
Towards	
  a	
  pa*ent-­‐specific	
  cons*tu*ve	
  modeling	
  	
  
of	
  so8	
  biological	
  *ssues:	
  	
  

the	
  mul*scale	
  structural	
  approach	
  	
  

Michele	
  Marino	
  

University of Rome “Tor Vergata” 

Seminar	
  
DICAr,	
  Pavia,	
  Italy	
  
Tuesday,	
  October	
  29	
  

PRIN	
  Project:	
  Advanced	
  mechanical	
  modeling	
  of	
  new	
  materials	
  
and	
  technologies	
  for	
  the	
  solu@on	
  of	
  2020	
  European	
  challenges	
  

	
  

Target	
  problem:	
  Health	
  care	
  devices	
  to	
  treat	
  cardiovascular	
  
pathologies	
  (UNIROMA2	
  research	
  unit)	
  



CONSTITUTIVE	
  MODELS	
  OF	
  SOFT	
  TISSUES	
   MICHELE	
  MARINO	
  



CONSTITUTIVE	
  MODELS	
  OF	
  SOFT	
  TISSUES	
   MICHELE	
  MARINO	
  

AORTA:	
  

ADVENTITIA	
  
MEDIA	
  
INTIMA	
  

ELASTIN	
  
CELLS	
  
ELASTIN	
  

COLLAGEN	
  

}	
  

Medial	
  Lamellar	
  Unit	
  
MLU	
  

M.K.	
  O’Connell	
  et	
  al.,	
  The	
  Three-­‐dimensional	
  Micro-­‐	
  and	
  Nanostructure	
  of	
  the	
  Aor@c	
  Medial	
  
Lamellar	
  Unit	
  Measured	
  Using	
  3D	
  Confocal	
  and	
  Electron	
  Microscopy	
  Imaging.	
  Matrix	
  Biol.	
  27,	
  2008	
  



CONSTITUTIVE	
  MODELS	
  OF	
  SOFT	
  TISSUES	
   MICHELE	
  MARINO	
  

AORTIC	
  MEDIA:	
  

M.K.	
  O’Connell	
  et	
  al.,	
  The	
  Three-­‐dimensional	
  Micro-­‐	
  and	
  Nanostructure	
  of	
  the	
  Aor@c	
  Medial	
  
Lamellar	
  Unit	
  Measured	
  Using	
  3D	
  Confocal	
  and	
  Electron	
  Microscopy	
  Imaging.	
  Matrix	
  Biol.	
  27,	
  2008	
  



CONSTITUTIVE	
  MODELS	
  OF	
  SOFT	
  TISSUES	
   MICHELE	
  MARINO	
  

6,0 6,5 7,0 7,5 8,0 8,5 9,0 9,5 10,0 10,5
0

25

50

75

100

125

150

175

200

p	
  
(m

m
Hg

)

r	
  (mm)

	
  	
  Experimental	
  data	
  (Hallock,	
  1937)

High	
  deformability	
  
related	
  with	
  elas@n	
  

To	
  promote	
  energy	
  storage	
  

High	
  collagen	
  
s@ffness	
  

Protec@ve	
  mechanism	
  	
  
to	
  prevent	
  overdila@on	
  

Pressure	
  physiological	
  
typical	
  range	
  

Uniform	
  internal	
  	
  
pressure	
  p	
  

r 



CONSTITUTIVE	
  MODELS	
  OF	
  SOFT	
  TISSUES	
   MICHELE	
  MARINO	
  

Elas@n	
  s@ffness	
  

Cross-­‐link	
  density	
  

Elas@n	
  content	
  

Collagen	
  content	
  

Fiber	
  straightening	
  

Diameter	
  at	
  p=0	
  

Media	
  thickness	
  

EVIDENCE	
  

Bruel,	
  1997	
  

Bailey,	
  2001	
  

Bruel,	
  1997	
  

Bruel,	
  1997	
  

Astrand,	
  2001	
  

Astrand,	
  2008	
  

Astrand,	
  2008	
  

REFERENCE	
  } 
} 
} 

NANO 

MICRO 

MACRO 

5 6 7 8 9 10 11 12
0

25

50

75

100

125

150

175

200

p	
  
(m

m
Hg

)

r	
  (mm)

	
  	
  Young	
  (exp.)
	
  	
  Middle	
  (exp.)
	
  	
  Old	
  (exp.)

Age-­‐dependent	
  	
  
histological	
  altera9ons	
  

…	
  corresponding	
  to	
  relevant	
  
altera9ons	
  in	
  arterial	
  mechanics	
  

Correla@on	
  also	
  between	
  aor@c	
  
dila@on,	
  aneurysm,	
  rupture	
  risk,	
  etc.	
  
etc.	
  and	
  histo-­‐chemical	
  altera@ons	
  

(Bruel	
  et	
  al.,	
  1998;	
  Carmo	
  et	
  al.,	
  2002;	
  
Lindeman	
  et	
  al.	
  2010)	
  	
  



CONSTITUTIVE	
  MODELS	
  OF	
  SOFT	
  TISSUES	
   MICHELE	
  MARINO	
  

The	
  puzzle:	
  	
  
“Our	
   understanding	
   of	
   aor9c	
   diseases	
   con9nues	
   to	
   advance	
   as	
   new	
  
partnerships	
   between	
   surgeons,	
   biologists,	
   engineers	
   and	
  
mathema9cians	
  […].”	
  

Computer-­‐Aided	
  Diagnosis	
  
	
  

	
  The	
  example	
  of	
  aneurysmal	
  care	
  

aneurysm, yet, it has been reported that in vivo pressure transmission through the
thrombus can vary considerably from patient to patient [56] and may not act as the
‘‘mechanical buffer’’ that it is often described as. Regardless of the on-going
debate over the role of the ILT, from both clinical [47] and engineering [1]
viewpoints, the structure must be included in numerical models if rupture-
prediction estimates are desired. In 2001, Wang and colleagues [64] mechanically
characterised the ILT using 50 specimens harvested from 14 patients. The
resulting population-mean material model is possibly the most employed
throughout the literature and is applied to all FEA computations in this chapter.

Calcifications are also a common feature of AAAs. Calcified deposits primarily
occur within the intima and intima-media interface, but can also occur within the
ILT. The role of calcifications in numerical analyses is still somewhat under debate
and is strongly dependent on the modeling approach. Speelman et al. [49] modeled
calcifications by assigning modified material properties to regions of the diseased
AAA wall, whereas Li et al. [28] included the structures as separate entities. More
recently, Maier et al. [31] examined several different approaches to calcification
inclusion and concluded that it is doubtful that rupture risk will increase by
including calcified deposits in numerical models as they can act as load bearing
structures. Inclusion of calcifications are therefore omitted from the CAD aspects
of this chapter, but could be easily implemented in future studies should the role of
these deposits be clarified.

The cohort included for examination in this present study consists of both
electively-repaired (n = 42) and ruptured (n = 10) AAA cases, of which the
general details and AAA characteristics are shown in Table 1.

4 Computer-Aided Quantification (CADq)

Computer-Aided Quantification (CADq) can take several forms in the context of
AAA assessment. The current clinical standard used to quantify AAA rupture-
threat is to measure the maximum diameter and, if possible the growth rate, of the

Fig. 1 Procedure of 3D reconstruction from CT scan. a Typical CT scan of an AAA through the
maximum diameter region. b Image after thresholding and segmentation of the region of interest
with the lumen shown in yellow and the intraluminal thrombus (ILT) shown in blue. c Resulting
3D reconstruction of the AAA
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In addition to A1 there is now a structure tensor A2 = M′ ⊗ M′, with the four
additional (modified) invariants Ī6, . . . , Ī9. Since Ī9 = (M · M′)2 is constant (it does
not depend on the deformation) the reduced form

!( Ī1, Ī4, Ī6) = !g( Ī1) + !f( Ī4, Ī6) (11.8)

may be considered (Holzapfel et al. 2000), which is the analogue of Eq. (11.4). Note
that Ī6 = C : A2 is the square of the stretch of collagen fibers in the direction of
M′. Hence, the anisotropy arises only through Ī4 and Ī6, but this form is sufficiently
general to capture the typical features of arterial responses.

One possible particularization of !g that determines the isotropic response in
each arterial layer is the (classical) neo-Hookean model. The strong stiffening effect
of each layer observed at high pressures may be described by

!f( Ī4, Ī6) = k1

2k2

∑

i=4,6

{
exp[k2( Īi − 1)2] − 1

}
, (11.9)

with the parameters k1 > 0, k2 > 0. It is assumed that Eq. (11.9) contributes when
either Ī4 > 1 or Ī6 > 1, or both. For example, if Ī4 ≤ 1 and Ī6 > 1, then only Ī6

contributes to !f, and therefore to !.
For a healthy and young human artery the intima is not of (solid) mechanical

interest, and therefore the focus is on modeling the two remaining layers, i.e., the
media and the adventitia. It is then appropriate to model the artery as a two-layer
thick-walled tube with residual strains. By Eqs. (11.5) and (11.9) the free-energy
functions, Eq. (11.7), may be written for the considered two-layer problem as
(Holzapfel et al. 2000)

!M = cM

2
( Ī1 − 3) + k1 M

2k2 M

∑

i=4,6

{
exp[k2 M( Īi M − 1)2] − 1

}
, (11.10)

!A = cA

2
( Ī1 − 3) + k1 A

2k2 A

∑

i=4,6

{
exp[k2 A( Īi A − 1)2] − 1

}
, (11.11)

for the media and adventitia, respectively. The constants cM and cA are associ-
ated with the non-collagenous ground-matrix of the material, which describes the
isotropic part of the overall response of the tissue. The constants k1 M, k2 M for
the media and k1 A, k2 A for the adventitia are associated with the contribution of
collagen to the overall response. The material parameters are constants and do not
depend on the geometry, opening angle or fiber angle.

The (modified) invariants, associated with the media M and the adventitia A, are
defined by

Ī4 j = C : A1 j , Ī6 j = C : A2 j , j = M, A. (11.12)
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Gundiah et al. (2007) show that the (classical) neo-Hookean model is a satisfactory
description for arterial elastin, which is a constituent of the ground-matrix consid-
ered as (solid) mechanically relevant. Hence, for !g the following function may be
taken

!g( Ī1) = c
2

( Ī1 − 3), (11.5)

where c > 0 is a stress-like material parameter. The strong stiffening effect of the
tissue observed at higher loadings is almost entirely due to collagen fibers and moti-
vates the use of an exponential function for the description of the strain energy
stored in the collagen fibers. Thus (Holzapfel et al. 2000),

!f( Ī4) = k1

k2

{
exp[k2( Ī4 − 1)2] − 1

}
, (11.6)

where k1 > 0 is a stress-like material parameter and k2 > 0 is a dimensionless
parameter. An appropriate choice of k1 and k2 enables the histologically based
assumption that the collagen fibers do not influence the mechanical response of
the artery in the low loading domain to be modeled (see the discussion in Section
11.3 and Fig. 11.4 therein). Due to the wavy structure it is generally assumed that
collagen is not able to support any compression. These fibers would buckle under
the smallest compressive load. It is therefore assumed that the fibers contribute to the
strain energy in extension and do not contribute in compression. Hence in the model,
Eq. (11.4), the anisotropic term should only contribute when the fibers are extended,
that is when Ī4 > 1. If, for example, Ī4 is less than or equal to 1, then the response
of the tissue is purely isotropic. This modeling assumption is not only physically
based, but is also essential for reasons of stability, see Holzapfel et al. (2004a) for
the related analysis.

11.5.2 A Structural Model for Arterial Layers

Since arteries are composed of (thick-walled) layers, each of these layers is modeled
with a separate strain-energy function. From the engineering point of view each
layer may be considered as a composite reinforced by two families of collagen fibers
which are arranged in symmetrical spirals.

It is assumed that each layer has a similar mechanical response, and therefore the
same form of strain-energy function (but a different set of material parameters) is
used for each layer. Hence, the appropriate extension of Eq. (11.1) can be written as

!(C, M, M′) = !g(C) + !f(C, M, M′), (11.7)

where the families of collagen fibers are characterized by the two (reference) direc-
tion vectors M, M′, with |M| = |M′| = 1.
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exp[k2 M( Īi M − 1)2] − 1

}
, (11.10)

!A = cA

2
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may be considered (Holzapfel et al. 2000), which is the analogue of Eq. (11.4). Note
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exp[k2 M( Īi M − 1)2] − 1

}
, (11.10)

!A = cA

2
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convex function U , taking on its unique minimum at J = 1, is responsible for
the volumetric elastic response of the material, while the given convex function !
is responsible for the isochoric elastic response. Since most of the soft biological
tissues behave like incompressible materials (J = 1, no change in volume during
deformation), U is treated as a (purely mathematically motivated) penalty function
enforcing the incompressibility constraint. A possible choice is κ(J − 1)2/2, where
κ is the bulk modulus, which serves as a user-specified (positive) penalty parameter.
It is independent of the deformation and chosen through numerical experiments.
Clearly, with increasing κ the violation of the constraint is reduced. If the restriction
on the value κ → ∞ is taken, the constraint condition is exactly enforced, and then
! = U (J ) + ! represents a functional for an incompressible material with J = 1.
In the remaining part of the chapter the emphasis is put on the form of !.

It is suggested to use an additive split of the isochoric strain-energy function
! into a part !g associated with the non-collagenous ground-matrix (indicated by
subscript g) and a part !f associated with the embedded families of collagen fibers
(indicated by subscript f) (Holzapfel and Weizsäcker 1998). Hence, for a represen-
tative tissue the (two-term) potential may be written as

!(C, M) = !g(C) + !f(C, M), (11.1)

where the family of collagenous fibers is characterized by the (reference) direc-
tion vector M, with |M| = 1, and C is the modified right Cauchy–Green tensor
(Holzapfel 2000). The structure tensor A1 is now included, defined as the tensor
product

A1 = M ⊗ M. (11.2)

The integrity basis for the two symmetric second-order tensors C and A1, then con-
sists of the five (modified) invariants Ī1, . . . , Ī5. Since Ī3 = 1 is constant, Eq. (11.1)
may be expressed in the reduced form

!(C, A1) = !g( Ī1, Ī2) + !f( Ī1, Ī2, Ī4, Ī5). (11.3)

Note that the (modified) invariant Ī4 = C : A1 is the square of the stretch of the one
family of collagen fibers in the directions M and it, therefore, has a clear physical
interpretation. For simplicity, in order to minimize the number of material parame-
ters, the reduced form of (11.3) may be considered according to

!( Ī1, Ī4) = !g( Ī1) + !f( Ī4). (11.4)

The anisotropy then arises only through Ī4.
Finally, the two contributions !g and !f to the function ! must be particu-

larized so as to fit the material parameters to the experimentally observed tissue
response. For the low loading domain the (wavy) collagen fibers of soft collagenous
tissues are not active (they do not store strain energy). Results from the study by
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In the remaining part of the chapter the emphasis is put on the form of !.

It is suggested to use an additive split of the isochoric strain-energy function
! into a part !g associated with the non-collagenous ground-matrix (indicated by
subscript g) and a part !f associated with the embedded families of collagen fibers
(indicated by subscript f) (Holzapfel and Weizsäcker 1998). Hence, for a represen-
tative tissue the (two-term) potential may be written as

!(C, M) = !g(C) + !f(C, M), (11.1)

where the family of collagenous fibers is characterized by the (reference) direc-
tion vector M, with |M| = 1, and C is the modified right Cauchy–Green tensor
(Holzapfel 2000). The structure tensor A1 is now included, defined as the tensor
product

A1 = M ⊗ M. (11.2)

The integrity basis for the two symmetric second-order tensors C and A1, then con-
sists of the five (modified) invariants Ī1, . . . , Ī5. Since Ī3 = 1 is constant, Eq. (11.1)
may be expressed in the reduced form

!(C, A1) = !g( Ī1, Ī2) + !f( Ī1, Ī2, Ī4, Ī5). (11.3)

Note that the (modified) invariant Ī4 = C : A1 is the square of the stretch of the one
family of collagen fibers in the directions M and it, therefore, has a clear physical
interpretation. For simplicity, in order to minimize the number of material parame-
ters, the reduced form of (11.3) may be considered according to

!( Ī1, Ī4) = !g( Ī1) + !f( Ī4). (11.4)

The anisotropy then arises only through Ī4.
Finally, the two contributions !g and !f to the function ! must be particu-

larized so as to fit the material parameters to the experimentally observed tissue
response. For the low loading domain the (wavy) collagen fibers of soft collagenous
tissues are not active (they do not store strain energy). Results from the study by
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In addition to A1 there is now a structure tensor A2 = M′ ⊗ M′, with the four
additional (modified) invariants Ī6, . . . , Ī9. Since Ī9 = (M · M′)2 is constant (it does
not depend on the deformation) the reduced form

!( Ī1, Ī4, Ī6) = !g( Ī1) + !f( Ī4, Ī6) (11.8)

may be considered (Holzapfel et al. 2000), which is the analogue of Eq. (11.4). Note
that Ī6 = C : A2 is the square of the stretch of collagen fibers in the direction of
M′. Hence, the anisotropy arises only through Ī4 and Ī6, but this form is sufficiently
general to capture the typical features of arterial responses.

One possible particularization of !g that determines the isotropic response in
each arterial layer is the (classical) neo-Hookean model. The strong stiffening effect
of each layer observed at high pressures may be described by

!f( Ī4, Ī6) = k1

2k2

∑

i=4,6

{
exp[k2( Īi − 1)2] − 1

}
, (11.9)

with the parameters k1 > 0, k2 > 0. It is assumed that Eq. (11.9) contributes when
either Ī4 > 1 or Ī6 > 1, or both. For example, if Ī4 ≤ 1 and Ī6 > 1, then only Ī6

contributes to !f, and therefore to !.
For a healthy and young human artery the intima is not of (solid) mechanical

interest, and therefore the focus is on modeling the two remaining layers, i.e., the
media and the adventitia. It is then appropriate to model the artery as a two-layer
thick-walled tube with residual strains. By Eqs. (11.5) and (11.9) the free-energy
functions, Eq. (11.7), may be written for the considered two-layer problem as
(Holzapfel et al. 2000)

!M = cM

2
( Ī1 − 3) + k1 M

2k2 M

∑

i=4,6

{
exp[k2 M( Īi M − 1)2] − 1

}
, (11.10)

!A = cA

2
( Ī1 − 3) + k1 A

2k2 A

∑

i=4,6

{
exp[k2 A( Īi A − 1)2] − 1

}
, (11.11)

for the media and adventitia, respectively. The constants cM and cA are associ-
ated with the non-collagenous ground-matrix of the material, which describes the
isotropic part of the overall response of the tissue. The constants k1 M, k2 M for
the media and k1 A, k2 A for the adventitia are associated with the contribution of
collagen to the overall response. The material parameters are constants and do not
depend on the geometry, opening angle or fiber angle.

The (modified) invariants, associated with the media M and the adventitia A, are
defined by

Ī4 j = C : A1 j , Ī6 j = C : A2 j , j = M, A. (11.12)

Two	
  main	
  approaches:	
  
1)	
  Phenomenological	
  laws	
  (Fung,	
  1973;	
  Yin	
  and	
  Ellio`,	
  2004)	
  
2)	
  Structural	
  models:	
  incorporate	
  structure-­‐based	
  parameters	
  
(Comninou	
  and	
  Yannas,	
  1976;	
  Lanir,	
  1979;	
  Freed	
  and	
  Doehring,	
  2005;	
  Holzapfel	
  et	
  al.,	
  2000,	
  2002)	
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   1.42	
  μm	
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N	
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  1967	
  

rp=0	
   6.2	
  mm	
   Ästrand,	
  2008	
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  285	
  nm	
   Sun,	
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14.5	
  nm	
   Sun,	
  2002	
  

22	
  nm	
   Graham,	
  2004	
  

80	
  GPa	
   Buehler,	
  2008	
  

λkcl	
   10	
   -­‐	
  

Value	
   Reference	
  
L0	
   3.4	
  μm	
   O’Connell,	
  2008	
  

H0	
  /	
  L0	
   0.3	
  	
   O’Connell,	
  2008	
  
rF	
   100	
  nm	
   O’Connell,	
  2008	
  

Value	
   Reference	
  

Vf	
   30%	
   Behmoaras,	
  2005	
  

EM	
   24	
  kPa	
   Ästrand,	
  2008	
  

F(θf) -­‐	
   O’Connell,	
  2008	
  

Nanoscale	
  parameters:	
   Microscale	
  parameters:	
   Macroscale	
  parameters:	
  

AORTIC	
  MODEL	
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AORTIC	
  MODEL:	
  RESULTS	
  

F.	
  Maceri,	
  M.	
  Marino,	
  G.	
  Vairo,	
  “A	
  unified	
  mul@scale	
  mechanical	
  model	
  for	
  soq	
  collagenous	
  @ssues	
  with	
  regular	
  fiber	
  arrangement”,	
  
Journal	
  of	
  Biomechanics	
  43,	
  2010.	
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Elas@n	
  s@ffness	
  

Cross-­‐link	
  density	
  

Elas@n	
  content	
  

Collagen	
  content	
  

Fiber	
  straightening	
  

Diameter	
  at	
  p=0	
  

Media	
  thickness	
  

EVIDENCE	
  

Bruel,	
  1997	
  

Bailey,	
  2001	
  

Bruel,	
  1997	
  

Bruel,	
  1997	
  

Astrand,	
  2001	
  

Astrand,	
  2008	
  

Astrand,	
  2008	
  

REFERENCE	
  } 
} 
} 

NANO 

MICRO 

MACRO 

Quan9ta9ve	
  and	
  qualita9ve	
  indica9ons	
  from	
  experimental	
  data: 

λkcl 
[pN/nm]	
  

5	
  

10	
  

100	
  

Ho/Lo	
  
[-­‐]	
  
0,4	
  

0,3	
  

0,2	
  

Lo	
  
[μm]	
  
2,6	
  

3,4	
  

3,7	
  

VF	
  
[%]	
  
40	
  

30	
  

20	
  

Ee	
  
[kPa]	
  
60	
  

80	
  

100	
  

Φe	
  
[-­‐]	
  

0,0	
  

-­‐0,3	
  

-­‐0,6	
  

Sa	
  
[mm]	
  
0,6	
  

0,6	
  

0,7	
  

r|p=0	
  
[mm]	
  
5,6	
  

6,2	
  

7,4	
  

Age	
  
[yrs.]	
  
20-­‐23	
  

36-­‐42	
  

71-­‐78	
  

Age-­‐related	
  remodeling	
  

AORTIC	
  MODEL:	
  APPLICATIONS	
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AORTIC	
  MODEL:	
  APPLICATIONS	
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Cross-­‐link	
  density	
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  content	
  

Collagen	
  content	
  

Fiber	
  straightening	
  

Diameter	
  at	
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Media	
  thickness	
  

EVIDENCE	
  

Bruel,	
  1997	
  

Bailey,	
  2001	
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  1997	
  

Bruel,	
  1997	
  

Astrand,	
  2001	
  

Astrand,	
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Astrand,	
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REFERENCE	
  } 
} 
} 

NANO 

MICRO 

MACRO 

F.	
  Maceri,	
  M.	
  Marino,	
  G.	
  Vairo,	
  “Age-­‐dependent	
  arterial	
  
mechanics	
  via	
  a	
  mul@scale	
  elas@c	
  approach”,	
  Interna9onal	
  
Journal	
  for	
  Computa9onal	
  Methods	
  in	
  Engineering	
  Science	
  
and	
  Mechanics	
  14,	
  2013.	
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  in	
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  14,	
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M.	
  Marino,	
  G.	
  Vairo,	
  “Stress	
  and	
  strain	
  localiza@on	
  in	
  stretched	
  collagenous	
  @ssues	
  via	
  a	
  mul@scale	
  modelling	
  approach”,	
  Computer	
  
Methods	
  in	
  Biomechanics	
  and	
  Biomedical	
  Engineering,	
  published	
  online	
  since	
  2012.	
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REMODELING	
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Microscale: 
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Reference	
  	
  
submodel: 

∗xc 
n 
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ΩΤ	



dεF= [D(x)c(x)]⋅ c(x) dτ 
.

dγF= 2[D(x)c(x)]⋅ n(x) dτ 
.

dεN= [D(x)n(x)]⋅ n(x) dτ 
.

(dεF) (dγF) (dεN) 

M.	
  Marino,	
  G.	
  Vairo,	
  “Stress	
  and	
  strain	
  localiza@on	
  in	
  stretched	
  collagenous	
  @ssues	
  via	
  a	
  mul@scale	
  modelling	
  approach”,	
  Computer	
  
Methods	
  in	
  Biomechanics	
  and	
  Biomedical	
  Engineering,	
  published	
  online	
  since	
  2012.	
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