder has been designed to simulate the contact

between the vessel internal and stent external surfaces.

We applied on the new cylinder surface firstly diastolic and secondly

systolic pressure to evaluate the relative stress resulting on stent sur-

face.

The maximum equivalent von Mises stress, the maximum principal

stress and the stress range acting on stent surface are required to

perform a fatigue life evaluation. The stresses calculation results are

shown in figure 5.5 and 5.6.

Figure 5.5: von Mises and maximum principal stresses induced on stent surface by

diastolic pressure: section view.

Figure 5.6: von Mises and maximum principal stresses induced on stent surface by

systolic pressure: section view.

The analysis shows that:
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• Maximum equivalent von Mises stress: 375 MPa ;

• Maximum principal stress: 388.5 MPa ;

• Stress range (referred to maximum preincipal stresses) near crack

initiation point: ≈ 110 MPa .

5.2 Material and Damage Parameters Evalu-

ation

We chose for this example the Cypher stent for two main reasons:

• It is a stent really used in cardiovascular diseases;

• It is a steel maiden stent, so its material parameters are known.

As shown in Chapter 2, a material parameters evaluation require both

tensile and fatigue tests.

5.2.1 Identification from Tensile Tests

In the following the steel parameters which will be evaluated with

a tensile application of fatigue machine presented in Chapter 4 are

reported with reference to figure 5.7:

Figure 5.7: Cypher parameters identification from a tensile test on steel at room tem-

perature. Engineering Damage Mechanics: Ductile, Creep, Fatigue and Brittle Failures;

Springer.
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• Young’s modulus: E = 200000 MPa ;

• Poisson’s ratio: ν = 0.3;

• Yield stress: σy = 375 MPa −→ σ02 = 380 MPa ;

• Ultimate stress: σu = 474 MPa −→ ε(σu) = 0.15;

• Rupture stress: σR = 330 MPa ;

• Rupture strain: εpR = 0.32;

• Necking parameter: Z = (S0 − SR)/S0 = 0.5;

• Local rupture strain in Necking zone: ε?pR = 2(1−
√

1− z) = 0.6.

These data are referred to SS316l steel, so they will allow us to check

fatigue machine reliability.

Remembering that damage starts to grow up when plastic strain reaches

the value corresponding to ultimate stress σu, we could evaluate the

plastic deformation threshold for damage initiation:

εpD ≈ εp(σ = σu) = 0.15 (5.1)

Moreover, the critical damage value could be calculated:

Dc = 1− σR

σu
= 0.3 (5.2)

5.2.2 Identification from a Fatigue Test

As shown in figure 5.8, from two fatigue tests we could get:

• Fatigue limit (i.e. calculated for 106 cycles): σf = 220 MPa ;

• For ∆εp1 = 0.027→ NR = 10 and σM1 = 450 MPa ;

• For ∆εp2 = 0.0035→ NR = 100 and σM2 = 340 MPa ;

So by solving the following equation coming from Chapter 2 inserting

the above presented values, s and m parameters are calculated:

NR =
εpD

2∆εp

(
σu − σf

σmax − σ∞f

)m

+
1− (1−Dc)2s+1

2 (2s + 1) Dcεp

(
σu

σmax

)2s

(εpR − εpD)

(5.3)
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Figure 5.8: Material parameters from a Wohler curve of steel at room temperature.

Engineering Damage Mechanics: Ductile, Creep, Fatigue and Brittle Failures; Springer.

s = 2.4

m = 6 (5.4)

Finally, the last parameter, S, could be calculated from the following

equation:

S =
σ2

u

2E

(
ε?pR − εpD

Dc

)1/s

= 0.665 MPa (5.5)

Now all material parameters are identified and we will be able (if

machine calibration will be O.K.) to check the model agreement with

test results.

Starting from figure 5.8 we could calculate NR for every σM −∆εpR
values (where σM is any applied stress); then performing a fatigue test

on a steel specimen for a number of cycles equal to the calculated NR

value we could check model validity by verifying if damage results in

the following way:

• As mentioned, perform a fatigue test for a number of cycles equal

to the calculated NR;

• Stop the fatigue test and induce specimen static failure to mea-
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sure the actual Young’s modulus value which will be reduced by

fatigue damaging;

• Calculate the damage value corresponding to NR as follow:

D = 1− Ẽ
E

(5.6)

where:

1. Ẽ: damaged Young’s modulus;

2. E =: true Young’s modulus.

• Check if: D ≈ Dc −→ the model is good.

If both described machine calibration and model check will give suit-

able result, we will be able to evaluate both Nitinol properties and

Nitinol stent fatigue macrocrack initiation.

5.3 Analytical Stent Fatigue Life Evaluation

As shown in Chapter 2, to evaluate crack initial length, it could

be used the procedure presented in section 2.7.

This procedure is based on the matching between the CDM energy

related to both plastic and damage processes and FM energy required

for crack initiation (Gc , fracture toughness).

So, the initial crack length, δ0 , could be calculated as:

δ0 =
Gc

σ2
u

2EDc + σuεpR

(5.7)

In chapter 3 we define the relationship between Gc and Kc as follow:

Kc =
√
EGc = S

√
πa −→ 33 MPa

√
m (ASTM Material Handbook)

Gc =
K2
c

E
=

1089
200000

MPa ·m = 0.005445 MPa ·m (5.8)

So δ0 could be calculated:

δ0 =
0.005445 MPa ·m

152.02 MPa
≈ 35 µm (5.9)
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The crack is orientated in the principal stress direction as shown in

figure 5.4.

Finally, macrocrack growth evolution comes from Paris law, which

allow to evaluate Np (number of cycles for crack propagation from its

initial macro dimension to final failure):

Np =
2

c · (n− 2) · f(g)n∆sn · π
n
2

·
(
a

1−n
2

0 − a
1−n

2
f

)
= 2.14 x 108

(5.10)

where:

• c = 5.3 x 10−14: material parameter taken from ASTM Hand-

book (Steel);

• f(g) = 0.629: crack shape function taken from ASTM Hand-

book;

• ∆σ = 110 MPa : applied stress range;

• ao: crack initial length (δ0);

• af : crack final length (80% of stent width).

The result above presented is just a qualitative representation obtained

with exemplifying parameter values.

With fatigue machine realization, the material parameters will be cal-

culated for any specific stent material, allowing to evaluate stent fa-

tigue life.
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Further Improvements and

Conclusions

This work approaches stent fatigue life prediction, so it has matched

a variety of problems which has been simplified. Consequently the fol-

lowing improvements can be performed:

• Analytical Approach:

1. Non constant amplitude-non proportional loadings (ran-

dom fatigue) to introduce in fatigue life investigation the

stresses coming from external solicitations;

2. Investigation on anisotropic damage behaviour and imple-

mentation of numerical solution to predict fatigue cracks

initial size;

3. Formulation of specific standard procedure customized for

HCF.

• Experimental Approach:

1. Realization of the designed fatigue machine;

2. Back-loop control system of actuator I, to correct the pro-

gressive initial condition changes due to material induced

plasticity;
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3. Performance of non constant amplitude fatigue test, using

the DC brushless ability to implement a specific speed pro-

file as a consequence of a customized programming;

4. Realization of pump-grasping to perform stent radial test.

The aim of this work has been to identify a procedure allowing

to evaluate stent fatigue life considering both analytical, experimental

and numerical methods.

A review of fatigue theoretical aspects has been firstly presented to

obtain the essential knowledge to understand physical mechanisms of

fatigue. This review provided a qualitative fatigue description and

the standard experimental procedures implemented for material fa-

tigue characterization.

Then, analytical models to investigate the fatigue crack initiation and

its evolution has been presented to predict stent fatigue life.

A customized fatigue machine has been designed. The realization of

this test machine and the consequent calibration will allow firstly to

investigate fatigue material parameters required by the presented an-

alytical models and secondly a direct fatigue life evaluation of a real

stent.

Finally, a practical application of the previously discussed method-

ology has been presented as an example to show how to apply the

described procedure for stent fatigue life prediction.

In this practical application, a finite element analysis of Cypher stent

has been performed to evaluate the stent stress state under a cardiac

cycle.

Consequently the developed framework provides the basis for the eval-

uation of stent fatigue life ranging from the position, the orientation

and the size of initial macrocrack to device final failure.
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Appendix A

Griffith Criterion

Surface energy: quantifies the disruption of intermolecular bonds

that occurs when a surface is created. In the physics of solids, surfaces

must be intrinsically less energetically favourable than the bulk of a

material; otherwise there would be a driving force for surfaces to be

created, and surface is all there would be. The surface energy may

therefore be defined as the excess energy at the surface of a material

compared to the bulk.

Surface energy of a solid measurement: the surface energy

of a solid is usually measured at high temperatures. At such temper-

atures the solid creeps and even though the surface area changes, the

volume remains approximately constant. If γ is the surface energy

density of a cylindrical rod of radius r and length l at high temper-

ature and a constant mono-axial tension P , then at equilibrium, the

variation of the total Gibbs free energy vanishes and we have:

δG = −Pδl + γδA = 0 (A.1)

where G is the Gibbs free energy and A is the surface area of the rod:

A = 2πr2 + 2πrl (A.2)

δA = 4πrδr + 2πlδr + 2πrδl (A.3)

Also, since the volume V of the rod remains constant, the variation

δV of the volume is zero:

V = πr2l = constant (A.4)
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δV = 2πrlδr + πr2δl = 0 (A.5)

δr = − r
2l
δl (A.6)

Therefore, the surface energy density can be expressed as:

γ =
Pl

πr(l− 2r)
(A.7)

The surface energy density of the solid can be computed by measuring

P , r, and l at equilibrium.

Gibbs free energy: in thermodynamics, the Gibbs free energy

(IUPAC recommended name: Gibbs energy or Gibbs function) is

a thermodynamic potential which measures the ’useful’ or process-

initiating work obtainable from an isothermal, isobaric thermody-

namic system. Technically, the Gibbs free energy is the maximum

amount of non-expansion work which can be extracted from a closed

system or this maximum can be attained only in a completely re-

versible process. When a system changes from a well-defined initial

state to a well-defined final state, the Gibbs free energy ∆G equals the

work exchanged by the system with its surroundings, less the work of

the pressure forces, during a reversible transformation of the system

from the same initial state to the same final state. The Gibbs free

energy is defined as:

G = U + pV −TS (A.8)

which is the same as:

G = H−TS (A.9)

where:

• U is the internal energy;

• p is pressure;

• V is volume

• T is the temperature

• S is the entropy
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• H is the enthalpy

Internal energy: the sum of all microscopic forms of energy of a

system.
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Appendix B

LEFM Mathematical

Foundations

Linear elastic mathematical foundations starting from strain-displacement

relationships:

εxx =
δux

δx
εxy =

δuy

δy
εxy =

1
2

(
δux

δy
+
δuy

δx

)
(B.1)

where:

• x, y: respectively horizontal and vertical coordinates;

• εxx,εyy, etc.: displacement components.

The stress-strain relationships could be express in term of:

1. plane-strain conditions

σxx =
E

(1 + ν) (1− 2ν)
· [(1− ν) εxx + νεyy]

σyy =
E

(1 + ν) (1− 2ν)
· [(1− ν) εyy + νεxx]

τxy = 2µεxy =
E

(1 + ν)
· [εxy]

σzz = ν · [σyy + σxx]

εzz = εxz = εyz = τxz = τyz = 0 (B.2)
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2. plane-stress conditions

σxx =
E

(1− ν2)
· [εxx + νεyy]

σyy =
E

(1− ν2)
· [εyy + νεyy]

τxy = 2µεxy =
E

(1 + ν)
· [εxy]

εzz = − ν

(1− ν)
· [εyy + εxx]

σzz = εxz = εyz = τxz = τyz = 0 (B.3)

where:

• σ, τ : normal and shear stress components;

• E: Young’s modulus;

• ν: Poisson’s ratio.

The equilibrium conditions are given by:

δσxx
δx

+
δτxy
δy

= 0

δσyy
δy

+
δτxy
δx

= 0 (B.4)

The compatibility equations is represented by:

∇2 (σxx + σyy) = 0 (B.5)

where:

∇2 =
δ2

δx2
+

δ2

δy2
(B.6)

For a two dimensional continuous medium, there exist a function

Φ(x, y) ,the so called Airy stress function, from which the stresses

can be derived:

σxx =
δ2Φ
δy2

σyy =
δ2Φ
δx2

τxy = − δ2Φ
δxδy

(B.7)
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The equilibrium and compatibility equations are automatically satis-

fied if Φ has the following property:

∇2∇2Φ = 0 (B.8)

It is usually introduced polar coordinate system for strain-displacement

relationships:

εrr =
δur
δr

εθθ =
ur
r

+
δuθ
δθ

εrθ =
1
2
·
(

1
r

δur
δθ

+
δuθ
δr
− uθ

r

)
(B.9)

where ur and uθ are the radial and tangential components respectively.

It is useful to write the stress-strain relationships in polar coordinates:

1. plane strain conditions:

σrr =
E

(1 + ν) (1− 2ν)
· [(1− ν) εrr + νεθθ] (B.10)

2. plane stress conditions:

σrr =
E

(1− ν2)
· [εrr + νεθθ] (B.11)

Similarly, it is reintroduced the equilibrium equations in polar coordi-

nates:

δσrr
δr

+
1
r

δτrθ
δθ

+
σrr − σθθ

δr
= 0

δτrθ
δr

+
1
r

δσθθ
δθ

+
2τrθ
δr

= 0 (B.12)

and also the compatibility equations:

∇2 (σrr + σθθ) = 0 (B.13)

where

∇2 =
δ2

δr2
+

1
r

δ

δr
+

1
r2

δ2

δθ2
(B.14)

Finally we rewrite Airy stress function:

∇2∇2Φ = 0 (B.15)
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where:

Φ = Φ(r, θ)

σrr =
1
r2

δ2Φ
δθ2

+
1
r

δΦ
δr

σθθ =
δ2Φ
δr2

τrθ =
1
r2

δΦ
δθ

+
1
r

δ2Φ
δθδr

(B.16)

The boundary conditions for the plane problem are:

σθθ = σrθ = 0 for θ = ±π (B.17)

M.L. Williams [73] [74] was the first to demonstrate the universal na-

ture of 1√
r

singularity for elastic crack problems. He began by consid-

ering stresses at the corner of a plate with various boundary conditions

and included angles; a crack is special case where the included angle

of the plate corner is 2π and the surfaces are traction free (Fig.B.1).

For the configuration in Fig.B.1b, Williams postulated the following

stress function:

Φ = rλ+1 [c1 sin (λ+ 1) θ∗ + c2 cos (λ+ 1) θ∗] +

+rλ+1 [c3 sin (λ− 1) θ∗ + c4 cos (λ− 1) θ∗] = rλ−1Φ (θ∗, λ) (B.18)

where c1, c2, c3, c4 are constants, and θ∗ is defined in Fig.B.1b. The

following expressions for the stresses is given by invoking the Airy

stress function in polar coordinates:

σrr = rλ−1
[
F ′′ (θ∗) + λ+ 1F (θ∗)

]
σθθ = rλ−1 [λ (λ+ 1)F (θ∗)]

τrθ = rλ−1
[
λF ′ (θ∗)

]
(B.19)

where the primes denote derivate with respect to θ∗ . If the crack

faces are traction free, σθθ(0) = σθθ(2π) = τrθ(0) = τrθ(2π) = 0 and it

implies the following boundary conditions:

F (0) = F (2π) = F ′(0) = F ′(2π) = 0 (B.20)
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Figure B.1: Plate corner configuration analyzed by Williams.

Assuming that the constants in Eq.B.18 are non zero in the most

general case, the boundary conditions can only be satisfied when:

sin(2πλ) = 0 thus λ =
n

2
where n = 1, 2, 3, ... (B.21)

There are an infinite numbers of λ values that satisfy the boundary

conditions; the most general solution to a crack problem, is a polyno-

mial of the form:

Φ =
N∑
n=1

[
r
n
2

+1F
(
θ∗,

n

2

)]
(B.22)

and the relative stresses are given by:

σij =
Γij
(
θ∗,−1

2

)
√
r

+
M∑
m=0

[
r
m
2 Γij (θ∗,m)

]
(B.23)

where Γ is a function that depends on F and its derivatives. The order

of the polynomial stress function , N , must be sufficient to model

the stresses in all region of the body. When r → 0, the first term

in Eq.B.23 approaches infinity, while the higher order of the terms

remain finite (when m = 0) or approach zero (for m > 0). Thus

the higher order terms are negligible close to the crack tip, and the

stress exhibits a 1√
r

singularity. By applying Eq.B.20 in Eq.B.16 , it

is possible to eliminate two constants, resulting in:

Φ (r, θ) = r
n
2

+1

{
c3

[
sin
(n

2
− 1
)
θ∗ − n− 2

n+ 2
sin
(n

2
+ 1
)
θ∗
]}

r
n
2

+1
{
c4

[
cos
(n

2
− 1
)
θ∗ − cos

(n
2

+ 1
)
θ∗
]}

(B.24)
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for a given value of n. The following stress function is obtained for

the first few values of n, by substituting θ = θ∗ − π into Eq.B.24:

Φ (r, θ) = r
3
2

[
s1

(
− cos

θ

2
− 1

3
cos

3θ
2

)
+ t1

(
− sin

θ

2
− sin

3θ
2

)]
+s2r

2 (1− cos 2θ) +O

(
r
θ
2
θ

2

)
+ ...(B.25)

where si, ti are constants to be defined. The stresses are given by:

σrr =
1

4
√
r

{
s1

[
−5 cos

θ

2
+ cos

3θ
2

]
+ t1

[
−5 sin

θ

2
+ 3 sin

3θ
2

]}
+

+4s2 cos2 θ +O
(
r

1
2

)
+ ...

σθθ =
1

4
√
r

{
s1

[
−3 cos

θ

2
− cos3θ

2

]
+ t1

[
−3 sin

θ

2
+ 3 sin

3θ
2

]}
+

+4s2 sin2 θ +O
(
r

1
2

)
+ ...

τrθ =
1

4
√
r

{
s1

[
− sin

θ

2
sin

3θ
2

]
+ t1

[
cos

θ

2
+ 3 cos

3θ
2

]}
+

−2s2 sin 2θ +O
(
r

1
2

)
+ ...(B.26)

The constant s1, t1 can be replaced by the Mode I and Mode II stress

intensity factors, respectively:

s1 = − KI√
2π

; t1 =
KII√

2π
(B.27)

The crack tip stress fields for symmetric loading, Mode I, are given

by:

σrr =
KI√
2πr

(
5
4

cos
θ

2
− 1

4
cos

3θ
2

)
σθθ =

KI√
2πr

(
3
4

cos
θ

2
+

1
4

cos
3θ
2

)
τrθ =

KI√
2πr

(
1
4

sin
θ

2
+

1
4

sin
3θ
2

)
(B.28)

The singular stress field for Mode II is given by:

σrr =
KII√
2πr

(
−5

4
sin

θ

2
+

3
4

sin
3θ
2

)
σθθ =

KII√
2πr

(
−3

4
sin

θ

2
− 3

4
sin

3θ
2

)
τrθ =

KII√
2πr

(
1
4

cos
θ

2
+

3
4

cos
3θ
2

)
(B.29)
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Converting Eq.B.28 and Eq.B.29 in Cartesian coordinates we obtain

the equations given in the referred section. The accepted definition of

stress intensity factor comes from the Irwin work [75], and it quantifies

the amplitude of Mode I singularity with
√
GE, where G is the energy

relies rate given in the Griffith criterion. Westergaard [76] showed

that many problems could be solved by introducing a complex function

Z(z), where:

z = x+ iy; i =
√
−1 (B.30)

The Westergaard stress function is related to Airy function by:

Φ = ReZ̄ + yImZ̄; i =
√
−1 (B.31)

where Z̄ represent the integration with respectto z. Applying Eq.B.7

gives:

σxx = ReZ + yImZ ′σyy = ReZ + yImZ ′τxy = −yReZ ′ (B.32)

The imaginary part of stresses vanish when y = 0. Also the shear

stress vanishes when y = 0, implying that the crack plane is principal

plane. Thus the stresses are symmetric about θ = 0. Subsequent

modification generalized the Westergaard approach to be applicable to

a wider range of cracked configurations. If we apply this consideration

in the situation showed in Fig.3.5, we obtain:

Z(z) =
Sz√
z2 − a2

(B.33)

where S is the remote stress and a is half crack length. Consider the

crack plane where y = 0: for −a < x < a, Z is pure imaginary, while

Z is real for | x |>| a |. The normal stresses on the crack plane are

given by:

σxx = σyy = ReZ =
Sz√
z2 − a2

(B.34)

Considering the horizontal distance from each crack tip:

x∗ = x− a (B.35)

the following relationship is obtained by substitution in Eq.B.34:

σxx = σyy =
S
√
a√

2x∗
for x∗ << a (B.36)
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One advantage of this approach is that it relates the local stress to the

global stress and crack size. From Eq.B.28 the stresses on the crack

plane (θ = 0) are given by:

σrr = σθθ = σxx = σyy =
KI√
2πx∗

(B.37)

Comparing Eq.B.36 and Eq.B.37

KI = σ
√
πa (B.38)

which is the common accepted form for stress intensity factor Mode

I. Substituting Eq.B.38 in Eq.B.34 it gives:

Z(z∗) =
KI√
2πz∗

where z∗ = z − a (B.39)

It is possible to solve for the singular stresses at the other angles by

making the following substitution in Eq.B.39:

z∗ = reiθ where r2 = (x− a)2 + y2; θ = tan−1

(
y

y − a

)
(B.40)

which leads to equation:

σxx =
KI√
2πr

cos
θ

2

[
1− sin

θ

2
sin

3θ
2

]
σyy =

KI√
2πr

cos
θ

2

[
1 + sin

θ

2
sin

3θ
2

]
τxy =

KI√
2πr

cos
θ

2
sin

θ

2
(B.41)

that are the same gave in the referred section.

With similar considerations it is possible to obtain the equations re-

ferred to mode II given in the referred section.

For Mode III it can be shown that:

σxx =
KIII√

2πr

(
− sin

θ

2

)
σxz =

KIII√
2πr

(
cos

θ

2

)
(B.42)

coming from similar consideration.
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EPFM Mathematical

Foundations

In him description, Rice presents a mathematical proof of the path

independence of the j contour integral. It is useful to remake the same

passage he did.

Rice began by evaluating J along a closed contour, Γ∗ (Fig.C.1):

J∗ =
∫

Γ∗

(
wdy −Ti ·

δui

δx
ds
)

(C.1)

where the various terms in this equation are defined in the respective

section. By use the theorem of the divergence, Rice converts the upper

equation into an area integral:

J∗ =
∫

A∗

[
δw
δx
− δ

δxj

(
σij
δui

δx

)]
dxdy (C.2)

where A∗ is the area enclosed by Γ∗. From the definition of strain

energy density:

δw
δx

= σij
δεij
δx

(C.3)

only if we assume elastic conditions. Combining the strain-displacement

relationship with the above equation:

δw
δx

=
1
2
σij

[
δ

δx

(
δui

δxj

)
+ δδx

(
δuj

δxi

)]
= σij

δ

δxj

(
δui

δx

)
(C.4)
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Figure C.1: Closed contour Γ∗, in a two dimensional solid.

Figure C.2: arbitrary contours around a crack tip of a crack connected by two segments.

since σij = σji. Applying the equilibrium condition:

σij
δ

δxj
=
(
δui

δx

)
=

δ

δxj

(
σij
δui

δx

)
(C.5)

which is identical with the second term in the bracket in J equation

(Eq.C.2). Rice shows in this way that the second term of Eq.C.2

is equal to zero for any closed contour. Consider now two arbitrary

contours around a crack tip (Fig.C.2). If Γ1 and Γ2 are connected by

segments along the crack face (Γ3 and Γ4 ), a closed line is formed

and in according with the previous considerations, J = 0 Therefore,

any arbitrary path around a crack will yield the same value of J ; J is

path-independent. Now we want to introduce J as a non-linear elastic

release rate by considering a two dimensional cracked body bounded

by a curve, Γ (Fig.C.3), where A′ denote the area of the body. In
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Figure C.3: A two dimensional cracked body bounded by a curve Γ′.

absence of body forces:

Π =
∫

A′
wdA−

∫
Γ′′

TiuidS (C.6)

where Γ′′ is the portion of the contour on which tractions are defined.

With crack extension we have a potential energy change, described

by:
dΠ
da

=
∫

A′

dw
da

dA−
∫

Γ′
Ti

dui

da
dS (C.7)

and the line integration in the above equation can be performed over

the entire contour, Γ′, because dui
da = 0 over the region where dis-

placements are specified; also over the region where the tractions are

specified. When the crack growth, the coordinate axis moves and thus

a derivative with respect to crack length could be written as:

d
da

=
δ

da
+
δx
δa

δ

δx
=

d
da
− δ

δx
(C.8)

Applying this result in Eq.C.7, it gives:

dΠ
da

=
∫

A′

(
dw
da
− dw

dx

)
dA−

∫
Γ′

Ti

(
dui

da
− dui

dx

)
dS (C.9)

and with the assumption previously introduced we obtain:

δw
δa

=
(
δw
δεij

)
δεijδa

=
σij

δ

δxj

(
δui

δa

)
(C.10)

Invoking the principle of virtual work:∫
A′
σij

δ

δxj

(ui

δa

)
dA =

∫
Γ′

Ti

(
δui

δa

)
dS (C.11)
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and by substitution in the line integral equation:

dΠ
da

=
∫

Γ′
Ti

(
δui

δx

)
dS−

∫
A′

(
δw
δx

)
dA (C.12)

Applying the divergence theorem:

−dΠ
da

=
∫

Γ′

(
wdy −Ti

δui

δx

)
dS (C.13)

The J contour integral is equal to the energy release rate for a linear

or non-linear material under quasi-static conditions.
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Appendix D

Matlab for Cam Design

acc = e_max/(1/18*pi^2);

%T0 = 5*pi/180;

T1 = 170*pi/180;

T2 = 200*pi/180;

T3 = 230*pi/180;

T4 = 260*pi/180;

T5 = 270*pi/180;

T6 = 300*pi/180;

T7 = 330*pi/180;

theta1 = [0:0.001:T1];

rho1 = 0.02;

theta2 = [0:0.0001:pi/6];

theta3 = [pi/6:0.0001:pi/3];

theta4 = [pi/3:0.0001:pi/2];

theta5 = [0:0.0001:pi/18];

for i=1:length(theta1)

rho(i) = rho1;

end

163



Chapter D. Matlab for Cam Design

for i=1:length(theta2)

rho2(i) = rho1 + 0.5*acc*(theta2(i))^2;

rho6(i) = rho1+e_max - 0.5*acc*(theta2(i))^2;

end

for i=1:length(theta3)

rho3(i) = rho1 + acc*(pi/6)*(theta3(i)-pi/12);

rho7(i) = rho1+e_max - acc*(pi/6)*(theta3(i)-pi/12);

end

for i=1:length(theta4)

rho4(i) = rho1 + acc*(pi/6)*(theta4(i)-pi/12)+

-acc/2*(theta4(i)-pi/3)^2;

rho8(i) = rho1+e_max - (acc*(pi/6)*(theta4(i)-pi/12)+

-acc/2*(theta4(i)-pi/3)^2);

end

for i=1:length(theta5)

rho5(i) = rho1+e_max;

end

radius=[rho rho2 rho3 rho4 rho5 rho6 rho7 rho8];

theta = [theta1 theta2+T1 theta3+T2-pi/6 theta4+T3-pi/3

theta5+T4 theta2+T5 theta3+T6-pi/6 theta4+T7-pi/3];

figure

grid on

polar(theta, radius)
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una valanga di motivazioni (e per un bel pò di altre cose che è meglio
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